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Preface 

The essence of the theory of general relativity is encoded in the specific features of 
individual solutions and also in the structure of the set of all solutions to Einstein’s 
equations. Extracting this information from the field equations has been a major 
effort in the field since the birth of general relativity and still much has to be done. 

At early stages, constructing explicit solutions played a dominant role. The 
analysis and interpretation of some of these solutions revealed unexpected features 
of general relativity. Guided by explicit solutions, approximation methods were 
invented to describe weak gravitational fields. Using highly sophisticated versions 
of these techniques to interpret recent observations, one was able to establish the 
first indirect proof of the reality of gravitational radiation (see [1, 22]). 

Strong gravitational fields and highly dynamical situations are not accessible 
by those methods. Techniques of abstract analysis are required to establish the 
general qualitative picture, to clarify concept ional questions, and to supply struc- 
tural insights for numerical work. Numerical computer codes are needed to provide 
quantitative information for comparison with observational data. 

Due to the intricacies of Einstein’s equations, and the lack of mathematical 
tools, the initial investigation of the solution manifold proceeded at a slow pace 
(cf. [6, 20, 21, 16] for early work). A fundamental breakthrough in the field was 
achieved by Yvonne Choquet-Bruhat’s article Theoreme existence pour certains 
systemes equations aux derivees partielles non lineaires [8], published in 1952, 
where she proves local existence of solutions to the Cauchy problem for Einstein’s 
field equations. 

Independent strands of development, which emphasized the geometrical con- 
tent of the theory, began in the late 1950’s. Attempts to understand gravitational 
radiation and gravitational collapse brought new insights, highlighting in particular 
the important role of the global structure of space-time. 
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The concept of asymptotic flatness led to a general notion of gravitational 
radiation field which does not require mathematical approximations [2, 18] (com- 
pare [23]). These studies relied on the analysis of formal expansions and assump- 
tions on the fall-off behavior of solutions at null infinity. The singularity theo- 
rems showed that geodesic incompleteness is a stable feature of Einstein’s theory 
[19, 9, 10]. The proofs exploited, however, only certain general features of the field 
equations and supplied little information on the solutions. 

Because the asymptotic behavior and the singularity structure of its solutions 
express the individuality of a quatsi-linear hyperbolic equation in a most subtle and 
precise way, it is quite remarkable that these results could be obtained at all. In 
fact, if Einstein’s equations are looked at purely from the PDE point of view, 
their general covariance poses even further difficulties by the need to invent and 
control gauge conditions and to determine the underlying manifold as part of the 
solution. The geometrical nature of the equations supplies, however, arguments of 
remarkable strength which help in various considerations. 

The developments indicated above raised questions about the large scale 
structure of solutions to the field equations. The underlying assumptions needed 
justification, one had to face the possible failure of predictability or the occurrence 
of naked singularities. Attempts to resolve these questions by the original meth- 
ods failed. Combined with physical insight, the traditional calculational tools and 
stability arguments of the physicist can be surprisingly powerful, but they cannot 
supply definitive, general, and detailed answers to global problems. This requires 
control of the long time behavior of solutions to Einstein’s equations in terms of 
suitably prescribed Cauchy or other boundary data. 

The existence results up to the early 1980’s were local in time (see [3, 7] 
for a survey), but the situation changed drastically in the last twenty-five years. 
The analysis of the Cauchy problem evolved into a tool for performing large scale 
studies of classes of solutions with distinguished qualitative features. The questions 
indicated above played guiding roles in most of the new work. 

In view of this progress it seemed appropriate to mark the fiftieth birthday of 
the local existence theorem by organizing a summer school in which younger par- 
ticipants would learn from leading experts about recent progress in the field, while 
their older colleagues would have an opportunity to meet, exchange ideas, and 
present their work. This is how the Cargese Summer School “50 years of the Cauchy 
problem in general relativity” was born. The reader will find the audio, video, and 
supporting material from several lectures held there on the enclosed DVD. 

After the school had taken place it became clear to us that a volume describ- 
ing the state of the art in mathematical general relativity would be useful. This 
was not planned as a proceedings of the school: not all topics which we felt should 
be represented were covered during the school; moreover, the contents of some of 
the talks was already adequately covered elsewhere. This is how the idea of this 
book was conceived. 

The reader will find here an overview of the current knowledge on global 
properties of solutions of Einstein equations, and on techniques which in recent 
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years brought progress to the understanding of the subject. It should be recog- 
nized that there are three notable gaps: Firstly, the techniques developed in the 
the proof of the non-linear stability of Minkowski space-time are not represented 
at all. However, those techniques have already been presented in detail in mono- 
graphs ([5, 11]) as well as in introductory reviews ([4, 12]), which have recently 
been complemented by [13]. Secondly, the theory of low-regularity solutions of the 
Cauchy problem developed in [14, 15] is not presented. This aspect of the field is 
rapidly evolving, and it is useful to wait a few years before attempting to present 
a synthetic overview. Finally, an important event in the field, which took place 
after the structure of this book had been finalized, is a new proof of the stabil- 
ity of Minkowski space-time based on wave coordinates [17]. While the new proof 
provides less information about the solutions than the previous ones, it leads to 
dramatic simplifications of the global existence argument. 

There does not appear to be a natural ordering of the articles in this book 
except the most uninspired one, namely that by alphabet. The current ordering 
arose from a mixture of logical and pedagogical arguments, together with the desire 
to guide a newcomer to the field through its physical and mathematical, theoretical 
and technical aspects. In any case, the readers should feel strongly encouraged to 
start reading wherever they like and to look at whatever raises their interest, and 
try to discover the intricate web of relations between the different contributions. 

We are pleased that mathematical relativity is thriving, and that young peo- 
ple contribute new deep results, or solve long standing problems. We hope that 
this volume will help keep the field alive and inspire new developments. 

Both this book, and the Cargese Summer School, would not have been pos- 
sible without the financial support of the European Community (under the Euro 
Summer Schools Program), the Centre National de Recherche Scientifique, the 
Clay Institute (Boston), the Tomalla Foundation (Zurich), la Collectivite Terri- 
toriale Corse, the Centre International de Mathematiques Pures et Appliquees 
(Nice), the International Association of Mathematical Physics, le Laboratoire de 
Mathematique Physique et Theorique de Tours, and Compaq. We wish to express 
our warmest thanks to all those Institutions. 

Throughout her whole career Yvonne Choquet-Bruhat has kept contributing 
key results to a field which she helped grow and evolve. Her work has been a 
constant inspiration for scientists entering the field. It is a pleasure to dedicate 
this volume to her. 



Piotr T. Chrusciel, Helmut Friedrich, Tours and Golm, April 2004. 
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Abstract. Initial data for solutions of Einstein’s gravitational field equations 
cannot be chosen freely: the data must satisfy the four Einstein constraint 
equations. We first discuss the geometric origins of the Einstein constraints 
and the role the constraint equations play in generating solutions of the full 
system. We then discuss various ways of obtaining solutions of the Einstein 
constraint equations, and the nature of the space of solutions. 

Mathematics Subject Classification (2000). 53C99, 83C57. 
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1. Introduction 

Yvonne Choquet-Bruhat’s epic work of over 50 years ago shows that if a set of 
smooth initial data which satisfies the Einstein constraint equations is given, then 
we can always find a spacetime solution of the Einstein equations which contains 
an embedded hypersurface whose metric and second fundamental form agree with 
the chosen data. In the years since then, arguably the most important method for 
constructing and studying solutions of Einstein’s equations has been the initial 
value (or Cauchy) formulation of the theory, which is based on Yvonne’s result. 
Especially now, with intense efforts underway to model astrophysical events which 
produce detectable gravitational radiation, the Cauchy formulation and numerical 
efforts to implement it are of major interest to gravitational physicists. 

To understand the Cauchy formulation of Einstein’s theory of gravitation, we 
need to understand the constraint equations. Not only do the constraints restrict 
the allowable choices of initial data for solutions; they also effectively determine 
the function space of maximally globally hyperbolic solutions of the theory, and 
they play a role in generating the evolution of the initial data via their appearance 
in the Hamiltonian for Einstein’s theory. 

The goal of this review paper is to provide some measure of understanding of 
the Einstein constraints. We start in Section 2 by explaining the geometric origin 
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of the constraint equations. To do this, we discuss 3 + 1 foliations of spacetimes, 
the Gauss-Codazzi decompositions of the curvature, and the consequent 3 + 1 pro- 
jection of the spacetime Einstein equations. Next, in Section 3, we discuss the 
relationship between the constraints and evolution. Here, after first reviewing the 
proof of well-posedness, we discuss the ADM Hamiltonian formulation of Einstein’s 
theory, noting the relationship between the Hamiltonian functional and the con- 
straints. We also examine the evolution equations for the constraints, noting that 
if a set of data satisfies the constraints initially, it will continue to satisfy them for 
as long as the evolution continues. 

We discuss methods for constructing solutions of the Einstein constraint equa- 
tions in Section 4. We focus first on the most useful approach to date: the con- 
formal method. After describing how the conformal method works, we discuss its 
success in parameterizing the set of all constant mean curvature (CMC) solutions 
of the constraints, the difficulties which arise when constructing solutions with 
non-constant mean curvature, and the issue of finding physically relevant sets of 
data which satisfy the constraints. 

Closely related to the conformal method is the conformal thin sandwich ap- 
proach. We describe how it relates to the standard conformal method, and its 
major advantages and disadvantages. 

Instead of exploiting conformal variations to enforce the constraints, the orig- 
inal thin sandwich formulation [8, 21] varies the lapse (via an algebraic relation) 
and the shift vector. Under certain conditions this procedure leads to an elliptic 
system for the shift [17], and an implicit function theorem then shows that the 
system is solvable for all nearby data. This constructs an open set of solutions 
of the constraint equations, from unconstrained data. However, the restrictions 
arising from the surprising ellipticity condition, that tt^-^ be positive or negative 
definite, mean that the original thin sandwich approach is viable only for a limited 
range of geometries, and at this stage it must be considered more of a curiosity 
than a practical solution technique. 

It is also possible to construct solutions of the Hamiltonian constraint by 
solving a semi-linear parabolic equation. Recent work [69, 71, 72] has shown that 
the essential feature of the original “quasi-spherical” construction [14] can be gen- 
eralized beyond the quasi-spherical foliation condition to give a flexible technique 
for constructing exterior metrics of prescribed scalar curvature, satisfying geomet- 
ric inner boundary conditions. Whilst the resulting parabolic method is restricted 
by the requirement that the background must be quasi-convex, it is able to handle 
several questions involving the constraints which cannot be addressed using the 
conformal method. 

We finish our review of constraint construction techniques by discussing the 
idea of gluing, and how this idea has been implemented to date. Two approaches 
to gluing have been developed and applied to solutions of the constraint equations. 
Connected sum or IMP gluing [52] builds new solutions by adding a cylindrical 
bridge (or wormhole) connecting a pair of points either on a single given solution 
or on a pair of given solutions. The Corvino-Schoen technique [36, 37, 33] gives a 
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local projection from approximate solutions to exact solutions of the constraints. 
This may then be applied to smoothly attach a finite region in a given asymp- 
totically Euclidean solution to an exterior Schwarzschild or Kerr solution, with 
a transition region connecting the two regions. Both approaches have been very 
useful in answering a number of longstanding questions regarding solutions of the 
constraints. 

We conclude this paper with a number of comments on important issues 
concerning the constraints which need to be addressed. 



2. Deriving the constraints 

The Cauchy formulation is used primarily to construct new solutions of the Ein- 
stein gravitational field equations from specified initial data. The best way to 
understand the origins of the constraint equations is to assume that we have a 
spacetime solution and to consider the induced data on spacelike hypersurfaces. 
We do this here, showing that the constraint equations necessarily must be satis- 
fied by initial data (M^, 7, K), where is a manifold, 7 is a Riemannian metric 
on and K is a symmetric tensor on M^, if this data is to be induced by a 
spacelike hypersurface in a spacetime solution of Einstein’s equations. 

2.1. 3 + 1 foliations of spacetimes 

Let be a smooth 4 -dimensional Lorentzian spacetime, with the smooth^ metric 
g having signature (—1,1, 1,1). A hypersurface in V is an (embedded) submanifold 
^ of codimension 1. M is spacelike if the induced bilinear form 7 
is a Riemannian metric on M. Equivalently, M is spacelike if at each point x G M 
there is a timelike future unit normal vector n. We have the familiar diagram: 




If A, Y are any vector fields tangent to M, then as a consequence of the embedding, 
we can consider them as vectors in V and we can decompose the K-covariant 
derivative DxY into tangential and normal components, 

DxY = VxY + K{X,Y)n, (1) 

where V is the induced connection on M (it is also the Levi-Civita connection of 
the induced Riemannian metric on M), and K is a bilinear form (rank 2 tensor) 

^ Although it is useful in addressing certain questions to consider lower regularity, for our present 
purposes it is most convenient to assume that the spacetime and the metric are 
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on M, called the second fundamental form^ or extrinsic curvature in the physics 
literature. Prom the relation 



K{X,Y)=g{Dxn,Y) (2) 

and from the fact that the Lie bracket of X and Y is tangent to M, [X, Y] G TM, 
we find that K is a symmetric form, K{X, Y) = K{Y, X). 

A function t G C^{V) is a time function if its gradient is everywhere timelike. 
We say that a time function t is adapted to the hypersurface M if M is a level set 
oft, in which case we can choose adapted local coordinates (x, t). In terms of such 
coordinates the normal vector field takes the familiar lapse-shift form 

n = N~\dt-X^di) , (3) 

where N is the lapse function and X = X^di is the shift vector. Equivalently, 

dt = NnY X. (4) 

This time evolution vector field dt need not necessarily be timelike everywhere. 
(The shift vector A G TM is of course necessarily spacelike wherever it is non- 
vanishing.) However, if dt is timelike then the x = const, paths together make up 
a timelike congruence of spacetime observers. 




The spacetime metric can be expressed in terms of the lapse and the shift and the 
spatial metric in adapted coordinates by the formula^ 

g = -N^ df -h ^ij {dx^ + dt){dx^ -h X^ dty, (5) 

and the second fundamental form is given by 

Kij - K{di, dj) = - Cxiij) (6) 

where 

^xlij = V^Aj + Vj A^ (7) 

is the Lie derivative in M of the spatial metric 7 in the direction X ^ TM. Thus 
we obtain an expression for the dt evolution of the spatial metric. 



^t^ij — ‘IN Kij + 



( 8 ) 



^Our index conventions here are: mid latin alphabet indices {i,j, etc.) run from 1 to 3 and 
correspond to directions tangent to the spacelike manifold M, while early latin indices (a, 6, etc.) 
run from 0 to 3 and correspond to spacetime directions. 
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2.2. The Gauss and Codazzi equations and the constraints 

Based on the orthogonal decomposition of the covariant derivative operator D = 
V + and on the definition of the curvature on V , the Gauss and Codazzi 
equations relate certain spacetime curvature components to spatial curvature and 
other expressions formed solely from data intrinsic to the submanifold M . For 
example, starting from the expression for the curvature on V 

Riem'"(X, F, Z, W) = g{{DxDv - DyDx - D[x,y])Z, W), (9) 

if X, T, Z, W are all vector fields tangent to M, then we find by a simple compu- 
tation that 

Riem'^(X,r,Z, W) 

= Riem^^ (X,Y, Z,W) + K{X,W)K{Y,Z) - K(X,Z)K{Y,W). (10) 

This is the Gauss equation] it shows that the intrinsic curvature of M, measured 
by Riem^^, is determined by curvature components of the ambient spacetime V 
and the second fundamental form K , In the perhaps more familiar index notation, 
the Gauss equation takes the form 

Kjki = Kki + - K,kK,i, ( 11 ) 

where the indices refer to an (unspecified) basis of the spatial tangent 

space TM, which may be equally well determined either by a coordinate basis di 
(holonomic basis) or by an orthonormal basis e^, i = 1, . . . , 3. 

A similar computation gives the Codazzi identity^ 

Riern^ (X,Y,n,Z) = g{{DxDY - DyDx ~ D^x,Y])n,Z) 

= VxK{Y,Z)-VyK{X,Z) , (12) 

where 

VxK{Y, Z) = Dx{K{Y, Z)) - K(VxY, Z) - K(Y, VxZ) (13) 

is the covariant derivative in M of the tensor K. In index notation the Codazzi 
identity takes the form 

^ijnk ^jk;i ^ik;j • 

What about Riem'^(n, T, n, Z)? A calculation similar to those used to derive the 
Gauss and Codazzi equations does not lead to an expression solely in terms of 7 , 
A, and their spatial derivatives. If we introduce the Lie derivative 

CrrK{Y, Z) = Dr,{K{Y, Z)) - K(£nY, Z) - K(Y, T^Z), 

along with the lapse and its spatial derivatives, then we have 

Riem'" (Y,n,n,Z) = -£nX(Y Z) + K^(Y, Z) + N-^Hess(N)(Y, Z), (14) 

where := and Hess(Af) = V^N is the Hessian or second covariant 

derivative of the lapse function N. This is sometimes referred to as the Mainardi 
equation^ and has the index form 

RY^^j = -CnKij + K^Kjk + N- 1 N,,, . (15) 
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The index expressions for the Gauss, Codazzi and Mainardi equations given above 
are useful for calculating the 3 + 1 expressions for contractions of the Riemann 
tensor, such as the Ricci curvature tensor, the scalar curvature, and the Einstein 
tensor. For example, the Einstein tensor Gab = gab satisfies 

+ {tv^Kf - WKW'^ (16) 

(17) 

We note that these expressions for Gnn and Gin involve just 7 , RT, and their spatial 
derivatives. Hence it follows from the Einstein field equations 

Gab = SnTab (18) 

that the Gnn and Gin equations are constraints on the choice of the initial data 7 
and K. These are the Einstein constraint equations 

+ {tT^Kf - ]\K\]^ = lenTnn, (19) 

= 87rT„i. (20) 

Here Tab is the stress-energy tensor and describes the matter content of the ambient 

spacetime. Although Tab will itself generally satisfy some evolution equation, we 
will regard it as a prescribed field and often focus for definiteness on the case 
Tab = 0 of vacuum (matter- free) spacetimes. 

It is clear from our discussion here that the constraint equations are con- 
ditions on the data (M, 7 , A) which are necessary for the data to arise from a 
spacelike hypersurface in a spacetime satisfying the Einstein field equations (18). 
That these conditions are also sufficient (for the existence of a spacetime satisfying 
the Einstein equations and which induces the data on some hypersurface) is the 
content of the fundamental theorem of Y. Choquet-Bruhat [43] , which we discuss 
in the next section. 



3. The constraints and evolution 

The constraint equations comprise four of the ten Einstein equations. The remain- 
ing six equations 

Gjk = SnTjk ( 21 ) 

describe how the data ( 7 , R") evolve in a spacetime solution. This can be seen by 
rewriting the curvature terms in (14), giving 

CnK^j = Gij - \Glgij + 2Kl - tv^KKij - Ric(^ + (22) 

Yet, as noted in the introduction, the constraints play a role in the evolution as 
well. We discuss this role here. We first show that the constraints are sufficient as 
well as necessary for a spacetime solution to evolve from a given set of data. We 
next explore the role of the constraints in the canonical, Hamiltonian, formulation 
of Einstein’s theory. Finally, we discuss the evolution of the constraint functions 
under the evolution of the data generated by ( 21 ). 
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3.1. Well-posedness of the vacuum Einstein equations 

The Cauchy formulation of a given field theory is well posed if (a) for any choice of 
initial data of specified regularity, there exists a solution which is consistent with 
that data, and (b) the map from the space of initial data to solutions is continuous. 
As shown by Choquet-Bruhat [43], the Cauchy formulation of Einstein’s (vacuum) 
theory of gravitation, for smooth initial data, is well posed in coordinates of wave 
map gauge (harmonic) type. We now review the proof of this result [59, 43, 31, 
40, 44, 74]. 

The vacuum Einstein equations take the form Ric^(^) = 0. If this were a 
hyperbolic system, well-posedness would follow from general results on quasi-linear 
hyperbolic systems (eg. [58, 74]). However, the system is not hyperbolic, which 
we verify by noting that by diffeomorphism invariance we have ^*(Ric^(g)) = 
Ric^($*(p)) for any diffeomorphism $ of V, so the symbol (leading order terms in 
the linearisation) of Ric^(^), considered as a partial differential equation in local 
coordinates, has a very large kernel. 

To get around this difficulty, we consider the reduced Einstein equations 
[59, 39] 

p{g) '■= + \C-wg = 0, (23) 

where Cw9ab = DaWh-^ D^Wa is the Lie derivative of the metric g in the direction 
of the vector field W , and W is chosen to have leading terms 

Wa = -g^\d,9da - \da9cd) + F{g) (24) 

where the terms F{g) do not involve derivatives of g. A short calculation shows 
that p{g) has symbol exactly that of the wave equation of the Lorentzian 

metric g itself. Thus p{g) = 0 forms a quasi-linear hyperbolic system, 

g^'^^dcd.gab = Qab{g,dg), (25) 

where Qab is quadratic in dg and depends also on the F{g) terms in (24). As noted 
above, the initial value problem for p{g) = 0 is well posed. 

However in general solutions of p{g) = 0 will not satisfy the vacuum Einstein 
equations. The idea now is to choose the initial conditions (and, perhaps, the 
precise form of the terms F(g)) in such a way that the vector field W can be 
shown to vanish identically. 

To understand the meaning of W, recall the definition of the tension field 
uj{(j)) of a map (j) : (T, g) — > (TV, V), 

u;«(</>) = dd<i>^) , (26) 

where N is some chosen four-dimensional manifold and V is an arbitrary connec- 
tion on A. If we now assume 0 is a diffeomorphism, which we use to identify the 
coordinates on V with on N by pull-back then the tension 

becomes 



w“(0) = - \Vt,gcd) 



(27) 
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which shows by comparison with (24) that W may be chosen as the metric dual 
of the push- forward by of the tension, 

Wa = 9ab<P7\0j\4>)) . (28) 

Note that the reduction to a quasi-linear hyperbolic system holds for any choice 
of the target (A/", V), where the connection V need not be compatible with any 
metric on N. In the simplest case V is the flat connection on and the condition 
W = 0 translates into = 0 in local coordinates on V and N. The gauge 

condition W{4>) = 0 is known as the wave map or Lorentz- harmonic coordinate 
gauge. The common terminology “harmonic gauge” is inappropriate since solutions 
of the wave equation do not have the mean- value ( “harmonic” ) property implied 
by the corresponding Euclidean Laplace equation. 

Good existence theorems for the Cauchy initial value problem for the reduced 
Einstein system (25) are well known (see, for example, [74, 58, 65]), and the initial 
data {gab{0),dtgab{0)) are freely prescribable, subject only to the condition that 
gab{0) has Lorentz signature with Mq spacelike. In particular, if the geometric data 
{'yij^Kij) are given (subject only to the vacuum constraint equations (19)-20)), 
then for any choice of the lapse and shift goa we may recover dtgij via ( 8 ). Since 
gij = we see that initial data {gab{0), dtgab{0)) may be chosen consistent with 
( 7 ,K) for any choice of (^oa(O), 9t5^Oa(0)). 

Of course, it is not sufficient to just solve the reduced Einstein equations; 
in order to recover a solution of the full vacuum Einstein equations we must also 
ensure that the solution satisfles W = 0. However, it is an easy consequence of the 
second Bianchi identities and p{g) = 0 that W must satisfy 

DgW + Ric^{g)W = 0. (29) 

Thus we aim to construct the full initial data {gab{0)^dtgab{0)) for the evolution 
equation p{g) =0 in such a way that VE(0) =0 and dtW{0) = 0. If we can do this, 
then uniqueness for solutions of the Cauchy problem for the hyperbolic evolution 
equation (29) will imply that W = 0 everywhere. 

To ensure that W{0) = 0 we may either choose the background metric h 
on N appropriately or we may expand (24) and choose the components dtgoa(fi) 
appropriately. As noted above, the choice of dtgoa{0) does not affect the prescribed 
geometric data ( 7 , A). 

To And the conditions necessary for choosing initial data with 5tIT(0) we 
combine the reduced Einstein equation (23) and the condition IT(0) = 0 to obtain 
— 2 Ric^j, = daWb + dbWa at t = 0 , which may be rearranged into the form 

g^^dfWa = — 2G^ -h (terms vanishing at t = 0). (30) 

Then, noting that are the constraint functions, we see from (30) that the 
condition that the geometric data ( 7 , AT) satisfy the constraint equations ensures 
that dtW{0) = 0 . Since solutions to (29) are uniquely determined by the initial 
data (W {Qi),dtW (0)), the corresponding solution of the reduced equation (23) will 
have VE = 0 everywhere and thus g will satisfy the vacuum Einstein equations with 
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geometric data ( 7 , i^). This shows that the constraint equations are also sufficient 
for the existence of a compatible vacuum spacetime, as claimed. 

In this formulation of the Einstein equations, the lapse and shift are deter- 
mined from goa(t) by solving the reduced Einstein equations. Alternatively, we 
may ask whether it is possible to prescribe the lapse and shift as given functions 
of X and t (for example, N{x, t) = 1 and X(x, = 0 for all x G M and ^ > 0). As 
shown recently by Choquet-Bruhat [28] , this is possible although in a weaker sense 
than the Einstein system in the wave map gauge described above. Specifically, the 
Einstein system for general lapse and shift is “non-strictly hyperbolic” ; as a con- 
sequence, the system is well posed in Gevrey spaces, and so has local existence. 
We note as well that a number of researchers [31, 44] have formulated extended 
first-order versions of Einstein’s vacuum equations and have verified symmetric 
hyperbolicity and therefore well-posedness in more standard spaces for these ver- 
sions. 

Because the initial lapse-shift variables ^oa(O) (cf. (5)) are freely specifiable 
in the above construction, there remains the question of the uniqueness of the 
spacetime development of a given set of initial data. It turns out that solutions 
constructed using different choices of the lapse and the shift but the same geometric 
data ( 7 , A") are in fact equal in some neighborhood of the initial surface, after 
suitable coordinate changes [29]. This property is established by constructing a 
wave map ^ from one solution to the other, and using the identification of the 
initial data to ensure the wave map initially at least is a spacetime isometry. The 
two metrics can then be compared directly (via gi and ^*(^ 2 )), and uniqueness for 
the reduced Einstein equations leads to geometric uniqueness. This shows that the 
geometric data ( 7 , A") determine the resulting spacetime uniquely, at least locally. 

3.2. Einstein’s theory as a dynamical system and 
the ADM Hamiltonicm formulation 

If we fix a choice of the lapse and shift for which the system of Einstein’s equations 
is well posed (see the discussion above), then Einstein’s equations can be viewed 
formally as a dynamical system. More specifically, fixing a three-dimensional man- 
ifold M and letting TA4 denote the tangent space to the space A4 of smooth 
Riemannian metrics on M, we find that (with a fixed choice of lapse N and shift 
X) the Einstein evolution equations 

d 

-^lij = 2NK^j -h Cxlij , (31) 

d 

-Kij = + CxK^j + Af(Ri7 - + 2K^Kjk ~ tr^K Kij) (32) 

specify a flow onTAi. The Kij evolution equation follows from the Mainardi equa- 
tion, cf. (14) and (22). For the vacuum Einstein case Ric]^ = 0; in the nonvacuum 
case, Ric]^ depends on the matter fields through the stress-energy tensor Tab- 

There is an important sense in which the constraints generate the flow, which 
we see by recasting Einstein’s theory in the canonical Hamiltonian form. Originally 
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motivated by attempts to obtain a theory of gravity consistent with quantum 
theory, and often labelled the “ADM” Hamiltonian formulation because of the 
early work on these ideas by Arnowitt, Deser and Misner [7], this is based on the 
analysis of the Einstein-Hilbert Lagrangian fy BX dvg. 

One way to approach this analysis is via the second variation formula for 
spacelike hypersurfaces [70, 10]; for more traditional treatments see [31, 75, 57]. 
We let F : (— e,e) x M ^ V be a 1-parameter family of embeddings s : M 
Ms = F{s, M), with variation vector Y = with normal vector n = ris and 

with second fundamental form K = Ks along If F is everywhere transverse 
to M then s Mg is a foliation and we can regard F, n, and K as fields on F; 
otherwise they live naturally on (-e,e) x M via pull-back. The first variation of 
the area \Ms\ is given by 

DY{dVj) = —g{Y,n)tTjK dv^ , (33) 

and the second variation formula is 

DytTjK = g(Y, n)(|| AT|p -h Ric'^(n, n)) -h g{Y, Vir^K) - Aj^giY, n) , (34) 

where Dy — ^ and the s-dependence of n and K is understood. This follows also 
from the Mainardi equation (15). Since from (10) and (12) we have 

2Ric^(n,n) = - R^ T R^ - \\Kf + (tr^A:)^ 

and since —g{Y, n) = N is the lapse if F = ^ is the evolution vector of a foliation 
by spacelike hypersurfaces, we find that (34) can be rewritten as 

rV _ rM ^ ||K||2 ^ - 2N~^AmN + 2D,(tr^A) . (35) 



Integrating this quantity over the region bounded by two spacelike hypersurfaces 
F{{so} X M) and F{{si} x M), we obtain the Lagrangian 



C{g,K) = 



[ R^ dvy 

r f (R^ + \\Kf - N - 2AMNdv^ ds 

J So J Ms 

H- / 2tr^ A dv^ , 



2tr^ A dv^ , 



using (33). Prom this Lagrangian, we calculate fhe momentum conjugate to 
lij (see [75]) as 

= Fl. = ^det7(K*^’ - . (37) 

Then ignoring boundary terms, we calculate the Hamiltonian B ~ ^ 

in ADM form: 

= -( r^a(ff,7T), 

Jm 



Badm 



(38) 
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where = (N,X^) is the four- vector consisting of the lapse and the shift, and 
where 



$0 = det( 7 )“/^ - det( 7 ) ^/^(|| 7 r|p - i(tr-^ 7 r)^) (39) 

= - 27i, Vfc7r^'' (40) 



are the constraint operators, written in densitized form, in terms of the canon- 
ical variables ( 7 , 7 t) rather than {'y,K). It is easily verified that the equations 
^a( 7 , = 0, a = 0, . . . , 3 are equivalent to (19), (20) with Toa = 0. 

Given an explicit expression for the Hamiltonian such as (38), we can readily 
calculate the evolution equations for ( 7 , tt) and for any functional of these quan- 
tities. In particular, we have the ADM form [7] of the evolution equations (31), 
(32) 



dt 



7 




0 


1 ■ 


TT 




-1 


0 



Z?$,(7,7T)*r, 



(41) 



where D^* is the formal adjoint of the linearization (or functional derivative op- 
erator) D^a- Explicitly we have [42]: 



D$(7,7t)(/i,p) 



= ( {SSh - Atr-yh - htj (Ric^d _ ^ 



+ hij (tr^TTTT®-^ - 27r(.7r'=-’ + 

+ {tr jn-fij - 27Tjj) , 

7T^'^ (2Vjhik - Vihjk) + Vfe7r>'= + 27ifcVjP^'=) , (42) 



D$(7,7t)*^ 



= ( - ANY^ - ATRic^d + InR^YY 



+ N (tr^TTTT^-^ — H- ||7Tp7^-^ — ^(tr^7r)^7^-^) /V7 

+ (x'^VfeTrd' + , 

N (tr^7T7,j - 27Tij) /Yy - , (43) 



where 55h — V^V^hij and ^ == (A, A^). 

Note that in the literature there are a number of different explicit expressions 
for the time derivatives of 7 and tt [3] . These expressions can all be related by the 
addition of terms which vanish if the constraint equations are satisfied. 

The adjoint used in (41) is formal, in that it ignores the contributions of 
boundary terms. For spatially compact spacetimes, there are of course no bound- 
ary terms. For asymptotically fiat spacetimes, the resulting asymptotic boundary 
terms in the Hamiltonian are closely related to the ADM total energy- momentum 
[75], and they play a major role in the analysis of the physics of such spacetimes. 
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An important consequence of the form (41) of the evolution equations is 
the result of Moncrief [63], which shows that a vector field ^ = (N,X^) satisfies 
£)^(7, = 0 for sufficiently smooth vacuum initial data {'y, K) if and only if ^ 

is the restriction to M of a Killing field in the spacetime development of the initial 
data. 

3.3. Preserving the constraints 

If (70, TTo) is initial data which satisfies the (vacuum) constraint equations and has 
vacuum evolution (j(t),7r(t)) corresponding to some choice of lapse-shift (TV, X^), 
it is natural to ask if the evolving data satisfies the constraints for all values of 
t. A first step in showing this is to calculate the time derivative of the constraint 
operators if = $0 and cf. [2]: 

+ NV,r + , ( 44 ) 

^Ji = 2ViNIf + NViff + Vk(X'‘Ji) + ViX^Jk. ( 45 ) 

These formulas follow directly from the conservation law V^Gab = 0 and the 
fact that the evolution equation (32) implies Gij = 0, 1 < i,j < 3. The virtue 
of these expressions for the time derivatives of the constraints is that together 
they comprise a symmetric hyperbolic system. We may then use standard energy 
arguments (b2ised on an energy quantity which is quadratic in H and Ji) to argue 
that if initially H and Ji vanish, then for all time consistent with a foliation of the 
spacetime development of the initial data, H and Ji vanish as well. 

The formal Hamiltonian interpretation of the evolution equations (41) regards 
(7(T), Tr{t)) as defining a trajectory in the cotangent bundle T*Ai of the space A4 
of Riemannian metrics ^ij on T14. It is straightforward to endow this phase space 
with the structure of a Hilbert or Banach manifold, for example (7 ij, G 
H^{M) X s > 2 for compact M using the Sobolev spaces and then 

the evolution (41) is determined from a densely defined vector field on T . The fact 
that the constraints are preserved shows that a trajectory of the evolution (41) 
lies in the constraint set C, the subset of T satisfying the constraint equations, 
provided the initial data (7(0),7r(0)) lies in C. 

Note that while the constraints are preserved under the explicit, smooth, 
evolution generated by (41), if we evolve instead numerically (with the conse- 
quent unavoidable numerical errors), then the dynamical trajectory will leave the 
constraint set C. Indeed, numerical tests suggest that such a trajectory will expo- 
nentially diverge from C. This property, and how to control it, is under intensive 
study by numerical relativists; for a recent example see [60]. 

3.4. Linearization stability 

The linearized Einstein equations govern the evolution of perturbations dg of a 
given background spacetime metric a,nd have been extensively analyzed, in 
view of their importance in astrophysics and cosmology. It is then natural to ask 
whether linearized solutions actually correspond to solutions to the full nonlinear 
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equations; that is, whether a given solution of the linearized equations is tangent to 
some curve of solutions of the full equations. Such a perturbation solution is called 
integrahle. By the fundamental local existence theorem [43] of Yvonne Choquet- 
Bruhat, a perturbation is integrable if all solutions of the linearized constraint 
equations == 0 correspond to full solutions of the constraints; i.e., if 

the constraint set C is a Hilbert submanifold. This is the question of linearization 
stability and it is somewhat surprising that this fails in certain situations. 

The implicit function theorem (see, e.g., [1]) shows that C is a Hilbert sub- 
manifold of T provided the linearization has closed range and is surjective. 

Now the range of tt) is L^(M)-orthogonal to the kernel of the adjoint 
which corresponds by work of Moncrief [63, 64] to space-time Killing vectors. Us- 
ing this insight and elliptic theory for the operator it has been 

shown by Fischer and Marsden [42, 41, 6] that if the data (7,7 t) does not admit 
Killing vectors and if M is compact then C is locally a Hilbert manifold, at least 
near smoother data. 

Moreover, at points of C corresponding to data for spacetimes with a Killing 
vector field, C is not a submanifold but instead instead has a cone-like singularity 
arising from a quadratic relation [41]. This condition arises from the second deriv- 
ative of a curve in C, A ^ 4 >( 7 (A), 7 t(A), about (7 o,7To) admitting a Killing field 
Integrating over M, discarding boundary terms and using = 0 gives 

/ = ( 46 ) 

J M 

which is the required quadratic condition on the constrained variations (h,p). In 
[64] it is shown that this condition is equivalent to the vanishing of the Taub 
quantity, constructed from a solution of the linearized Einstein equations about a 
spacetime admitting a Killing vector. 

The situation for asymptotically fiat spacetimes differs significantly from the 
case of compact M. Using weighted Sobolev spaces (with local regularity 7 G , 
s = 2) it is possible to show that the C is everywhere a Hilbert submanifold 
[9]; although Killing vectors such as rotations are possible, they do not satisfy 
the asymptotic conditions needed to prevent surjectivity of and thus the 

quadratic conditions on constrained variations do not arise. This work [9] also 
shows that the asymptotically fiat phase space T = (^-f ^ ^^ 3/2 provides a 

natural setting in which the ADM Hamiltonian and energy- momentum functionals 
become smooth functions, for example. 



4. Solving the constraint equations 

There are three reasons for seeking to construct and study solutions of the Einstein 
constraint equations. First, we would like to obtain initial data sets which model 
the initial states of physical systems. Evolving such data, we can model the gravi- 
tational physics of those physical systems. Second, we would like to understand the 
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space of all globally hyperbolic solutions of Einstein’s gravitational field equations. 
Since, as noted earlier, Einstein’s equations are well-posed, the space of solutions of 
the constraints parametrizes the space of solutions of the spacetime field equations. 
Third, we would like to know enough about the nature of the space of solutions of 
the constraints and the Hamiltonian dynamics of the classical Einstein equations 
on this space to be able to consider descriptions of gravitational physics which are 
consistent with the quantum principle (i.e., to “quantize gravity”). 

The easiest way to find a set of initial data (M^, 7 ,RT) which satisfies the 
Einstein constraint equations is to first find an explicit solution of the 

spacetime Einstein equations (e.g., the Schwarzschild or Kerr solutions), and then 
to choose a Cauchy surface ^ in that spacetime solution: The induced 
Riemannian metric 7 and second fundamental form K on together solve the 
constraints. Since the set of known spacetime solutions is very limited, this proce- 
dure is not especially useful for making progress towards the goals discussed above 
(although we shall see below that solutions of the constraints obtained from slices 
of known spacetime solutions can be very handy as building blocks for “gluing 
constructions” of solutions of the constraints, which are in turn potentially very 
useful for modelling physical systems). 

Our focus here is on more comprehensive methods for finding and studying 
solutions of the constraints. We first discuss the conformal method. This is by far 
the most widely used approach, both for physical modelling and for mathematical 
analysis, and so it receives the bulk of our attention here. We next consider the thin 
sandwich and conformal thin sandwich ideas. The latter is closely related to the 
conformal method; we compare and contrast the two here. The fourth approach 
we consider is the quasi-spherical ansatz. Although not as comprehensive as the 
conformal method, the quasi-spherical ansatz is potentially useful for certain key 
applications, which we discuss below. We conclude by describing the recently de- 
veloped procedures for gluing together known solutions of the constraints, thereby 
producing new ones. 

For convenience, we work primarily in this paper with the vacuum constraint 
equations. We note, however, that most of what we discuss here generalizes to the 
Einstein-Maxwell, Einstein- Yang- Mills, Einstein-fluid, and other such nonvacuum 
field theories. 

4.1. The conformal method 

The vacuum Einstein constraint equations (19), (20) with T^n = 0 and Tni = 0 
constitute an under-determined system of four equations to be solved for twelve 
unknowns 7 and K. The idea of the conformal method is to divide the initial data 
on into two sets - the “Free (Conformal) Data” , and the “Determined Data” 
- in such a way that, given a choice of the free data, the constraint equations 
become a determined elliptic PDE system to be solved for the Determined Data. 

There are at least two ways to do this (see [35] for others) . The sets of Free 
Data and Determined Data are the same for both procedures; we have 
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Free (‘‘conformal”) data: 

\ij - a Riemannian metric, specified up to conformal factor; 
aij - a divergence- free^(Wij = 0), trace-free crij = 0) 
symmetric tensor; 
r - a scalar field, 

Determined data: 

0 - a positive definite scalar field, 

- a vector field. 

The difference between the two procedures has to do with the form of the equations 
to be solved for the Determined Data, and the way in which the two sets of data are 
combined to obtain 7 and K satisfying the constraints. In one of the procedures, 
which we label the “Semi-Decoupling Split” (historically called “Method A”), the 
equations for W and (f) take the form 

Semi-decoupling split 

Vi{LW)) = (47) 

A0 = +LW^i){aij+LWi,)4>-^ (48) 

where the Laplacian A and the scalar curvature R are based on the -compatible 
covariant derivative V^, where L is the corresponding conformal Killing operator, 
defined by 

{LW),, = ViWj + VjW, - PijVkW’^, (49) 

and we construct 7 and K from the free and the determined data as follows 

77 — 4^ ^ij 

Kij = (f)~‘^{aij + LWij) + (51) 

Using the other procedure, which we label the “Conformally Covariant Split” 
(historically “Method B”), the equations for W and (j) are 

Conformally covariant split 

V^{LW)) = |V,r-6(LlT)}Van0 (52) 

A</> = -\a^^LW)ijcp-^ 

+ ^(r^ - {LWr{LW)ij)4>^ (53) 

and the formulas for 7 and K are 

'Tij — 0 Xij (fi4) 

+ (55) 

Each of these two methods has certain advantages. For the semi-decoupling 

split, if one chooses the mean curvature r to be constant, then the (j) dependence 
drops from (47), and the focus of the analysis is on (48), the Lichnerowicz equation. 
This is not true for the conformally covariant split; however in this latter case, one 

^In the free data, the divergence- free condition is defined using the Levi-Civita covariant deriv- 
ative compatible with the conformal metric Xij. 
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finds that a solution exists for free data {Xij , aij , r) if and only if a solution exists for 
{6'^Xij^0~‘^aij,r). Far more is known mathematically about the semi-decoupling 
split, and this approach has been used much more in applications, so we focus 
on the semi-decoupling split in the rest of this paper. We do note, however, that 
numerical relativists have very recently begun to apply the conformally covariant 
split for certain studies [35]. 

Is it true that, for every choice of the free data (A^j, cjij, r), one can always 
solve equations (47) and (48) for the determined data (</>, W) and thereby obtain a 
solution of the constraint equations? It is easy to see that this is not the case: Let 
us choose the manifold to be the three sphere, and on we choose a metric 
A with non- negative scalar curvature, we choose a to be zero everywhere, and we 
choose r to be unity everywhere. One readily verifies that every solution to the 
equation Vi{LW)j = 0 has LWij = 0. The Lichnerowicz equation then becomes 
A(f) = R(j) + 0^. Since the right-hand side of this equation is positive definite 
(recall the requirement that (/) > 0), it follows from the maximum principle on 
closed (compact without boundary) manifolds that there is no solution. 

In light of this example, the main question is really the following: For which 
choices of the manifold and the free data can one solve (47) and (48)? It turns 
out that we know quite a bit about the answer to this question, yet still have quite 
a bit to learn as well. To describe what we know and do not know, it is useful to 
categorize the question using the following criteria: 

Manifold and Asymptotic Conditions: 

• Closed 

• Asymptotically Euclidean 

• Asymptotically hyperbolic 

• Compact with boundary conditions 

• Asymptotically Euclidean with interior boundary conditions 

Regularity: 

• Analytic 

• Smooth 

• Sobolev and Holder classes 

• Weak 

• Asymptotic fall off conditions at infinity 

Metric Conformal Classes: 

• Yamabe positive 

• Yamabe zero 

• Yamabe negative 

Mean Curvature: 

• Constant (“CMC”) 

• Near Constant (small 

• Non Constant 




The Constraint Equations 



17 



a Classes: 

• cr is zero everywhere on 

• a not zero everywhere on 

The mean curvature of the data turns out to be the most important factor 
in separating those sets of free data for which we know whether or not a solution 
exists from those sets for which we do not. In fact, if the mean curvature is either 
constant or near constant, we can almost completely determine whether or not a 
solution exists (at least in those cases with no boundaries present). On the other 
hand, if the mean curvature is neither constant nor near constant, we know very 
little. For sufficiently smooth free data, we may summarize the known results as 
follows: 

Constant Mean Curvature: 

• Closed: Completely determined. For all but certain special cases (see example 
discussed above), solutions exist. See [31] and [50]. 

• Asymptotically Euclidean: Completely determined. For all but certain special 
cases (depending entirely on the conformal class), solutions exist. See [26] 
and [25]. 

• Asymptotically Hyperbolic: Completely determined. Solutions always exist. 
See [5] and [4] 

• Compact with Boundary: Some cases determined, most unresolved. 

• Asymptotically Euclidean with Interior Boundary: Some cases determined, 
some unresolved. See [61] and [38] 

Near Constant Mean Curvature: 

• Closed: Mostly determined. For all but certain cases, solutions exist. One spe- 
cial case known of nonexistence. A small number of special cases unresolved. 
See [54], [51] and [55] 

• Asymptotically Euclidean: Mostly determined. No cases known of nonexist- 
ence. Some cases unresolved. See [30] 

• Asymptotically Hyperbolic: Mostly determined. No cases known of nonexist- 
ence. A small number of cases unresolved. See [56] 

• Compact with Boundary: Small number of Ccises determined, most unresolved. 

• Asymptotically Euclidean with Interior Boundary: Nothing determined. 

Non Constant Mean Curvature: 

Very little known. 

This summary is the compilation of results from a large number of works 
(note references listed above), including some not yet written up. The summary is 
fairly sketchy, since there is inadequate space here to include many of the details. 
We do, however, wish to give a flavor of what these results say more precisely, and 
how they are proven. To do this we shall discuss a few representative sub-cases. 

We first consider the case in which the manifold is presumed closed, and in 
which we choose free data with constant r. As noted above, as a consequence of the 
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CMC condition, the equation (47) for W is readily solved, and we have LW = 0. 
What remains is the Lichnerowicz equation, which takes the form 

A(/) = \R(j) — -h (56) 

There are three key PDE analysis theorems which allow us to determine, for 
any set of free data consistent with these conditions, whether or not a solution to 
the Lichnerowicz equation exists. We state each of these theorems in a form most 
suited for this purpose (see [50] for much more detail): 

1. The Maximum Principle: If we choose free data such that for any 0 > 0 the 
right-hand side of the Lichnerowicz equation (56) is either positive definite 
or negative definite, then (with presumed closed) for that free data there 
can be no solution. 

2. The Yamabe Theorem: For any given Riemannian metric A on a closed three 
manifold, there is a conformally related metric 6^\ which has constant scalar 
curvature. For fixed A, all such conformally-related constant scalar curvature 
metrics have the same sign for the scalar curvature. This allows one to par- 
tition the set of all Riemannian metrics on into three classes, depending 
on this sign. We label these Yamabe classes as follows: T~^(M^), y^(M^), 
and 3 ^~(M^). 

3. The Sub and Super Solution Theorem: If there exist a pair of positive func- 
tions 0 -i_ > (j)- such that 

A</)+ < I-R0+ - (57) 

and 

A 0 _ > \R(j)- — (58) 

then there exists a solution (j) of the Lichnerowicz equation (56), with > 
0 > 0 -. 

The Yamabe Theorem is very useful because the Lichnerowicz equation in 
the form (56) (with LW = 0) is conformally covariant in the sense that it has a 
solution for a set of free data (A, cr, r) if and only if some function -0 > 0 it has a 
solution for the free data (V^^A, r). Hence, to check solubility for a given set 

of free data, we can always first perform a preliminary conformal transformation on 
the data and therefore work with data for which the scalar curvature is constant. 

It is now straightforward to use the Maximum Principle (together with the 
Yamabe Theorem) to show that there is a collection of classes of CMC free data 
for which no solution exists. This holds for all of the following classes of free data: 

(A € y+{M^),a = 0,T = 0), (A G = 0,r 7 ^ 0), 

(A € y°{M^),cr = 0,T^ 0 ), (A € y^{M^),a ^ 0 ,r = 0), 

(A € y-{M^),a = 0,T = 0), (A € y-{M^),a^ 0,r + 0). 

Note that here,“cr 7 ^ 0” means that the tensor cr is not identically zero on 

It is true, though not so simple to show, that for all other classes of CMC free 
data on a closed manifold, a solution does exist. We show this using the sub and 
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super solution theorem. For free data of the type (A G = 0, r 7 ^ 0), it is 

relatively easy to show that there are constant sub and super solutions. We merely 
need to find a constant 0 _|_ sufficiently large so that — everywhere 

positive, and a constant (/>_ sufficiently small (yet positive) so that — -h 
is everywhere negative. Constant sub and super solutions are also readily found for 
free data of the type (A G y~{M^),cr / 0,r 7 ^ 0), or (A G y^{M^),a = 0,r = 0). 
For the remaining types of free data, we need to find either a nonconstant sub 
solution or a nonconstant super solution. This takes a bit of work; we show how 
to do it in [50]. 

It is worth noting that the proof of the sub and super solution theorem 
(see [50]) is a constructive one: Starting with the super solution 04-, one solves a 
sequence of linear equations, and one then shows that the monotonic sequence of 
solutions 0_|_ >01 > 02 ^ ^ 0- converges to a solution of the Lichnerowicz 

equation. This constructibility can be useful for numerical relativity, as has been 
shown in [45]. 

We next consider the case in which the free data is chosen to be asymptotically 
Euclidean (see, for example, [30] for a definition of this property), with r = 0. For 
asymptotically Euclidean metrics, a Yamabe type theorem again plays a key role. 
Proven by Brill and Cantor [25], with a correction by Maxwell [61], this result says 
that if A is asymptotically Euclidean, and if for every nonvanishing, compactly 
supported, smooth function / we have 



inf 

{/m 



/^(|V/|2 + i?/2)VdiU 



ll/IP 



> 0 , 



L2. 



(59) 



then for some conformal factor 6, the scalar curvature of ^^A is zero. Moreover, 
if an asymptotically Euclidean metric fails to satisfy this condition, then there is 
no such transformation. Metrics which do satisfy this condition have been labeled 
(somewhat misleadingly) as “positive Yamabe metrics” . 

The positive Yamabe property just defined is exactly the condition which 
determines if, for a set of asymptotically Euclidean free data, the Lichnerowicz 
equation admits a solution. That is, as proven in [26], (56) admits a solution 0 
with suitable asymptotic properties if and only if the (asymptotically Euclidean) 
free data (A,cr, r = 0) has positive Yamabe metric A. This is true regardless of 
whether a vanishes or not. This result is not proven directly using a sub and super 
solution theorem, but the proof does involve a converging sequence of solutions of 
linear equations, and is therefore again constructive. 

The last case we consider here is that of near constant mean curvature free 
data on closed manifolds. This case is more complicated than the CMC case, since 
now we must work with the coupled system (47)-(48). However, with sufficient 
control over the gradient of r, we can handle the coupled system, and determine 
whether or not solutions exist for almost all sets of near CMC free data. 

The key extra tool we use to carry out this analysis is the elliptic estimate for 
the “vector Laplacian” operator S/iL{ )j appearing on the left side of (47). Such 
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a result holds for any linear, elliptic, invertible operator [22] such as this one."^ 
One has the Elliptic Estimate: || ||//^ , where Hk is the 
Sobolev space of square integrable vector fields for which the first k derivatives 
are square integrable as well, where || \\h,^ is the corresponding norm, and where 
C is a constant depending on the chosen geometry (M^, Xij). Based on this esti- 
mate, together with the Sobolev embedding theorem [22] and standard integration 
inequalities, we obtain a pointwise estimate of the form 

\LW\ < Cmax(/)^ max |Vr|, (60) 

m3 



where C is also a constant depending only on the geometry (M^, Xij). This point- 
wise inequality (60) is the crucial estimate which allows us to handle the coupled 
system, for sufficiently small |Vr|. 

To see how to prove that a solution exists in one of these near CMC cases, 
let us consider free data with A G T“(M^), r > 0, and with sufficiently 

small. ^ We claim that, for such free data, a solution exists. To show this, we 
consider the sequence of semi-decoupled PDE systems 






(61) 

(62) 



Choosing a suitable initializing value for </>o, we first show that a sequence 
(^(n)?^(n)) solutions to (61-62) exists. For the decoupled equation (61), the 
existence of a solution VF(„) follows from the invertibility of the vector Laplacian. 
For (62), existence follows from the sub and super solution theorem, since we read- 
ily find a sequence of constant sub and super solutions for this choice of free data. 
We next show that there are (positive) uniform upper and lower bounds for the 
sequence (</>(n))- This is where we first need to use the estimate (60) for |LVF(r^)|: 
Specifically, after arguing that there is a uniform (constant) upper bound for the 
’s if we can find a positive constant C such that 






2 min^a 



miUMS ^ 



'T 



-LW^i.LWi 






(63) 



we use the |LW(^) | estimates to show that it is sufficient to find a positive constant 
C satisfying 



C-" > 



2 min^s r‘ 



rC + 



min^a 






maxM3 |Vr|^ 
2 minM3 



(64) 



"^The operator ViL( is invertible only if A has no conformal Killing field. However, the pointwise 
estimate (60) we obtain for |LVK| can be derived even if A has a conformal Killing field, using a 
slightly more complicated elliptic estimate than the one presented here. 

^The statement that “ (is) sufficiently small” may seem nonsensical, since this quan- 

tity is dimensional. However, as seen in the proof [54], the more precise statement of this condition 
involves the constant C, which has dimensions as well. 
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We immediately see that if, for fixed A and <j, we choose sufficiently 

small, then such a C exists. The existence of the uniform upper bound for 
follows. 

Establishing these uniform bounds is the crucial step in our proof that so- 
lutions exist for free data of the type we are discussing here, as well as for other 
classes of near CMC free data. Once we have these bounds, we can carry through 
a contraction mapping argument to show that the sequence f^(n)) converges 

(a bit more squeezing of |Vr| is needed to carry this out). We can then go on to 
use continuity arguments to show that the limit is a weak solution, and finally use 
bootstrap arguments to show that in fact the weak solution is a strong solution, 
of the desired smoothness. The details of this proof are presented in [54]. 

A very similar argument can be used to prove that equations (47)-(48) admit 
solutions for a number of classes of near CMC free data, including the following: 



1 . 

2 . 

3. 



A G y~ < 0, and sufficiently small; 

A G a not identically zero, and small; 

A G T nowhere zero, a not identically zero, and 

sufficiently small. 



3 |Vr| 



What about the other near CMC cases on closed M^? Just recently, with 
Niall O’Murchadha, we have found for the first time a class of near CMC free data 
for which a solution does not exist. The data is of the following type: 



A G y~^(M^) U y^(M^)^ <j = 0, r nowhere 0, and sufficiently small. 

minM3 |r| 



The proof that no solution exists for free data of this type is a relatively sim- 
ple application of the pointwise estimate (60) for \LW\ discussed above, and the 
maximum principle. The details are presented in [55]. As for near CMC data on a 
closed manifold which is not one of the types discussed here, nothing is yet known. 
Note that, in a rough sense, these remaining unresolved cases are not generic. 

As noted in the summary above, there are a number of other classes of free 
data for which we know whether or not solutions to (47)“(48) exist. Methods sim- 
ilar to those discussed here resolve the existence question for most CMC or near 
CMC free data which are asymptotically Euclidean or asymptotically hyperbolic, 
as well for such data on closed manifolds. The situation for free data specified on 
compact manifolds with boundary is much less understood; however this is most 
likely a result of neglect rather than difficulty. Since numerical relativity has mo- 
tivated a recent interest in this question, and since the methods discussed here are 
believed to work for data on manifolds with boundary, it is likely that in the next 
few years, the solvability of (47)-(48) for such data is likely to be relatively well 
understood. Indeed, this motivation has led to the very recent results of Maxwell 
[61] and Dain [38], who give sufficient conditions on asymptotically Euclidean free 
data with interior “apparent horizon” boundary conditions for solutions to exist. 
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The situation is very different for non-constant mean curvature data with no 
controls on |Vr|. Almost nothing is known, and there are no promising techniques 
known at this point. New ideas are needed. 

It is worth noting that the underlying approach of specifying the mean ex- 
trinsic curvature r is geometrically natural, since the converse problem, of find- 
ing a hypersurface of prescribed mean curvature in a given spacetime, leads to a 
quasi-linear elliptic equation bearing some similarities with the Euclidean mini- 
mal surface equation. It is known that solutions of the Lorentz mean curvature 
equation are strictly spacelike and smooth, at least to the extent permitted by the 
regularity of the ambient spacetime and boundary conditions, so such prescribed 
mean curvature hypersurfaces provide natural spacelike slices of the spacetime 
[27, 19, 46, 10, 11 ]. Although there are examples of spacetimes not admitting maxi- 
mal (r = 0 , [24]) or CMC (r = const., [ 12 ], [34]) hypersur faces, such non-existence 
behavior is driven by global causal topology, which allows area- maximizing se- 
quences of hypersurfaces to become unbounded to the past or future; see [ 11 , 12 ]. 
It is therefore not surprising that a priori control of the interior causal geometry 
is an essential ingredient in the proof of existence of entire maximal hypersurfaces 
in asymptotically flat spacetimes [ 10 ]. 

To wind up this discussion of the implementation of the conformal method 
to find solutions of the constraint equations, it is important to note two facts: 
1) The map from sets of free data to solutions of the constraints is surjective. 
This follows from the observation that if ( 7 , AT) is a solution of the constraints, 
then (f) = 1,W = 0 is clearly a solution of (47-48) for the free data A = 7 , a = 
K — ^Atr^AT, T = tr^AT. 2) For all those sets of free data for which solutions of 
(47-48) are known to exist (excepting for the very special case of A fiat, cr = 0, 
and T = on = T^) the solution is unique. 

As a consequence of these facts, those sets of free data for which solutions exist 
together parametrize the space of constraint-satisfying initial data for Einstein’s 
equations. It follows that, once we determine exactly which free data sets map 
to solutions, we will have made significant progress toward understanding the 
“degrees of freedom” of Einstein’s theory. 

Also as a consequence of these facts, if we seek initial data invariant under 
an isometry group, it is sufficient to choose free data with this invariance.^ 

In view of the dominant role the conformal method has assumed as a tool for 
mathematical as well as numerical analysis of the constraints, it is important to 
point out its limitations. As noted above, the conformal method replaces the orig- 
inal under-determined PDE system of the constraint equations (four equations to 
be solved for twelve unknowns), by a determined system of elliptic character. This 
is very useful for a wide variety of studies (such as the parametrization question) . 
However for a number of other problems, it is a bad idea. Consider for example a 



®Note that the presence of symmetries generally introduces integrability conditions which must 
be satisfied by the initial data, and consequently by the free data. These conditions are relatively 
easy to handle. 
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given solution of the constraint equations on a finite radius ball. Can one smoothly 
extend the solution onto a neighborhood properly containing the ball? Can it be 
smoothly extended to a complete, asymptotically Euclidean solution? Might there 
be a smooth extension which is identically Schwarzschild or Kerr outside some 
(larger) ball? To study questions like these, casting the constraint equations into 
the form of a determined elliptic system is not at all useful. It is better to bypass 
the conformal method and work with the original under-determined system. 



4.2. The thin sandwich construction 

Some time ago, Wheeler [62, 8 ] discussed a possible alternative to the initial value 
formulation for determining a spacetime solution of Einstein’s equations. Rather 
than specifying initial data in the form of a Riemannian metric 7 and a symmetric 
tensor K which satisfy the Einstein constraint equations, he asked whether one 
might specify a pair of Riemannian metrics h\ and h 2 and seek to find a (unique?) 
spacetime {V^,g) in which hi,/i 2 arise as the induced metrics on disjoint Cauchy 
surfaces in (1?^,^), and which satisfies the Einstein equations, i.e., (F^,^) is the 
spacetime solution “connecting” hi and /i 2 . This is the sandwich conjecture. 

Considering the analogous question in electrodynamics, however, we find that 
the uniqueness part of the Maxwell version of the sandwich conjecture is false. 
Hence there is reason to believe that the uniqueness assertion in the sandwich 
conjecture for the Einstein equations may also be false. This led Wheeler to instead 
propose the thin sandwich conjecture., which postulates that given a freely chosen 
Riemannian metric 7 and symmetric tensor J representing the time derivative of 
the metric evolution in a spacetime, then we can use the constraints to determine 
a lapse function and shift vector field so that indeed, with respect to a choice 
of foliation and coordinates compatible with that lapse and shift, J is the time 
derivative of the metric. More explicitly, having chosen 7 and J, we seek a lapse 
N and shift X so that if we set 



(65) 

then ( 7 , K) satisfy the constraint equations (19,20) with source terms p = IGyrT^n, 
Si = SirTni. Regarding ( 7 , J, p, 5) as given fields, the constraints give four equa- 
tions for (N,X), the so-called thin sandwich equations. 

It is clear that if satisfy the constraint equations, then J is the time 

derivative 5^7 of the spatial metric in the corresponding spacetime evolution of 
the data ( 7 ,K) with respect to coordinates with lapse-shift {N,X). 

The Hamiltonian constraint is readily solved for the lapse, giving 



N = 



(r»)2 - TUTj, 
p-RM ’ 



( 66 ) 



where we have set Tij = \Jij — for brevity. Substituting this expression 

for N into the momentum constraint (20) we obtain the reduced thin sandwich 
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equations (“RTSE”) 

V.- 



(rfc)2 _ rfc'rfei 



(Pi _ 



= s\ 



(67) 



which we view as a system of partial differential equations for the components 
of the shift. 

The linearization of (67) is shown to be elliptic in [17], provided that the con- 
jugate momentum (recall the formula (37) for tt) is either positive or negative 
definite. This rather surprising condition is guaranteed, so long as the condition 

p - > 0 (68) 

is satisfied everywhere in M and provided that J is chosen in such a way that the 
formula ( 66 ) for the lapse function satisfies 

N >0. (69) 

An additional necessary condition for solvability of the RTSE is that the equation 

{j^i) = ( 70 ) 

only has solutions with Vi = 0 . 

An implicit function theorem argument [17] shows then that the RTSE is 
solvable for all data ( 7 , J, p, S) in an open neighborhood of a reference configuration 
( 7 , J, p, S) satisfying the conditions ( 68 , 69, 70). Here “open” is with respect to a 
Sobolev space in which the RTSE are posed. 

The fact that the thin sandwich equations can be solved for an open class 
of data ( 7 , J, p, S) can be interpreted as showing that this reformulation of the 
constraints leads to “generic” solutions. However, ( 68 ) is rather restrictive - it 
excludes asymptotically fiat data for example - so these conditions, taken together, 
limit the prospects of constructing most interesting spacetime initial data via the 
thin sandwich approach. 



4.3. Conformal thin sandwich 

An interesting hybrid of the conformal method and the thin sandwich approach has 
been suggested by York [76]. Before specifying how this conformal thin sandwich 
approach works, let us briefly compare the two approaches discussed so far: 

1. Conformal Method: The free data consists of a conformal metric A^j, a 
divergence- free trace- free tensor field and a scalar field r (8 free func- 
tions) . Solving the constraints produces a vector field W and a scalar field (j) 
(4 functions) . We recompose to get a metric 7 ^^ and a symmetric tensor Kij 
satisfying the constraints (12 functions). The lapse and shift are ignored. 

2. Thin Sandwich: The free data consists of a metric 7 ^^ and a symmetric tensor 
Jij (12 free functions). Solving the constraints produces a vector field 
and a scalar field N (4 functions). We recompose to get a metric 7 ^^ and a 
symmetric tensor Kij satisfying the constraints, plus the lapse N and the 
shift (16 functions). 
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The idea of the conformal thin sandwich approach is to specify as free data 
a conformal metric Xij, a trace- free symmetric tensor Uij, a scalar field r, and 
another scalar field 77 . In terms of the loose function counting system used above, 
this amounts to 12 free functions. In the spirit of the thin sandwich, the tensor 
Uij represents the time derivative of the conformal metric, while r is the mean 
curvature and rj represents the lapse function, up to a conformal factor. It follows 
from this interpretation, together with a choice of conformal scaling, that the 
second fundamental form Kij is expressed as 

- U,,) + (71) 

where X'^ is the shift vector and 'll; is the conformal factor, neither of which is 
known at this stage. To determine and 7 /^, we use the constraint equations. 
These take the form 

V^{{2r^)-\LX)ij) = V^((277)-1[/.,) + (72) 

and 

— R{'y)'ip = (73) 

where we use the convenient short hand Aij = ^{{LX)ij — Uij). Thus, if we can 
solve (72-73) for X and (4 functions), we have K (obtained from (71)) and 

lij = (74) 

satisfying the constraints, plus a specification of the lapse N = and the 

shift 

Compared to the conformal method (“CM”), the conformal thin sandwich 
approach (“CTSA”) has a number of virtues: 

1 . Unlike CM, specifying a set of CTSA free data does not require a projection 
to the divergence- free part of a symmetric tracefree 2 - tensor. 

2. The map from CTSA free data to a solution of the constraint equations is 
conformally covariant in the sense that if (y^j , Kij ) is a solution corresponding 
to a particular choice of free data (A^j, Uij^ r, 77 ), then it is also a solution for 
the CTSA data {0^Xij,0~‘^Uij,r, O^rj), for any positive function 6. This is true 
whether or not r is constant, whereas CM data has this property only if r is 
constant. 

3. The mathematical form and hence the mathematical analysis of the CTSA 
equations (72)-(73) is very similar to that of the CM equations (47)-(48). 
Hence we have essentially the same existence and uniqueness results for the 
two sets of equations. 

4 . CTSA free data is arguably closer to the physics we wish to model, since it 
includes the time derivative of the conformal metric, while the CM data only 
has the divergence- free trace-free (transverse traceless) part of the second 
fundamental form. 

Along with these virtues, CTSA has one troubling feature: Say we want 
to find a set of CMC initial data {^ij^Kij) with the lapse function chosen so 
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that the evolving data continues to have constant mean curvature. In the case 
of the conformal method, after solving (47) and (48) to obtain a solution of the 
constraints, one achieves this by solving a linear elliptic equation for the lapse 
function. This equation is not coupled to the constraint equations, and solutions 
are readily verified to exist. By contrast, in the CTSA the extra equation takes 
the form 

+ U^v)~HLX - Uf + (75) 

which is coupled to the CTSA equations (72)-(73). This coupling cannot be re- 
moved by choosing r constant. Indeed, whether the data is CMC or not, the 
mathematical analysis of the full system (72-75) is not very tractable. We empha- 
size, however, that if we do not require that the lapse be chosen to preserve the 
mean curvature, then the analysis of the CTSA equations is no more difficult than 
that of the conformal method equations. For further discussion of the conformal 
thin sandwich approach, both in theory and in practice, see [76] and [35]. 

4.4. Parabolic methods and the quasi-spherical ansatz 

It was first shown in [14] that 3-metrics^ of prescribed scalar curvature can be 
constructed by solving a certain parabolic equation on . This leads to a method 
for constructing solutions of the Hamiltonian constraint which has found some 
interesting applications [14, 71, 69]. 

To describe the general construction [71], consider the second variation iden- 
tity for a foliation r T,r in a Riemannian 3-manifold with metric g, 

R{g) = 2DnH + 2 Kg - - ||//|p - 2u~^Xu , (76) 

where n is the outward unit normal vector to the level sets II is the second 
fundamental form, H = tr^^// is the mean curvature, and Kg, A = r~‘^Ao are 
respectively the Gauss curvature and Laplacian of the metric r^g on the foliation 
2-surfaces (which are usually assumed to be topological 2-spheres). This is the 
Riemannian version of the Lorentzian formula (35). The name “second variation” 
arises from the term DnH, since the mean curvature measures the first variation 
of the area of This interpretation is not important for the present applica- 
tion, although it does reflect some deep relationship between mean curvature and 
minimal surfaces on the one hand, and positivity properties of mass on the other 
[67, 69]. 

Consider (76) when the surface variation r — > defines a foliation, so the 

metric takes the general form 

g — u^ dr‘^ + gAB{'f'dO^ -h (3^dr){rd0^ H- (3^ dr), (77) 

where u = u{r, 6^) > 0, 6^)) and the rescaled angular metric gABi^, 0^) 

are arbitrary fields. The quasi- spherical (QS) case considered in [14] arises as the 



^Although we restrict discussion here to 3-manifolds, the parabolic method generalizes to all 
dimensions. 
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special case where g = d'd‘^ -h sin^ d d(p‘^ is the standard 2-sphere metric. Generally, 
the mean curvature of the leaves is 

H = — — (2 — dWoP T rdr log \/ det , (78) 

where divo/3 is the divergence of the tangential vector field (3 = in the metric 

g, and n = u~^{dr — r ~^ is the exterior-directed unit normal vector. Assume 
throughout the quasiconvexity condition 

h := 2 — divo/3 + rdr log y^det g > 0, (79) 

and let = un^ Ho = uH = —hlr^ II o = ull he the corresponding quantities 
determined by the metric (77) with u = 1. The key observation is that substituting 
H from (78) into DnH gives a term hu~^r~^drU which combines with the term 
u~^Au to show that if the scalar curvature is specified then (76) may be read as 
a parabolic equation for the lapse u. Here gAs can be freely chosen, subject 
only to the quasiconvexity condition (79), or equivalently, < 0. Explicitly we 
have 

h{rdr — P^8 a)u — u^AqU (80) 

= ru{rdr - 0^dA)Ho + + \Ih\^) - u\K{g) - ii?(^)r2), 

which clearly shows the parabolic structure of the equation satisfied by u. 

Thus if R{g) is determined by the Hamiltonian constraint equation (19) and 
P^ 9ab are regarded as prescribed fields, then solving (80) leads to a 3-metric 
which satisfies the Hamiltonian constraint. 

Global (r — ^ 00 ) existence theorems were established for (80) in the quasi- 
spherical case g = dd^ + sin^ dd(p^ [14], assuming P satisfies the quasiconvexity 
condition (79), which becomes diVo/3 < 2, and assuming the prescribed scalar cur- 
vature is not too positive {r^R < 2 is sufficient but not necessary). With suitable 
decay conditions on the prescribable fields (for example, if P^ is compactly 
supported), these results give asymptotically fiat solutions of the Hamiltonian 
constraint, with either black hole = 0 or regular centre r — 0 inner boundary 
conditions. Setting R{g) — 0 gives a large class of solutions of the vacuum Hamil- 
tonian constraint (19) in the time- symmetric case Kij = 0, with two degrees of 
freedom corresponding to the choice of p^. Analogous results have been estab- 
lished for general gAB [71, 72, 69], which demonstrate that this provides a flexible 
technique for extending solutions to be asymptotically fiat, or asymptotically hy- 
perboloidal if R{g) = —6. 

The parabolic method enables us to construct metrics of prescribed scalar cur- 
vature which have properties not achievable by conformal methods. For example, 
any bounded domain (fl, g) with smooth mean-convex {H < 0) boundary dfl 
and non-negative scalar curvature can be extended smoothly to an asymptotically 
fiat manifold, also with R> 0; we simply extend the Gaussian normal foliation in 
a neighborhood of 512 smoothly to a metric which is flat outside a neighborhood 
of 12, with a mean-convex exterior foliation approaching the standard spherical 
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foliation of Solving the parabolic lapse equation for R > 0 with initial data 
u = 1 on a Gaussian level set E_e C Q produces the required 3-metric. 

One consequence of this argument, first observed in [14], is the existence of 
R = 0 metrics on which are asymptotically flat and non-flat, but which have a 
flat interior region. 

The parabolic method also gives solutions satisfying “geometric boundary 
conditions” [16] which specify the boundary metric r^gAB and mean 

curvature H. This is clear from (78) since H is determined by specifying the well- 
posed initial condition u(ro) for the parabolic lapse equation. Note that this is not 
possible with conformal methods, since specifying both the boundary metric and 
mean curvature leads to simultaneous Dirichlet and Neumann boundary conditions 
on the conformal factor. These boundary conditions are ill posed for the elliptic 
equation imposed on the conformal factor, which will not then admit any solution 
in general. The problem of constructing 3-metrics with prescribed boundary metric 
and mean curvature arises naturally from the geometric definition of quasi-local 
mass [13] and provided the original motivation for the quasi-spherical construction. 

Examples of 3-metrics satisfying the Geroch (inverse mean curvature flow) 
foliation condition [47, 48] can be constructed by choosing /3^, gAB satisfying 
divo/? = r5r(logdet g) and then solving the parabolic lapse equation with suitably 
prescribed scalar curvature. This provides a large class of metrics for which the 
Geroch identity directly verifies the Penrose conjecture. Note that this does not 
help to solve the much harder problem considered in [48], of finding a Geroch 
foliation in a given metric. 

Another advantage of the parabolic lapse method is that it is generally easier 
and cheaper numerically to solve a 2-hl parabolic equation than the 3D elliptic 
equations arising in the conformal methods, particularly when the solution is re- 
quired near spatial infinity. Finally, in the original quasi-spherical gauge [14], the 
freely-specifiable fields A = 1,2 give a rather explicit parameterization of the 
“true degrees of freedom” allowed by the Hamiltonian constraint, since fixing f3 
removes all diffeomorphism freedom in the quasi-spherical gauge (at the linearized 
level at least). 

Dual to the problem of constructing metrics having quasi-spherical form, is 
the harder problem of finding a quasi-spherical foliation in a given metric. Some 
simple observations suggest that QS foliations exist for general perturbations of 
a QS metric, but for interesting technical reasons a complete proof is not yet 
available. 

Write the general QS 3-metric as g = u^dr‘^ -h T>A{PAdr -h raA)^ where a a, 
A = 1 , 2 is an orthonormal coframe for the unit sphere , and consider the effect 
of an infinitesimal diffeomorphism generated hy X = C^TA~h z{rdr — IS'^ta), where 
ta is the dual frame to aA> The QS condition will be preserved under the metric 
variation 6gij and infinitesimal diffeomorphism X exactly when {Cxg-\~dg)AB = 0, 
which gives the equation 

C(A\B) + {(^AB — P(A\B))^ + ^dgAB = 0 . 



( 81 ) 
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Taking trace and trace-free projections and simplifying gives 

T^0<^ ■= C(^|B) - \dvvoC,(TAB + B^sdiVoC 

= —\{^9ab — \SgQaAB + BAB^gc)^ (^ 2 ) 

where 

„ . f^{A\B) - \diyol3aAB div^C + \5gj 

2-divo/? 2-dwo(3 ■ 

The operator VjsQ in (82) is elliptic exactly when \B\^ < 1, and we can show that 
its adjoint Vj^i/AB = ~Vab^ + iyBcB^^)\A has trivial kernel when \B\^ < 1/3 
(pointwise). This latter condition also guarantees that T >(3 is surjective, whereupon 
(82) can be solved for C,a^ uniquely if the L = 1 spherical harmonic components 
of xa are specified. Hence existence of QS coordinates can be established at the 
linearized level, but the presence of div^C in the expression for z means that it is not 
possible to directly apply an implicit function theorem to conclude the existence 
for all metrics in an open neighborhood of g. 

It is also interesting to consider the direct approach to finding quasi-spheres 
as graphs over in From the second fundamental form of the graph r = e^, 
u : 52 E, 

gU 

II AB = / , =={uAB — UaUb — (^Ab) 

y/1 T \Du\^ 

where aAB is the metric and \Du\^ = uaUb^ the Gauss and mean curva- 



tures are given by 

K{u) = det 7/yiB/det^AjB (83) 

H{u) = e-^^d^^IlAB, (84) 

where ^ab = ^^^{cfab + ua^b) is the induced metric on the graph. It follows 
that the linearisations about the unit sphere with respect to infinitesimal changes 
V = Su, h = Sg are 

-5K{v,h) = + + + (85) 

H V = (A + 2)r^ + h^r T {hAB T ^ a^bv ~ \drhAB\ (86) 
Now the equation (A -h 2)0 = / is solvable for 0 exactly when §^2 /^i = 0 for ^riy 



I = 1 spherical harmonic Yi, and it follows that for generic metric variations h, 
it is not possible to find a corresponding variation v of the graph which preserves 
the condition H = —2. This instability of constant mean curvature foliations can 
be overcome if the background metric has positive ADM mass [49]. In contrast, 
the equation 5K{v^ h) = 0 is solvable for v for any metric variation /i, since 

(f (A + )Yi = 0 

Js^ 

for all Yi satisfying AYi = — 2Yi and then VYi is a conformal Killing vector of 
and = (AYi 4- Yi)(Tab- Thus at the linearised level it is always possible to 

preserve the condition K = 1. 
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Further evidence supporting the conjecture that QS foliations exist for generic 
metrics near a given QS metric satisfying \B\^ < 1/3 comes from the thesis of 
Spillane [73], which establishes existence in the axially symmetric case. However, 
the general case remains open, as does the related problem of finding a QS foliation 
of a null hypersurface [15]. Note that this foliation existence question is irrelevant 
for the metric existence question, which is resolved by the proof in [14] of a large 
class of metrics in QS form. 

The momentum constraint equations are not yet well understood in the par- 
abolic method, although some results have been established [68]. In the quasi- 
spherical case, we may introduce the parameterization 

= {tjab + \ixSAB)0^e^ + ka{9^9^ + 6^9^) + (r - ^l)9^9^, (87) 

where 9^ = dr + r dd, 0^ = dr + r sin d dcp, 0^ = u dr is the QS orthonor- 
mal coframe. In terms of the parameters tjab, fJ', a-, 'J' = tr^K, the momentum 
constraint equations then take the form 



87rTo3ru = 


-(rdrH - AjJ^ + (3 - div/?)/x) 

+ wdivK + k^Vau + r]^^P(A\B) + (2 - div/3)r 


(88) 


S-kToavu — 


(wr/As)'® + /uVaw + - t)) 

+ rdrKA - P^ha\b + ((3 - div P)Sab - Pb\a)i^^- 


(89) 



The matter fields Tqo.Tqa, ^03 are prescribed and (88) provides either an equation 
for r, by choosing /x, or vice-versa, choosing r and solving for /x. Likewise, (89) can 
be regarded either as an equation for k (with the symmetric traceless 2-tensor t]ab 
arbitrarily prescribable) or as an elliptic equation for rj with k,a freely prescribable. 

Local existence in r for the momentum constraints with prescribed r, ka has 
been established by Sharpies [68], but it is not clear whether global results are 
possible without additional restrictions. Much work still remains to be done on 
these systems. 

Finally we note that a characteristic version of the quasi-spherical gauge, 
where a foliation of outgoing {pnp <0) null hypersurfaces is assumed to admit a 
QS radial coordinate, has been described in [15]. In this case there is no parabolic 
equation. The resulting hypersurface Einstein equations are considerably simpler 
than those derived in the Bondi gauge [66, 23], and forms the basis for a 4th order 
numerical code [18], which heavily exploits the exact spherical geometry of the 
r- level surfaces. 

4.5. Gluing solutions of the constraint equations 

The conformal method, the conformal thin sandwich method, and the quasi- 
spherical ansatz are all procedures for generating solutions of the Einstein con- 
straint equations from scratch. We now consider procedures for constructing new 
solutions of the constraints from existing solutions. 

We first discuss a procedure for gluing connected sums of solutions. The 
idea of this “IMP Gluing” [52] is the following: Say we have two solutions of the 
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constraint equations, and (M2,72,i^2)- Let pi G M\ and p2 G M2. 

Can we find a set of initial data (M(x-2)j 7(i-2)5 ^(1-2)) such that 1 ) M1-2 is 
homotopic to the connected sum^ Mi#M2; 2 ) (7(1-2) 5 ^(1-2)) is a solution of 
the constraints everywhere on M(i_2); and 3 ) on that portion of M(i_2) which 
corresponds to Mi \ {ball around pi}, the data (7(1-2) 5 ^(1-2)) is isomorphic to 
(71, /fi), with a corresponding property holding on that portion of M(i_2) which 
corresponds to M2 \ {ball around P2}? If so, we say that the sets of data admit 
IMP gluing. 

IMP gluing can be carried out for quite general sets of initial data. The sets 
can be asymptotically Euclidean, asymptotically hyperbolic, specified on a closed 
manifold, or indeed anything else. The only condition the data sets must satisfy is 
that, in sufficiently small neighborhoods of each of the points at which the gluing is 
to be done, there do not exist nontrivial solutions ^ to the equation = 0 , 

where is the linearization operator defined in ( 43 ) (with K replacing tt). 

In [ 20 ] it is shown that this condition is indeed generic. 

The proof that IMP gluing can be carried out to this degree of generality is 
detailed in [ 34 ], based on [ 52 ], [ 53 ], and [ 32 ]. We note here two features of it. First, 
the proof is constructive, in the sense that it outlines a systematic, step>-by-step 
mathematical procedure for doing the gluing: One conformally blows up the balls 
surrounding p\ and p2 to produce two half cylinders extending from the original 
initial data sets; one joins the two half cylinders into a bridge, and splices together 
the data from each side using cutoff functions; one uses the local constant mean 
curvature to decouple the constraints in the neighborhood of the bridge; one uses 
tensor projection operators based on linear PDE solutions to find a new conformal 
K which solves the momentum constraint; one solves the Lichnerowicz equation 
(the argument that this can be done, and that the solution is very close to 1 
away from the bridge, relies on the invertibility of the linearized equation and on 
a contraction mapping); one recomposes the data as in ( 50 ) and ( 51 ); and finally 
one does a nonconformal data perturbation away from the bridge to return the 
data there to what it was before the gluing. This procedure can be largely carried 
out numerically, although we note that it requires us to solve elliptic equations on 
topologically nontrivial manifolds. 

The second feature we note regarding the proof is that it relies primarily on 
the conformal method, but it also uses a nonconformal deformation of the data at 
the end, to guarantee that the glued data is not just very close to the given data 
on regions away from the bridge, but is exactly equal to it. 

While IMP gluing is not the most efficient tool for studying the complete set 
of solutions of the constraints, it has already proven to be very useful for a number 
of applications, including the following: 



^The connected sum of these two manifolds is constructed as follows: First we remove a ball 
from each of the manifolds M\ and M2. We then use a cylindrical bridge x I (where I is an 
interval in R^) to connect the resulting boundaries on each manifold. 
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1. Multi- Black Hole Data Sets: Given an asymptotically Euclidean solution of 
the constraints, IMP gluing allows a sequence of flat space initial data sets 
to be glued to it. The bridges that result from this gluing each contain a 
minimal surface, and consequently an apparent horizon. With a bit of care 
[32], one can do this in such a way that indeed the apparent horizons are 
disjoint, and therefore likely to lead to independent black holes. 

2. Adding a Black Hole to a Cosmological Spacetime: Although there is no clear 
established definition for a black hole in a spatially compact solution of Ein- 
stein’s equations, one can glue an asymptotically Euclidean solution of the 
constraints to a solution on a compact manifold, in such a way that there is 
an apparent horizon on the bridge. Studying the nature of these solutions of 
the constraints, and their evolution, could be useful in trying to understand 
what one might mean by a black hole in a cosmological spacetime. 

3. Adding a Wormhole to Your Spacetime: While we have discussed IMP glu- 
ing as a procedure which builds solutions of the constraints with a bridge 
connecting two points on different manifolds, it can also be used to build 
a solution with a bridge connecting a pair of points on the same manifold. 
This allows one to do the following: If one has a globally hyperbolic space- 
time solution of Einstein’s equations, one can choose a Cauchy surface for 
that solution, choose a pair of points on that Cauchy surface, and glue the 
solution to itself via a bridge from one of these points to the other. If one 
now evolves this glued-together initial data into a spacetime, it will likely 
become singular very quickly because of the collapse of the bridge. Until the 
singularity develops, however, the solution is essentially as it was before the 
gluing, with the addition of an effective wormhole. Hence, this procedure can 
be used to glue a wormhole onto a generic spacetime solution. 

4. Removing Topological Obstructions for Constraint Solutions: We know that 
every closed three-dimensional manifold admits a solution of the vacuum 
constraint equations. To show this, we use the fact that always admits 
a metric T of constant negative scalar curvature. One easily verifies that the 
data (7 = r,A = P) is a CMC solution. Combining this result with IMP 
gluing, one can show that for every closed M^, the manifold \ {p} admits 
both an asymptotically Euclidean and an asymptotically hyperbolic solution 
of the vacuum constraint equations. 

5. Proving the Existence of Vacuum Solutions on Closed Manifolds with No 

CMC Cauchy Surface: Based on the work of Bartnik [11, 12], one can show 
that if one has a set of initial data on the manifold with the metric 

components even across a central sphere and the components of K odd across 
that same central sphere, then the spacetime development of that data does 
not admit a CMC Cauchy surface. Using IMP gluing, one can show that 
indeed initial data sets of this sort exist. 
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4.6. The Corvino-Schoen method 

There is another very useful form of gluing which has been applied recently to con- 
struct interesting solutions of the Einstein vacuum constraint equations. Developed 
by Corvino and Schoen [36, 37, 32], this method has the following remarkable ap- 
plication. Let (M^, 7 ,/f) be a smooth, asymptotically Euclidean solution of the 
constraint equations. If certain asymptotic conditions hold, then for any compact 
region C for which \ E^ (where is a ball in M^), there is a 

smooth asymptotically Euclidean solution on which is identical to the original 
solution on E^ C M^, and is identical to Cauchy data for the Kerr solution on 
\ E^ for some E^ C M^. In words, their technique allows us to smoothly glue 
any interior region of an asymptotically Euclidean solution to an exterior region 
of a slice of the Kerr solution. For asymptotically Euclidean solutions of the con- 
straints with tTjK = 0 , this method glues any interior region to an exterior region 
of a slice of Schwarzschild. 

Combining the Corvino-Schoen gluing techniques with some results of 
Friedrich [44], [32] showed that there is a large class of vacuum spacetime so- 
lutions of Einstein’s equations which admit complete null infinity regions of the 
form “scri”, as hypothesized by Penrose. The tools developed by Corvino and 
Schoen have also been used to strengthen the IMP gluing results [33]. 

The Corvino-Schoen method aims to solve the constraint equations through 
a projection using the linearized operator and its adjoint We sketch the 

method in the time-symmetric case tt = 0 , where ^( 7 , tt) is replaced by the scalar 
curvature Rij) and the lapse-shift ^ is replaced by the lapse N. In this case the 
arguments are essentially the same while the calculations are considerably simpler. 

We start with the observation that because DR* has injective symbol, it 
satisfies an elliptic estimate on any domain O, 

+ IIA^IlL^(n)), (90) 

which importantly does not require any control on N at the boundary dft. It 
follows easily that similar weighted estimates hold, with weight function p G 
which is positive in D and vanishes to high order at dQ: 

IIA^IIh^(O) + |V"iV|2) dv^<C [ p\DR*Nf + N^) dv^, (91) 

^ Jn Jn 

where the final term N‘^ on the right can be removed if there are no Killing 
vectors. With this assumption, for all / G we can solve DR{pDR* N) = pf 

for N G which in particular produces a solution to the linearized constraint 

equation DR h = pf. An iteration argument is used to solve the nonlinear problem 
^(70 + /i) = -^( 70 ) + S for any sufficiently small S. This solution h G (^) has 
the remarkable property that it vanishes to high order on dfl. Thus, for example, 
if i?(7o) is sufficiently small and supported in Cl then there is a perturbation /i, 
also supported in Cl, such that i^(7o + /i) = 0. 

To use this method to glue a Schwarzschild exterior to an asymptotically 
fiat R{'y) = 0 metric across an annulus B 2 r\Br, R >> 1, requires one more 
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idea because the flat space kernel ker DR^ = span(l, x^) is non-trivial. This 

implies that the linearized problem DRsh = cr is solvable if and only if a satisfies 
the four conditions a(l,x^)d^x = 0 , and the nonlinear problem R(jo + h) == 0 is 
similarly obstructed for 70 close to flat. By choosing the cutoff radius R sufficiently 
large and rescaling back to = ^ 2 X ^1 produces exactly this close to flat situation. 
However, it is possible to solve the projected problem ^( 70 4 - h) E K := span(l, x*) 
with uniform estimates on h G Now the Schwarzschild exterior metric 

can be characterized by the mass and centre of mass parameters (m, c^), defined by 

7Schw = (1 + 2|3^c| ) 

Some delicate estimates show that the map {m,d) K is continuous and has 
index 1 , so there is a choice of parameters (m, c^) mapping to 0 E K, which gives 
Ri'Jo + h) = 0 as required. The extension of these ideas, and the considerable 
details of the above arguments, are given in the original references [36, 37, 33]. 



5. Conclusion 

A considerable amount is known concerning the solutions of the Einstein constraint 
equations. Using the conformal method or the conformal thin sandwich method, we 
know how to construct constant mean curvature solutions which are asymptotically 
Euclidean, asymptotically hyperbolic, or live on a closed manifold. We also know 
how to do the same for nearly constant mean curvature solutions. We can glue 
together quite general solutions of the constraints, producing new solutions of both 
mathematical and physical interest. And, for certain asymptotically Euclidean 
solutions, we know how to show that there are solutions which include any compact 
region of the solution in the interior, and which are exactly Kerr or Schwarzschild 
in the exterior. 

Much remains to discover as well. We would like to know how to construct 
solutions with mean curvature neither constant nor nearly constant. We would like 
to know much more about constructing solutions of the constraints with prescribed 
boundary conditions. We would like to know to what extent we can construct solu- 
tions with low regularity. And we would like to know which solutions on compact 
regions can be smoothly extended to either asymptotically Euclidean or asymp- 
totically hyperbolic solutions. 

Besides these mathematical issues to resolve, there are important questions 
concerning solutions of the constraints and physical modelling. In view of the 
pressing need to model astrophysical events which produce detectable amounts of 
gravitational radiation, one of the crucial questions we need to answer is how to 
systematically find solutions of the constraint equations which serve as physically 
realistic initial data sets for such astrophysical models. Since these models are 
generally constructed numerically, an equally crucial question is the extent to 
which the constraint functions, initially zero, remain near zero as the spacetime is 
numerically evolved. 
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It is not clear how close we are to resolving these mathematical and physical 
questions regarding the Einstein constraint equations and their solutions. However, 
in view of the recent rapid progress that has been made in these studies, we are 
optimistic that many of them will be resolved soon as well. 
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The Penrose Inequality 

Hubert L. Bray^^ and Piotr T. ChruscieP^ 



Abstract. In 1973, R. Penrose presented an argument that the total mass of 
a space-time which contains black holes with event horizons of total area A 
should be at least A/IGtt. An important special case of this physical state- 
ment translates into a very beautiful mathematical inequality in Riemannian 
geometry known as the Riemannian Penrose inequality. This inequality was 
first established by G. Huisken and T. Ilmanen in 1997 for a single black hole 
and then by one of the authors (HB) in 1999 for any number of black holes. 
The two approaches use two different geometric flow techniques and are de- 
scribed here. We further present some background material concerning the 
problem at hand, discuss some applications of Penrose- type inequalities, as 
well as the open questions remaining. 

Mathematics Subject Classification (2000). 83C05, 53C80. 



1. Introduction 



1.1. What is the Penrose conjecture? 

We will restrict our attention to statements about space-like slices of 

a space-time, where g is the positive definite induced metric on and h is the 
second fundamental form of in the space-time. Prom the Einstein equation 
G = SttT, where G is the Einstein curvature tensor and T is the stress-energy 
tensor, it follows from the Gauss and Codazzi equations that 



'I 



( 1 . 1 ) 

( 1 . 2 ) 
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where ji and J are respectively the energy density and the current vector density at 
each point of M^. Then the physical assumption of nonnegative energy density ev- 
erywhere in the space-time as measured by observers moving in all future-pointing, 
time-like directions (known as the dominant energy condition) implies that 

> \J\ (1.3) 

everywhere on M^. Hence, we will only consider Cauchy data {M^^g,h) which 
satisfy inequality (1.3). 

The final assumption we will make is that (M^^g,h) is asymptotically flat, 
which will be discussed in more detail below. Typically, one assumes that 
consists of a compact set together with one or more asymptotically fiat “ends”, 
each diffeomorphic to the complement of a ball in For example, has one 
end, whereas R^#R^ has two ends. 

Penrose’s motivation for the Penrose conjecture [70] goes as follows: Suppose 
we begin with Cauchy data (M^,g,h) which is asymptotically flat (so that total 
mass of a chosen end is defined) and satisfies ja > \J\ everywhere. Using this as 
initial data, solve the Einstein equation forward in time, and suppose that the 
resulting space-time is asymptotically fiat in null directions so that the Trautman- 
Bondi m£LSS is defined for all retarded times. Suppose further that the space-time 
eventually settles down to a Kerr solution, so that the Trautman-Bondi mass 
asymptotes to the ADM mass of the relevant Kerr solution. By the Hawking Area 
Theorem [48] (compare [29] ) , the total area of the event horizons of any black holes 
does not decrease, while the total Trautman-Bondi mass of the system - which 
is expected to approach the ADM mass at very early advanced times - does not 
increase. Since Kerr solutions all have 

m > A/Ae/lfiTT, (1.4) 

where m is total ADM mass [5,38] and Ae is the total area of the event horizons, 
we must have this same inequality for the original Cauchy data {M^,g, h). 

The reader will have noticed that the above argument makes a lot of global 
assumptions about the resulting space-times, and our current understanding of 
the associated mathematical problems is much too poor to be able to settle those 
one way or another. The conjecture that (all, or at least a few key ones of) the 
above global properties are satisfied is known under the name of Penrose ’s cosmic 
censorship hypothesis. We refer the reader to the article by Lars Andersson in this 
volume and references therein for more information about that problem. 

A natural interpretation of the Penrose inequality is that the mass con- 
tributed by a collection of black holes is not less than yj More gener- 
ally, the question “How much matter is in a given region of a space-time?” is 
still very much an open problem [23]. In this paper, we will discuss some of the 
qualitative aspects of mass in general relativity, look at examples which are in- 
formative, and describe the two very geometric proofs of the Riemannian Penrose 
inequality. The most general version of the Penrose inequality is still open and is 
discussed in Section 4.2. The notes here are partly based on one of the author’s 
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(HB) lectures at the “Fifty Years of the Cauchy Problem in General Relativity” 
Summer School held in August 2002 in Cargese (videos of lectures available at 
URL http://fanfreluche.math.univ-tours.fr, or on the DVD enclosed with 
this volume), and some sections draw substantially on his review paper [17], fol- 
lowing a suggestion of the editors of this volume. The mathematically oriented 
reader with limited knowledge of the associated physics might find it useful to 
become acquainted with [17] before reading the current presentation. 



1.2. Total mass in general relativity 

Amongst the notions of mass which are well understood in general relativity are 
local energy density at a point, the total mass of an asymptotically flat space- 
time (whether at spacelike or at null infinity; the former is usually called the 
ADM mass while the latter the Trautman-Bondi mass), and the total mass of an 
asymptotically anti-de Sitter space-time (often called the Abbott-Deser mass). On 
the other hand, defining the mass of a region larger than a point but smaller than 
the entire universe is not very well understood at all. While we will return to this 
last question in Section 4.3 below, we start here with a discussion of the ADM 
mass. 

Suppose (M^,^) is a Riemannian 3-manifold isometrically embedded in a 
(3 + l)-dimensional Lorentzian space-time N^. Suppose that has zero second 
fundamental form in the space-time. (Recall that the second fundamental form is 
a measure of how much curves inside N^. is also sometimes called “totally 
geodesic” since geodesics of which are tangent to at a point stay inside 
forever.) The Penrose inequality (which in its full generality allows for to have 
non-vanishing second fundamental form) is known as the Riemannian Penrose 
inequality when the second fundamental form is set to zero.^ 

In this work we will mainly consider (M^,^) that are asymptotically flat 
at infinity, which means that for some compact set A, the “end” M^\K is dif- 
feomorphic to R^\Ai(0), where the metric g is asymptotically approaching (with 
the decay conditions (1.7) below) the standard flat metric 6ij on at infinity. 
The simplest example of an asymptotically flat manifold is itself. Other 

good examples are the conformal metrics (M^, ix(x)^(5ij), where u{x) approaches a 
constant sufficiently rapidly at infinity. (Also, sometimes it is convenient to allow 
(M^,g) to have multiple asymptotically flat ends, in which case each connected 
component of M^\K must have the property described above.) A qualitative pic- 
ture of an asymptotically flat 3-manifold is shown in Fig 1. 

The assumptions on the asymptotic behavior of (M^,g) at infinity will be 
tailored to imply the existence of the limit 



m = 




9iiJ 



(1.5) 



^This terminology is somewhat misleading, in the following sense: the results discussed below 
hold as soon as the scalar curvature is non-negative. This will certainly be the case if hij = 0 
and /i > 0 in (1.1), but, e.g., — 0, or various other conditions in this spirit, suffice. 
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where So- is the coordinate sphere of radius a, is the unit normal to and dii 
is the area element of So- in the coordinate chart. The quantity m is called the 
total mass (or ADM mass [5]) of Equation (1.5) begs the question of the 

geometric character of the number m: the integrand contains partial derivatives 
of a tensor, which makes it coordinate dependent. For example, g = S is the flat 
metric in the standard orthogonal coordinates , one clearly obtains zero. On the 
other hand, we can introduce a new coordinate system (p, (f)) by changing the 

radial variable r to 

r = p + , (1.6) 

with some constants a > 0, c G M. In the associated asymptotically Euclidean 
coordinate system = px^ jr the metric tensor approaches 5 as 0{\y\~^): 

Sijdx^dx^ = gijdy^dy^ , 



with 

9ij - Sij = 0(ly|-“) , dk9ij = 0(|yr“-') . (1.7) 

A short calculation gives 



t oo , a < 1/2 , 
c^/8 , 0 = 1/2, 

0 , a >112, 

Thus, the mass m of the flat metric in the coordinate system y^ is inflnite if o < 1/2, 
can have an arbitrary positive value depending upon c if o = 1/2, and vanishes 
for a > 1/2. (Negative values of m can also be obtained by deforming the slice 
{t = 0} within Minkowski space-time [25] when the decay rate o = 1/2 is allowed.) 
The lesson of this is that the ma.ss appears to depend upon the coordinate system 
chosen, even within the class of coordinate systems in which the metric tends to a 
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constant coefficients matrix as r tends to infinity. It can be shown that the decay 
rate a = 1/2 is precisely the borderline for a well-defined mass: the mass is an 
invariant in the class of coordinate systems satisfying (1.7) with o; > 1/2 and with 
R e L^{M) [6,26]^. We note that the above example is essentially due to Denisov 
and Solov’ev [37], and that the geometric character of m in a space-time setting 
is established in [27]. 

Going back to the example (R^, if we suppose that u{x) > 0 has 

the asymptotics at infinity 

u{x) = a-\- b/\x\ + 0{l/\x\‘^) , (1.8) 

with the derivatives of the 0(l/\x\‘^) term being 0{l/\x\^), then the total mass of 
(M^,g) is 

m = 2ab. (1-9) 

Furthermore, suppose (M^^g) is any metric whose “end” is isometric to 
u(x)^(5^^), where u{x) is harmonic in the coordinate chart of the end 
{R^\K,Sij) and goes to a constant at infinity. Then expanding u{x) in terms 
of spherical harmonics demonstrates that u{x) satisfies condition (1.8). We will 
call these Riemannian manifolds (M^,g) harmonically flat at infinity^ and we note 
that the total mass of these manifolds is also given by equation (1.9). 

A very nice lemma by Schoen and Yau [73] is that, given any e > 0, it is always 
possible to perturb an asymptotically flat manifold to become harmonically flat at 
infinity such that the total mass changes less than e and the metric changes less 
than e pointwise, all while maintaining nonnegative scalar curvature (discussed 
in a moment). Hence, it happens that to prove the theorems in this paper, we 
only need to consider harmonically flat manifolds. Thus, we can use equation (1.9) 
as our definition of total mass. As an example (already pointed out), note that 
(R^.Sij) has zero total mass. Also, note that, qualitatively, the total mass of an 
asymptotically flat or harmonically flat manifold is the 1 /r rate at which the metric 
becomes flat at infinity. 

A deep (and considerably more difficult to prove) result of Corvino [34] (com- 
pare [28,35]) shows that if m is non zero, then one can always perturb an asymptot- 
ically flat manifold as above while maintaining zero scalar curvature and achieving 
(1.8) without any error term. 

We finish this section by noting the following “isotropic coordinates” repre- 
sentation of the exterior Schwarzschild space-time metric 

X (R^ \ ^ (1 + ^ ~ (l + m/2|x|) ‘ 

( 1 . 10 ) 



^Actually the results in [6] use weighted Sobolev conditions on two derivatives of the metric, 
suggesting that the right decay conditions in (1.7) are for the metric and 

for its derivatives. It can be checked that the argument in [26] generalizes, and gives the result 
under those conditions. 
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The ^ = 0 slice (which has zero second fundamental form) is the exterior spacelike 
Schwarzschild metric 

+ ( 1 . 11 ) 

According to equation (1.9), the parameter m is of course the total mass of this 
3- manifold. 

The above example also allows us to make a connection between what we have 
arbitrarily defined to be total mass and our more intuitive Newtonian notions 
of mass. Using the natural Lorentzian coordinate chart as a reference, one can 
compute that geodesics in the Schwarzschild space-time metric are curved when 
m 7 ^ 0. Furthermore, if one interprets this curvature as acceleration due to a 
force coming from the central region of the manifold, one finds that this fictitious 
force yields a radial acceleration asymptotic to — m/r^ for large r. Hence, a test 
particle left to drift along geodesics far out in the asymptotically fiat end of the 
Schwarzschild spacetime “accelerates” according to Newtonian physics as if the 
total mass of the system were m. 

1.3. Example using superharmonic functions in 

Once again, let us return to the (M^, u{xYSij) example. The formula for the scalar 
curvature is 

R{x) = — 8ii(x)“^Au(x). 

Hence, since the physical assumption of nonnegative energy density implies non- 
negative scalar curvature, we see that u{x) > 0 must be superharmonic (Aii < 0). 
For simplicity, let us also assume that u{x) is harmonic outside a bounded set so 
that we can expand u{x) at infinity using spherical harmonics. Hence, u{x) has 
the asymptotics of equation (1.8). By the maximum principle, it follows that the 
minimum value for u{x) must be a, referring to equation (1.8). Hence, 6 > 0, which 
implies that m > 0. Thus we see that the assumption of nonnegative energy den- 
sity at each point of (E^, 2/(x)^5ij) implies that the total mass is also nonnegative, 
which is what one would hope. 

1.4. The positive mass theorem 

Suppose we have any asymptotically fiat manifold with nonnegative scalar curva- 
ture, is it true that the total mass is also nonnegative? The answer is yes^ and this 
fact is known as the positive mass theorem, first proved by Schoen and Yau [72] 
in 1979 using minimal surface techniques and then by Witten [80] in 1981 us- 
ing spinors. (The mathematical details needed for Witten’s argument have been 
worked out in [6,21,51,69].) In the zero second fundamental form case, also known 
as the time- symmetric case, the positive mass theorem is known as the Riemannian 
positive mass theorem and is stated below. 

Theorem 1.1. (Schoen, Yau \J2]) Let {M^,g) be any asymptotically flat, complete 
Riemannian manifold with nonnegative scalar curvature. Then the total mass m > 
0, with equality if and only if{M^,g) is isometric to (E^,5). 
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1.5. Apparent horizons 

Given a surface in a space- time, suppose that it emits an outward shell of light. If 
the surface area of this shell of light is decreasing everywhere on the surface, then 
this is called a trapped surface.^ The outermost boundary of these trapped surfaces 
is called the apparent horizon. Apparent horizons can be computed in terms of 
Cauchy data, and under appropriate global hypotheses an apparent horizon implies 
the existence of an event horizon outside of it [48,78] in the time-symmetric case. 
The reader is referred to [24] for a review of what is known about apparent horizons; 
further recent results include [36,67]. 

Now let us return to the case where is a = 0” slice of a space- 

time with zero second fundamental form. Then apparent horizons of black holes 
intersected with correspond to the connected components of the outermost 
minimal surface Eq of 

All of the surfaces we are considering in this paper will be required to be 
smooth boundaries of open bounded regions, so that outermost is well defined 
with respect to a chosen end of the manifold [15]. A minimal surface in (M^^g) is 
a surface which is a critical point of the area function with respect to any smooth 
variation of the surface. The first variational calculation implies that minimal 
surfaces have zero mean curvature. The surface Eq of {M^^g) is defined as the 
boundary of the union of the open regions bounded by all of the minimal surfaces 
in (M^,g). It turns out that Eq also has to be a minimal surface, so we call Eg the 
outermost minimal surface. A qualitative sketch of an outermost minimal surface 
of a 3-manifold is in Fig. 2. 




^The reader is warned that several authors require the trapping of both outwards and inwards 
shells of light in the definition of trapped surface. The inwards null directions are irrelevant for 
our purposes, and they are therefore ignored in the definition here. 
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We will also define a surface to be (strictly) outer minimizing if every surface 
which encloses it has (strictly) greater area. Note that outermost minimal surfaces 
are strictly outer minimizing. Also, we define a horizon in our context to be any 
minimal surface which is the boundary of a bounded open region. 

It also follows from a stability argument (using the Gauss-Bonnet theorem in- 
terestingly) that each component of an outermost minimal surface (in a 3-manifold 
with nonnegative scalar curvature) must have the topology of a sphere [68]. 

Penrose’s argument [70], presented in Section 1.1, suggests that the mass 
contributed by the black holes (thought of as the connected components of Eg) 
should be at least y^Ao/167r, where Ag is the area of Eg. This leads to the following 
geometric statement: 



The Riemannian Penrose Inequality Let (M^,g) he a complete, smooth, 3-manifold 
with nonnegative scalar curvature which is harmonically flat at infinity with total 
mass m and which has an outermost minimal surface Eg of area Aq. Then 



m > 



Ag 

167t’ 



( 1 . 12 ) 



with equality if and only if {M^,g) is isometric to the Schwarzschild metric 
(M^\{0}, (1 + outside their respective outermost minimal surfaces. 



The above statement has been proved by one of us (HB) [15], and Huisken 
and Ilmanen [57] proved it when Ag is defined instead to be the area of the largest 
connected component of Eg. In this paper we will discuss both approaches, which 
are very different, although they both involve flowing surfaces and/or metrics. 

We also clarify that the above statement is with respect to a chosen end 
of (M\g), since both the total mass and the definition of outermost refer to a 
particular end. In fact, nothing very important is gained by considering manifolds 
with more than one end, since extra ends can always be compactified as follows: 
Given an extra asymptotically flat end, we can use a lemma of Schoen and Yau [73] 
to make the end harmonically fiat outside a bounded region. By an extension of 
this result in the thesis of one of the authors (HB) [14], or using the Corvino- Schoen 
construction [34], we can make the end exactly Schwarzschild outside a bounded 
set while still keeping nonnegative scalar curvature. We then replace the interior 
Schwarzschild region by an object often referred to as “a bag of gold” , one way of 
doing it proceeds as follows: Since we are now in the class of spherically symmetric 
manifolds, we can then “round the metric up” to be an extremely large spherical 
cylinder outside a bounded set. This can be done while keeping nonnegative scalar 
curvature since the Hawking mass increases during this procedure and since the 
rate of change of the Hawking mass has the same sign as the scalar curvature in 
the spherically symmetric case (as long as the areas of the spheres are increasing). 
Finally, the large cylinder can be capped off with a very large sphere to compactify 
the end. 
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Hence, we will typically consider manifolds with just one end. In the case 
that the manifold has multiple ends, we will require every surface (which could 
have multiple connected components) in this paper to enclose all of the ends of 
the manifold except the chosen end. 



1.6. The Schwarzschild metric 

The (spacelike) Schwarzschild metric (M^\{0}, (1 -h ^^)^<^zi) (compare (1.11)), 
referred to in the above statement of the Riemannian Penrose Inequality, is a par- 
ticularly important example to consider, and corresponds to a zero-second funda- 
mental form, space-like slice of the usual (3T l)-dimensional Schwarzschild metric. 
The 3-dimensional Schwarzschild metrics with total mass m > 0 are characterised 
by being the only spherically symmetric, geodesically complete, zero scalar cur- 
vature 3- metrics, other than Note that this flat metric on may be 

interpreted as the m = 0 case of the Schwarzschild metric. Negative values of 
m also give Schwarzschild metrics, but these metrics are not geodesically com- 
plete since they have a curvature singularity at the coordinate sphere r = —m/2. 
If this singularity is smoothed out in a spherically symmetric way, the resulting 
metric has very concentrated negative energy density (and scalar curvature) in 
the smoothed out region, which violates the assumption of positive energy density 
used throughout this paper. 

The 3-dimensional Schwarzschild metrics with total mass m > 0 can also 
be embedded in 4-dimensional Euclidean space {x,y,z,w) as the set of points 
satisfying \{x,y,z)\ = ^ -h 2m, which is a parabola rotated around an S^. This 
last picture allows us to see that the Schwarzschild metric, which has two ends, 
has a Z 2 symmetry which Axes the sphere with w = 0 and |(x, y, z)\ = 2m, which 
is clearly minimal. Furthermore, the area of this sphere is 47r(2m)^, giving equality 
in the Riemannian Penrose Inequality. 



1.7. A brief history of the problem 

The Riemannian Penrose Inequality has a rich history spanning nearly three 
decades and has motivated much interesting mathematics and physics. In 1973, 
R. Penrose in effect conjectured an even more general version of inequality (1.12) 
using a very clever physical argument [70], described in Section 1.1. His obser- 
vation was that a counterexample to inequality (1.12) would yield Cauchy data 
for solving the Einstein equations, the solution to which would likely violate the 
Cosmic Censor Conjecture (which says that singularities generically do not form 
in a space-time unless they are inside a black hole). 

In 1977, Jang and Wald [58], extending ideas of Geroch [43], gave a heuristic 
proof of inequality (1.12) by defining a flow of 2-surfaces in (M^,g) in which the 
surfaces flow in the outward normal direction at a rate equal to the inverse of their 
mean curvatures at each point. The Hawking mass of a surface (which is supposed 
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to estimate the total amount of energy inside the surface) is defined to be 



^Hawking (^) — 



M 

IGtt 



1 - 









(where |H| is the area of S and H is the mean curvature of S in {M^,g)) and, 
amazingly, is nondecreasing under this “inverse mean curvature fiow.” This is seen 
by the fact that under inverse mean curvature flow, it follows from the Gauss 
equation and the second variation formula that 



dt 



^Hawking (^) — 



M 

IGtt 



1 

2 IGtt 



L 



JVsifl 



R 



2K+-{\i 



\2? 



(1.13) 



E 

when the flow is smooth, where R is the scalar curvature of K is the 

Gauss curvature of the surface S, and Aj and A 2 are the eigenvalues of the second 
fundamental form of S, or principal curvatures. Hence, 

J? > 0, 



and 

J K <4tt (1.14) 

(which is true for any connected surface by the Gauss-Bonnet Theorem) imply 

4^Hawking(S) > 0. (1.15) 

at 

Furthermore, 



^Hawking (^0) 

since So is a minimal surface and has zero mean curvature. In addition, the Hawk- 
ing mass of sufficiently round spheres at infinity in the asymptotically flat end of 
(M^,g) approaches the total mass m. Hence, if inverse mean curvature flow begin- 
ning with So eventually flows to sufficiently round spheres at infinity, inequality 
(1.12) follows from inequality (1.15). 

As noted by Jang and Wald, this argument only works when inverse mean 
curvature flow exists and is smooth, which is generally not expected to be the case. 
In fact, it is not hard to construct manifolds which do not admit a smooth inverse 
mean curvature flow. One of the main problems is that if the mean curvature of 
the evolving surface becomes zero or is negative, it is not clear how to define the 
flow. 

For twenty years, this heuristic argument lay dormant until the work of 
Huisken and Ilmanen [57] in 1997. With a very clever new approach, Huisken 
and Ilmanen discovered how to reformulate inverse mean curvature flow using an 
energy minimization principle in such a way that the new generalized inverse mean 
curvature flow always exists. The added twist is that the surface sometimes jumps 
outward. However, when the flow is smooth, it equals the original inverse mean 
curvature flow, and the Hawking mass is still monotone. Hence, as will be described 
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in the next section, their new flow produced the first complete proof of inequality 

(1.12) for a single black hole. 

Coincidentally, one of the authors (HB) found another proof of inequality 

(1.12) , submitted in 1999, which provides the correct inequality for any number of 
black holes. (When the outermost horizon is not-connected, the Huisken-Ilmanen 
proof bounds the mass in terms of the area of its largest component, while the new 
argument gives the full inequality, with the sum of areas of all components.) The 
approach involves flowing the original metric to a Schwarzschild metric (outside 
the horizon) in such a way that the area of the outermost minimal surface does not 
change and the total mass is nonincreasing. Then since the Schwarzschild metric 
gives equality in inequality (1.12), the inequality follows for the original metric. 

Fortunately, the flow of metrics which is defined is relatively simple, and in 
fact stays inside the conformal class of the original metric. The outermost minimal 
surface flows outward in this conformal flow of metrics, and encloses any compact 
set (and hence all of the topology of the original metric) in a finite amount of 
time. Furthermore, this conformal flow of metrics preserves nonnegative scalar 
curvature. We will describe this approach later in the paper. 

Other contributions to the Penrose conjecture have been made by O’Mur- 
chadha and Malec in spherical symmetry [65], by Herzlich [50,52] using the Dirac 
operator with spectral boundary conditions (compare [9,66]), by Gibbons in the 
special case of collapsing shells [44], by Tod [75] as it relates to the hoop conjec- 
ture, by Bartnik [7] for quasi-spherical metrics, by Jezierski [59,60] using adapted 
foliations, and by one of the authors (HB) using isoperimetric surfaces [14]. A proof 
of the Penrose inequality for conformally flat manifolds (but with suboptimal con- 
stant) has been given in [18]. We also mention work of Ludvigsen and Vickers [63] 
using spinors and Bergqvist [11], both concerning the Penrose inequality for null 
slices of a space-time. 

Various space-time flows which could be used to prove the full Penrose in- 
equality (see Section 4.2 below) have been proposed by Hayward [49], by Mars, 
Malec and Simon [64] , and by Frauendiener [39] . It was independently observed by 
several researchers (HB, Hayward, Mars, Simon) that those are special cases of the 
same flow, namely flowing in the direction / -h c(^)/', where I is the inverse mean 
curvature vector —H!{H, H) (which is required to be spacelike outward pointing), 
r is the future pointing vector with the same length as I and orthogonal to / in the 
normal bundle to the surface, and H is the mean curvature vector of the surface in 
the spacetime. The function c{t) is required to satisfy — 1 < c(t) < 1 but is other- 
wise free, with its endpoint values corresponding to Hayward’s null flows, c{t) = 0 
corresponding to Frauendiener ’s flow, and -1 < c{t) < 1 yielding hypersurfaces 
satisfying the Mars, Malec, Simon condition which implies the monotonicity of the 
spacetime Hawking mass functional. The catch, however, is that this flow is not 
parabolic and therefore only exists for a positive amount of time under special cir- 
cumstances. However, as observed by HB at the Penrose Inequalities Workshop in 
Vienna, July 2003, there does exist a way of deflning what a weak solution to the 
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above flow is using a max-min method analogous to the notion of weak solution 
to inverse mean curvature flow (which minimizes an energy functional) defined by 
Huisken and Ilmanen [57]. Finding ways of constructing solutions which exist for an 
infinite amount of time (analogous to the time-symmetric inverse mean curvature 
flow due to Huisken and Ilmanen) is a very interesting problem to consider. 



2. Inverse mean curvature flow 

Geometrically, Huisken and Ilmanen’s idea can be described as follows. Let T>{t) 
be the surface resulting from inverse mean curvature flow for time t beginning with 
the minimal surface Eq. Define E(t) to be the outermost minimal area enclosure 
of E(t). Typically, E(t) = E(t) in the flow, but in the case that the two surfaces 
are not equal, immediately replace E(t) with E(t) and then continue flowing by 
inverse mean curvature. 

An immediate consequence of this modified flow is that the mean curvature 
of E(t) is always nonnegative by the first variation formula, since otherwise E(t) 
would be enclosed by a surface with less area. This is because if we flow a surface 
S in the outward direction with speed 77 , the first variation of the area is i/ 77 , 
where H is the mean curvature of E. 

Furthermore, by stability, it follows that in the regions where E(t) has zero 
mean curvature, it is always possible to flow the surface out slightly to have posi- 
tive mean curvature, allowing inverse mean curvature flow to be defined, at least 
heuristically at this point. 

It turns out that the Hawking mass is still monotone under this new modified 
flow. Notice that when E(t) jumps outward to E(^), 

/ i/2 < / i/2 

since E(t) has zero mean curvature where the two surfaces do not touch. Further- 
more, 

\m\ = is(oi 

since (this is a neat argument) |E(t)| < |E(t)| (since E(t) is a minimal area enclo- 
sure of E(t)) and we can not have |E(t)| < |E(t)| since E(t) would have jumped 
outward at some earlier time. This is only a heuristic argument, but we can then 
see that the Hawking mass is nondecreasing during a jump by the above two 
equations. 

This new flow can be rigorously defined, always exists, and the Hawking mass 
is monotone, if the scalar curvature is positive. In [57], Huisken and Ilmanen define 
E(t) to be the level sets of a scalar- valued function u{x) defined on (M^,g) such 
that u{x) = 0 on the original surface Eq and satisfies 




div 



- IVt/ 



( 2 . 1 ) 
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in an appropriate weak sense. Since the left-hand side of the above equation is the 
mean curvature of the level sets of u{x) and the right-hand side is the reciprocal 
of the flow rate, the above equation implies inverse mean curvature flow for the 
level sets of u{x) when |Vi6(x)| ^ 0. 

Huisken and Ilmanen use an energy minimization principle to define weak 
solutions to equation (2.1). Equation (2.1) is said to be weakly satisfied in Q by 
the locally Lipschitz function u if for all locally Lipschitz v with {v ^ u) <ZC1 

Ju{u) < Ju{v) where Jn(^) / \^v\ -h^|Vi/|. 

Jn 

It can then be seen that the Euler-Lagrange equation of the above energy functional 
yields equation (2.1). 

In order to prove that a solution u exists to the above two equations, Huisken 
and Ilmanen regularize the degenerate elliptic equation (2.1) to the elliptic equa- 
tion 



div 



Vu 

v/|Vu|2+e2 



V|Vu|2 + e2. 



Solutions to the above equation are then shown to exist using the existence of a 
subsolution, and then taking the limit as e goes to zero yields a weak solution to 
equation (2.1). There are many details which we are skipping here, but these are 
the main ideas. 

As it turns out, weak solutions u{x) to equation (2.1) often have flat regions 
where u{x) equals a constant. Hence, the levels sets E(^) of u{x) will be discon- 
tinuous in t in this case, which corresponds to the “jumping out” phenomenon 
referred to at the beginning of this section. 

We also note that since the Hawking mass of the levels sets of u{x) is mono- 
tone, this inverse mean curvature flow technique not only proves the Riemannian 
Penrose inequality, but also gives a new proof of the Positive Mass Theorem in 
dimension three. This is seen by letting the initial surface be a very small, round 
sphere (which will have approximately zero Hawking mass) and then flowing by 
inverse mean curvature, thereby proving m > 0. 

The Huisken and Ilmanen inverse mean curvature flow also seems ideally 
suited for proving Penrose inequalities for 3-manifolds which have R > —6 and 
which are asymptotically hyperbolic; this is discussed in more detail in Section 4.1. 

Because the monotonicity of the Hawking mass relies on the Gauss- Bonnet 
theorem, these arguments do not work in higher dimensions, at least so far. Also, 
because of the need for equation (1.14), inverse mean curvature flow only proves 
the Riemannian Penrose inequality for a single black hole. In the next section, 
we present a technique which proves the Riemannian Penrose inequality for any 
number of black holes, and which can likely be generalized to higher dimensions. 
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3. The conformal flow of metrics 

Given any initial Riemannian manifold (M^,^o) which has nonnegative scalar 
curvature and which is harmonically flat at inflnity, we will deflne a continuous, 
one parameter family of metrics 0 < t < oo. This family of metrics 

will converge to a 3-dimensional Schwarzschild metric and will have other special 
properties which will allow us to prove the Riemannian Penrose inequality for the 
original metric 

In particular, let Eq be the outermost minimal surface of (M^,^o) with area 
Aq. Then we will also deflne a family of surfaces E(t) with E(0) = Eq such that 
E(f) is minimal in This is natural since as the metric gt changes, we 

expect that the location of the horizon E(t) will also change. Then the interesting 
quantities to keep track of in this flow are A{t), the total area of the horizon E(t) 
in (M^,gt), and m{t), the total mass of {M^,gt) in the chosen end. 

In addition to all of the metrics gt having nonnegative scalar curvature, we 
will also have the very nice properties that 

A' (t) = 0, m'{t) < 0 

for all t > 0. Then since (M^^gt) converges to a Schwarzschild metric (in an 
appropriate sense) which gives equality in the Riemannian Penrose inequality as 
described in the introduction, 

m{0) > m(oo) = ( 3 ^ 1 ) 

which proves the Riemannian Penrose inequality for the original metric (M^,^o)- 
The hard part, then, is to find a flow of metrics which preserves nonnegative scalar 
curvature and the area of the horizon, decreases total mass, and converges to a 
Schwarzschild metric as t goes to infinity. This proceeds as follows: 

The metrics gt will all be conformal to This conformal flow of metrics 
can be thought of as the solution to a first order o.d.e. in t defined by equations 
(3.2)-(3.5). Let 

gt = ut{x)'^go (3.2) 

and uo{x) = 1. Given the metric gt^ define 

E(t) = the outermost minimal area enclosure of Eq in {M^^gt) (3-3) 

where Eq is the original outer minimizing horizon in {M^^go). In the cases in 
which we are interested, E(t) will not touch Eq, from which it follows that E(t) 
is actually a strictly outer minimizing horizon of (M^, Then given the horizon 
E(t), define Vt{x) such that 



= 0 
= 0 



Wt(x) 

lima:-.oo Uf (a;) 



outside E(f) 
on E(t) 



(3.4) 




The Penrose Inequality 



53 



and vt{x) = 0 inside D(^). Finally, given Vt{x), define 

ut(x) = !-{-[ Vs{x)ds (3.5) 

Jo 

so that Ut{x) is continuous in t and has uo{x) = 1. 

Note that equation (3.5) implies that the first order rate of change of Ut{x) 
is given by Vt{x). Hence, the first order rate of change of gt is a function of itself, 
go, and Vt{x) which is a function of go, t, and T,{t) which is in turn a function of 
gt and Eq. Thus, the first order rate of change of gt is a function of t, gt, go, and 
Eq. (All the results in this section are from [15].) 

Theorem 3.1. Taken together, equations (3.2) -(3.5) define a first order o.d.e. in 
t for Ut{x) which has a solution which is Lipschitz in the t variable, in the x 
variable everywhere, and smooth in the x variable outside E(^). Furthermore, E(f) 
is a smooth, strictly outer minimizing horizon in (M^,gt) for all t > 0, and E(^ 2 ) 
encloses but does not touch E(^i) for all t 2 > t\ > 0. 

Since Vt{x) is a superharmonic function in (M^,go) (harmonic everywhere 
except on E(^), where it is weakly superharmonic), it follows that Ut{x) is super- 
harmonic as well. Thus, from equation (3.5) we see that lima^^oo ut{x) = e~^ and 
consequently that Ut{x) > 0 for all t by the maximum principle. Then since 

-R(fl't) = Ut(x)~^{-8Agg + R{go))ut{x) (3.6) 

it follows that (M^,gt) is an asymptotically flat manifold with nonnegative scalar 
curvature. 

Even so, it still may not seem like gt is particularly naturally defined since the 
rate of change of gt appears to depend on t and the original metric go in equation 
(3.4). We would prefer a flow where the rate of change of gt can be defined purely 
as a function of gt (and Eq perhaps), and interestingly enough this actually does 
turn out to be the case. In [15] we prove this very important fact and define a 
new equivalence class of metrics called the harmonic conformal class. Then once 
we decide to find a flow of metrics which stays inside the harmonic conformal class 
of the original metric (outside the horizon) and keeps the area of the horizon E(t) 
constant, then we are basically forced to choose the particular conformal flow of 
metrics defined above. 

Theorem 3.2. The function Aft) is constant in t and m{t) is non-increasing in t, 
for all t > 0. 

The fact that A'{t) = 0 follows from the fact that to first order the metric is 
not changing on E(/;) (since vt{x) = 0 there) and from the fact that to first order 
the area of E(t) does not change as it moves outward since E(^) is a critical point 
for area in (M^,gt). Hence, the interesting part of theorem (3.2) is proving that 
m'(t) < 0. Curiously, this follows from a nice trick using the Riemannian positive 
mass theorem. 
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Another important cispect of this conformal flow of the metric is that out- 
side the horizon the manifold becomes more and more spherically 

symmetric and “approaches” a Schwarzschild manifold (lR^\{0},s) in the limit as 
t goes to oo. More precisely, 

Theorem 3.3. For sufficiently large t, there exists a diffeomorphism (j)t between 
(M^,gt) outside the horizon E(t) and a fixed Schwarzschild manifold (R^\{0},5) 
outside its horizon. Furthermore, for all e > 0, there exists a T such that for all 
t > T, the metrics gt and (when determining the lengths of unit vectors of 

(M^,gt) ) are within e of each other and the total masses of the two manifolds are 
within e of each other. Hence, 

y/A{t) V 167T 

Theorem 3.3 is not that surprising really although a careful proof is reason- 
ably long. However, if one is willing to believe that the flow of metrics converges to 
a spherically symmetric metric outside the horizon, then theorem 3.3 follows from 
two facts. The first fact is that the scalar curvature of (M^,gt) eventually becomes 
identically zero outside the horizon S(t) (assuming (M^,go) is harmonically flat). 
This follows from the facts that E(t) encloses any compact set in a finite amount 
of time, that harmonically flat manifolds have zero scalar curvature outside a com- 
pact set, that ut{x) is harmonic outside E(t), and equation (3.6). The second fact 
is that the Schwarzschild metrics are the only complete, spherically symmetric 
3-manifolds with zero scalar curvature (except for the flat metric on R^). 

The Riemannian Penrose inequality, inequality (1.12), then follows from equa- 
tion (3.1) using theorems 3.1, 3.2 and 3.3, for harmonically flat manifolds [15]. 
Since asymptotically flat manifolds can be approximated arbitrarily well by har- 
monically flat manifolds while changing the relevant quantities arbitrarily little, 
the asymptotically flat case also follows. Finally, the case of equality of the Penrose 
inequality follows from a more careful analysis of these same arguments. 

We refer the reader to [16, 17, 20] for further review-type discussions of the 
results described above. 

4. Open questions and applications 

Now that the Riemannian Penrose conjecture has been proved, what are the next 
interesting directions? What applications can be found? Is this subject only of 
physical interest, or are there possibly broader applications to other problems in 
mathematics? 

Clearly the most natural open problem is to And a way to prove the general 
Penrose conjecture (discussed in the next subsection) in which is allowed to 
have any second fundamental form in the space-time. There is good reason to 
think that this may follow from the Riemannian Penrose inequality, although this 
is a bit delicate. On the other hand, the general positive mass theorem followed 
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from the Riemannian positive mass theorem as was originally shown by Schoen 
and Yau using an idea due to Jang [71,73]. For physicists this problem is definitely 
a top priority since most space-times do not even admit zero second fundamental 
form space-like slices. We note that the Riemannian Penrose inequality does give 
a result which applies to situations more general than time symmetric, as the 
condition R > 0 holds, e.g., for maximal initial data sets tigh = 0, as well as in 
several other situations (“polar gauge”, and so on). However, the general situation 
remains open. 

Another interesting question is to ask these same questions in higher dimen- 
sions. One of us (HB) is currently working on a paper to prove the Riemannian 
Penrose inequality in dimensions less than 8. Dimension 8 and higher are harder 
because of the surprising fact that minimal hypersurfaces (and hence apparent 
horizons of black holes) can have codimension 7 singularities (points where the 
hypersurface is not smooth). This curious technicality is also the reason that the 
positive mass theorem in dimensions 8 and higher for manifolds which are not 
spin hcis only been announced very recently by Christ and Lohkamp [22], using 
a formidable singularity excision argument, and it is conceivable that this tech- 
nique will allow one to extend the Riemannian Penrose inequality proof to all 
dimensions. 

Naturally it is harder to tell what the applications of these techniques might 
be to other problems, but already there have been some. One application is to 
the famous Yamabe problem: Given a compact 3-manifold M^, define E(g) = 
RgdVg where g is scaled so that the total volume of (M^,g) is one, Rg is 
the scalar curvature at each point, and dVg is the volume form. An idea due 
to Yamabe was to try to construct canonical metrics on by finding critical 
points of this energy functional on the space of metrics. Define C{g) to be the 
infimum of E{g) over all metrics g conformal to g. Then the (smooth) Yamabe 
invariant of M^, denoted here as is defined to be the supremum of C{g) 

over all metrics g. Y(S^) = 6 • = Yi is known to be the largest possible 

value for Yamabe invariants of 3-manifolds. It is also known that Y{T^) = 0 and 
Y {S‘^ X 5^) = Y\ = Y(5^xS'^), where S‘^xS^ is the non-orient able bundle 

over . 

One of the authors (HB) and Andre Neves, working on a problem suggested 
by Richard Schoen, were able to compute the Yamabe invariant of RP^ using 
inverse mean curvature fiow techniques [19] (see also [13, Lecture 2]) and found 
that Y{RP^) = Yi/22/3 = Y 2 . A corollary is Y{RP^ x S^) = Y 2 ^ well. These 
techniques also yield the surprisingly strong result that the only prime 3-manifolds 
with Yamabe invariant larger than RP^ are 5^, 5^ x and 5^ x5^. The Poincare 
conjecture for 3-manifolds with Yamabe invariant greater than RP^ is therefore a 
corollary. Furthermore, the problem of classifying 3-manifolds is known to reduce 
to the problem of classifying prime 3-manifolds. The Yamabe approach then would 
be to make a list of prime 3-manifolds ordered by Y. The first five prime 3-manifolds 
on this list are therefore 5^ x and RP‘^ x 5^^ 
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4.1. The Riemannian Penrose conjecture on asymptotically hyperbolic manifolds 

Another natural class of metrics that are of interest in general relativity consists 
of metrics which asymptote to the hyperbolic metric. Such metrics arise when 
considering solutions with a negative cosmological constant, or when consider- 
ing “hyperboloidal hypersurfaces” in space-times which are asymptotically flat in 
isotropic directions (technically speaking, these are spacelike hypersurfaces which 
intersect transversally in the conformally completed space-time). For instance, 
recall that in the presence of a cosmological constant A the scalar constraint equa- 
tion reads 

R = IGtt/x -h \h\‘^ — {tr gh)‘^ + 2A . 

Suppose that h = Xg, where A is a constant; such an h solves the vector constraint 
equation. We then have 

R = 167T/i - 6A^ + 2A 167r/i + 20 . (4.1) 

The constant 0 equals thus A when A = 0, or — 3A^ when A = 0. The positive 
energy condition // > 0 is now equivalent to 

R>2e . 

For A = 0 the associated model space-time metrics take the form 

ds^ = —{k — — ^r‘^)~^dr^ -\-r^dQ^ , /c = 0, ±1 , (4.2) 

where denotes a metric of constant Gauss curvature /c on a two-dimensional 
compact manifold M^. These are well known static solutions of the vacuum Ein- 
stein equation with a cosmological constant A; some subclasses of (4.2) have been 
discovered by de Sitter [74] ((4.2) with m = 0 and A: = 1), by Kottler [62] (Equa- 
tion (4.2) with an arbitrary m and k = 1). The parameter m G R can be seen to be 
proportional to the total Hawking mass {cf. (4.5) below) of the foliation t = const, 
r = const. We will refer to those solutions as the generalized Kottler solutions. 
The constant A in (4.2) is an arbitrary real number, but in this section we will 
only consider A < 0. 

From now on the overall approach resembles closely that for asymptotically 
flat space-times, as described earlier in this work. For instance, one considers man- 
ifolds which contain asymptotic ends diffeomorphic to x M^. It is convenient to 
think of each of the sets “{r = oo} x M^” as a connected component at infinity of 
a boundary at infinity, call it dooM^ , of the initial data surface M^. There is a well 
defined notion of mass for metrics which asymptote to the above model metrics in 
the asymptotic ends, somewhat similar to that in (1.5). In the hyperbolic case the 
boundary conditions are considerably more delicate to formulate as compared to 
the asymptotically fiat one, and we refer the reader to [30-32,79] for details. In the 
case when arises from a space-times with negative cosmological constant A, 
the resulting mass is usually called the Abbott-Deser mass [1] ; when A = 0 and 
is a hyperboloidal hypersurface the associated mass is called the Trautman-Bondi 
mass. (The latter notion of mass has often been referred to as “Bondi mass” in 
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the literature, but the name “Trautman-Bondi mass” seems more appropriate, in 
view of the work in [77], which precedes [12] by four years; see also [76].) A large 
class of initial data sets with the desired asymptotic behavior has been constructed 
in [2,3,61], and the existence of the associated space-times has been established 
in [40,41]. 

The monotonicity argument of Geroch [43], described in Section 1.7, has been 
extended by Gibbons [45] to accommodate for the negative cosmological constant; 
we follow the presentation in [33] : We assume that we are given a three-dimensional 
manifold (M^,g) with connected minimal boundary dM^ such that 

R>2S , 



for some strictly negative constant 0 (compare (4.1)). We further assume that 
there exists a smooth, global solution of the inverse mean curvature flow without 
critical points, with u ranging from zero to inflnity, vanishing on with the 

level sets of u 

E(s) = {u{x) = s} 

being compact. Let Ag denote the area of E(s), and deflne 



a{s) = ^/As [ eUs - , (4.3) 

7e(s) ^ 

where is the scalar curvature (equal twice the Gauss curvature) of the metric 
induced on E(^), d?iis is the Riemannian volume element associated to that same 
metric, and Hg is the mean curvature of E(s). The hypothesis that du is nowhere 
vanishing implies that all the objects involved are smooth in 5. At s = 0 we have 
— 0 and Aq — Aqm^ so that 



<t(0) 



\/ 

JdM^ 

^/ ^ 87 t (1 — QdM^) — 



(4.4) 



Generalizing a formula of Hawking [47], Gibbons [45, Equation (17)] assigns 
to the E(s) foliation a total mass Mnaw via the formula 

Mnav. = ^ , (4.5) 

where A^ is the area of the connected component under consideration of the level 
set {u = a}. It follows that 

lim cr(s) = i2'K^/‘^MHaw , 



assuming the limit exists. The generalization in [45] of (1.13) establishes the in- 
equality 






(4.6) 
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This implies lim^^oo > <^(0), which gives 

> (1 - I ■ (4.7) 



Here is the area of dM^ and Qom^ is the genus thereof. Equation (4.7) 

is sharp - the inequality there becomes an equality for the generalized Kottler 
metrics (4.2). 

The hypothesis above that du has no critical points together with our hy- 
pothesis on the geometry of the asymptotic ends forces dM^ to be connected. It 
is not entirely clear what is the right generalization of this inequality to the case 
where several black holes occur, with one possibility being 



‘^Mnaw 





(4.8) 



Here the i = 1, . . . , fc, are the connected components of Aq.m^ is 

the area of diM^ , and QdiM^ is the genus thereof. This would be the inequality one 
would obtain from the Geroch-Gibbons argument if it could be carried through for 
u’s which are allowed to have critical points, on manifolds with dooM^ connected 
but dM^ - not connected. 

As in the asymptotically flat case, the naive monotonicity calculation of [43] 
breaks down at critical level sets of ?/, as those do not have to be smooth sub- 
manifolds. Nevertheless the existence of the appropriate function u (perhaps with 
critical points) should probably follow from the results in [55,56]. The open ques- 
tions here are 1) a proof of monotonicity at jumps of the flow, where topology 
change might occur, and 2) the proof that the Hawking mass (4.5) exists, and 
equals the mass of the end under consideration. We also note that in the hyper- 
bolic context it is natural to consider not only boundaries dM^ which are minimal, 
but also boundaries satisfying 

H = ±2. 



This is related to the discussion at the beginning of this section: if A = 0, then 
an apparent horizon corresponds to H = 0; if A = 0 and A = — 1, then a future 
apparent horizon corresponds to H = 2, while a past apparent horizon corresponds 
to H = -2. 

Let us discuss some of the consequences of the (hypothetical) inequality (4.8). 
In the current setting there are some genus-related ambiguities in the definition of 
mass (see [33] for a detailed discussion of various notions of mass for static asymp- 
totically hyperbolic metrics), and it is convenient to introduce a mass parameter 
m defined as follows 



m = 



A^Haw 5 
Mnaw , 

Af Haw 

\ga^M^ - ’ 



= 52 , 

dooM^ = T^, with the normalization A'^ 

ddooM^ > 1 • 



-127t/0 , 



(4.9) 
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Here is the area of dooAI^ in the metric d£t\ appearing in (4.2). For generalized 
Kottler metrics the mass m so defined coincides with the mass parameter appearing 
in (4.2) when u is the “radial” solution u = u(r) of the inverse mean curvature 
fiow. 

Note, first, that if all connected components of the horizon have spherical or 
toroidal topology, then the lower bound (4.8) is strictly positive. For example, if 
dM^ = T^, and dooM^ = as well we obtain 



2m > 



A 

3 



47T 



3/2 



On the other hand if dM^ = but > 1 from Equation (4.8) one obtains 



2m > — 




47T / 



Recall that in a large class of space-times^ the Galloway-Schleich-Witt-Woolgar 
inequality [42] holds: 

k 

^ ^ Qdj — Qoo • (4.10) 

i=\ 

It implies that if dooM^ has spherical topology, then all connected components of 
the horizon must be spheres. Similarly, if dooM^ is a torus, then all components 
of the horizon are spheres, except perhaps for at most one which could be a torus. 
It follows that to have a component of the horizon which has genus higher than 
one we need g^o > 1 as well. 

When some - or all - connected components of the horizon have genus higher 
than one, the right-hand side of Equation (4.8) might become negative. Minimizing 
the generalized Penrose inequality (4.8) with respect to the areas of the horizons 
gives the following interesting inequality 

\ddiM^ - 7 (4.11) 



where the sum is over those connected components diM^ of dM^ for which 
QdiM^ ^ 1* Equation (4.11), together with the elementary inequality 






2=1 



< 



N 






3/2 



^The discussion that follows applies to all {M^,g,hys that can be isometrically embedded into 
a globally hyperbolic space-time ^ (with timelike conformal boundary at infinity) in which the 
null convergence condition holds; further the closure of the image of should be a partial 
Cauchy surface in Finally the intersection of the closure of with should be compact. 
The global hyperbolicity here, and the notion of Cauchy surfaces, is understood in the sense of 
manifolds with boundary, see [42] for details. 
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lead to 

m > 7 = . (4*12) 

“ 3v^ 

Similarly to the asymptotically flat case, the Geroch-Gibbons argument es- 
tablishing the inequality (4.4) when a suitable u exists can also be carried through 
when dM^ = 0. In this case one still considers solutions u of the differential equa- 
tion (2.1) associated with the inverse mean curvature flow, however the Dirichlet 
condition on u at dM^ is replaced by a condition on the behavior of u near some 
chosen point po ^ If level set of u around po approach distance spheres 
centred at po at a suitable rate, then a(s) tends to zero when the E(s)’s shrink 
to Po, which together with the monotonicity of a leads to the positive energy 
inequality: 

Mnaw > 0 . (4.13) 

It should be emphasized that the Horowitz- Myers solutions [54] with negative mass 
show that this argument breaks down when poo = 1 - 

When doo^^ = inequality (4.13), with Mnaw replaced by the Hamil- 

tonian mass (which might perhaps coincide with Mnaw , but this remains to be es- 
tablished), can be proved by Witten type techniques [30,31] (compare [4,46,79,81]). 
On the other hand it follows from [10] that when d^oM^ ^ S‘^ there exist no asymp- 
totically covariant ly constant spinors which can be used in the Witten argument. 
The Geroch-Gibbons argument has a lot of “ifs” attached in this context, in par- 
ticular if dooM^ ^ then some level sets of u are necessarily critical and it is 
not clear what happens with a at jumps of topology. We note that the area of 
the horizons does not occur in (4.12) which, when > I 7 suggests that the 

correct inequality is actually (4.12) rather than (4.13), whether or not black holes 
are present. 

We close this section by mentioning an application of the hyperbolic Penrose 
inequality to the uniqueness of static regular black holes with a negative cosmo- 
logical constant, pointed out in [33]. It is proved in that last reference that for 
such connected black holes an inequality inverse to (4.7) holds, with equality if 
and only if the metric is the one in (4.2). Hence a proof of the Penrose inequality 
would imply equality in (4.7), and subsequently a uniqueness theorem for such 
black holes. 

4.2. Precise formulations of the (full) Penrose conjecture 

In the next two subsections we discuss formulations of the Penrose conjecture and 
possible applications of these statements to deflning quasi-local mass functionals 
with good properties and to deflning total mass in surprisingly large generality. 
This discussion is based on the third lecture [13] given by one of us (HB) in Cargese 
in the summer of 2002. Besides discussing various formulations of the conjecture 
in this subsection, we point out the value of its possible applications in the next 
subsection, which greatly motivates trying to prove the conjecture. 

We begin with the question, “Given Cauchy data, where is the event horizon, 
and what lower bounds on its area can we make?” Inequality (1.4) is the most 
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general version of the Penrose conjecture, but there are more “local” versions of 
it which have the advantage of possibly being easier to prove. Recall, for instance, 
that the exact location of event horizons can not be determined from the Cauchy 
data /i) without solving the Einstein equations infinitely forward in time. 

On the other hand, apparent horizons E can be computed directly from the Cauchy 
data and are characterized by the equation 

i^E=trE(/i), (4.14) 

that is, the mean curvature H oiT, equals the trace of h along E. Note that in the 
h — ^ case, this is the assumption that i/ = 0, which is the Euler-Lagrange equa- 
tion of a surface which locally minimizes area. This leads to the first formulation 
of the Penrose conjecture, which seems to be due to Gary Horowitz [53]: 

Conjecture 4.1. Let he complete, asymptotically flat Cauchy data with 

/i > I J| and an apparent horizon satisfying equation (4.14). Then 

m > A/IGtt, (4.15) 

where m is the total mass and A is the minimum area required for a surface to 
enclose E. 

The logic is that since apparent horizons imply the existence of an event hori- 
zon outside of it, and all surfaces enclosing E have at least area A, then inequality 
(1.4) implies the above conjecture. 

An alternative possibility would be to replace A^ in (1.4) by the area of the 
apparent horizon. We do not know the answer to this, but a counterexample would 
not be terribly surprising (although it would be very interesting). The point is that 
the physical reasoning used by Penrose does not directly imply that such a con- 
jecture should be true for apparent horizons. Hence, a counterexample to the area 
of the apparent horizon conjecture would be less interesting than a counterexam- 
ple to Conjecture 4.1 or 4.2 since one of the latter counterexamples would imply 
that there was actually something wrong with Penrose’s physical argument, which 
would be very important to understand. 

There are also good reasons to consider a second formulation of the Penrose 
conjecture, due to one of the authors (HB), for {M^,g, h) which have more than one 
end. We will choose one end to be special, and then note that large spheres S in the 
other asymptotically fiat ends are actually “trapped,” meaning that Hs < tvs{h) 
(note that the mean curvatures of these spheres is actually negative when the 
outward direction is taken to be toward the special end and away from the other 
ends). We can conclude that these large spheres are trapped, if, for example, 
the mean curvatures of these large spheres is — 2/r to highest order and \h\ is 
decreasing like 1/r^ (or at least faster than 1/r). Hence, this condition also allows 
us to conclude that there must be an event horizon enclosing all of the other ends. 
Thus, we conjecture 
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Conjecture 4.2. Let be complete, asymptotically flat Cauchy data with 

p > \J\ and more than one end. Choose one end to be special, and then define A 
to be the minimum area required to enclose all of the other ends. Then 

m > \/ AflQ'n, (4-16) 

where m is the total mass of the chosen end. 

We note that, more precisely, A in the above conjecture is the infimum of the 
boundary area of all smooth, open regions which contain all of the other ends (but 
not the special end). Equivalently (taking the complement), A is the infimum of 
the boundary area of all smooth, open regions which contain the special end (but 
none of the other ends). A smooth, compact, area-minimizing surface (possibly 
with multiple connected components) always exists and has zero mean curvature. 

The advantage of this second formulation is that it removes equation (4.14) 
and the need to define apparent horizons. Also, preliminary thoughts by one of the 
authors (HB) lead him to believe that the above two formulations are equivalent via 
a reflection argument (although this still requires more consideration). In addition, 
this second formulation turns out to be most useful in the quasi-local mass and 
total mass definitions in the next subsection. 

4.3. Applications to quasi-local mass and total mass 

The ideas of this subsection are due to HB, and were greatly influenced by and in 
some cases are simply natural extensions of ideas due to Bartnik in [7,8]. All of 
the surfaces we are considering in this subsection are required to be boundaries of 
regions which contain all of the other ends besides the chosen one. Given such a 
surface E in a {M^,g,h) containing at least one asymptotically flat end, let I be 
the inside region (containing all of the other ends) and O be the outside region 
(containing a chosen end). Then we may consider “extensions” of (M^,g,h) to 
be manifolds which result from replacing the outside region O in M with any 
other manifold and Cauchy data such that the resulting Cauchy data {M^,g,h) 
is smooth, asymptotically flat, and has p > \J\ everywhere (including along the 
surgery naturally). We define a “fill-in” of {M^,g, h) to be manifolds which result 
from replacing the inside region / in M with any other manifold and Cauchy data 
such that the resulting Cauchy data (M^,g,h) is smooth, asymptotically flat, 
and has p > \J\ everywhere. Also, we say that a surface is “outer-minimizing” 
if any other surface which encloses it has at least as much area. Note that for 
“enclose” to make sense, we need to restrict our attention to surfaces which are 
the boundaries of regions as stated at the beginning of this paragraph. The notion 
of “outer-minimizing” surfaces turns out to be central to the following definitions. 

Suppose S is outer-minimizing in {M^,g,h). Define the Bartnik outer mass 
^outer(5]) to be the infimum of the total mass over all extensions of {M^,g, h) in 
which E remains outer-minimizing. Hence, what we are doing is fixing (M^,g,h) 
inside E and then seeing how small we can make the total mass outside of E 
without violating p > \J\. Intuitively, whatever the total mass of this minimal 
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mass extension outside E is can be interpreted as an upper bound for the mass 
contributed by the energy and momentum inside E. 

The definition begs the question, why do we only consider extensions which 
keep E outer-minimizing? After all, we are attempting to find an extension with 
minimal mass, and one might naively think that the minimal mass extensions 
would naturally have this property anyway, and locally the minimal mass exten- 
sions we defined above probably usually do (if they exist). However, given any E, 
it is always possible to choose an extension which shrinks to a small neck outside 
E and then fiattens out to an arbitrarily small mass Schwarzschild metric outside 
the small neck. Hence, without some restriction to rule out extensions with small 
necks, the infimum would always be zero. Bartnik’s original solution to this prob- 
lem was to not allow apparent horizons outside of E, and this works quite nicely. 
For technical reasons, however, we have chosen to preserve the “outer- minimizing” 
condition on E, which allows us to prove that mouter(El) > minner(El), defined in 
a moment. (Thus, the definition given here is not identical to that in [7], and we 
do not know whether or not it gives the same number as Bartnik’s original def- 
inition, although this is a reasonable conjecture under many circumstances. We 
also note that the work of Huisken and Ilmanen [57] described above shows that, 
in the h — 0 case, the Hawking mass of E is a lower bound for the total mass 
if E is outer-minimizing. They also show that mouter(El) = m in the case that E 
is entirely outside the black hole of a time-symmetric slice of the Schwarzschild 
metric of total mass m. These results support considering the outer-minimizing 
condition in the current context.) 

Suppose again that E is outer-minimizing in (M^, h). Define the inner mass 

^inner(E) to be the supremum of yj over all fill-ins of h), where A 

is the minimum area needed to enclose all of the other ends of the fill-in besides 
the chosen end. Hence, what we are doing is fixing (M^, h) outside E (so that E 
automatically remains outer-minimizing) and then seeing how large we can make 
the area of the global area-minimizing surface (which encloses all of the other ends 
other than the chosen one). Intuitively, we are trying to fill-in E with the largest 
possible black hole, since the event horizon of the black hole will have to be at 
least A. If we think of A/\^tx as the mass of the black hole, then the inner mass 
gives a reasonable lower bound for the mass of E (since there is a fill-in in which 
it contains a black hole of that mass). 

Theorem 4.3. Suppose is complete, asymptotically flat, and has p > \J\. 

Then Conjecture 4.2 implies that 

^outer(E) ^ rUinner (E) (4.17) 

for all E which are outer-minimizing. 

Sketch of proof. Consider any extension on the outside of E (which keeps E outer- 
minimizing) and any fill-in on the inside of E simultaneously and call the resulting 
manifold M. Since E is outer-minimizing, there exists a globally area-minimizing 
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surface of M which is enclosed by E (since going outside of E never decreases 
area). Thus, by Conjecture 4.2, 

m > yj A/lQiir, (4.18) 

for M. Taking the infimum on the left side and the supremum on the right side 

of this inequality then proves the theorem since the total mass m is determined 

entirely by the extension and the global minimum area A is determined entirely 
by the fill-in. □ 

Theorem 4.4. Suppose is complete, asymptotically flat, and has g > |J|. 

//’E 2 encloses Ei and both surfaces are outer-minimizing, then 

^inner(^2) ^ '^inner(Ei) (4.19) 

and 

^outer(E2) ^ ^outer(Ei) (4.20) 

Sketch of proof . The first inequality is straightforward since every fill-in inside Ei 
is also a fill-in inside E 2 . The second inequality is almost as straightforward. It 
is true that any extension of E 2 (in which E 2 is still outer-minimizing) is also an 
extension of Ei, but it remains to be shown that such an extension preserves the 
outer-minimizing property of Ei. However, this fact follows from the fact that any 
surface enclosing Ei which goes outside of E 2 can be made to have less or equal 
area by being entirely inside E 2 (by the outer-minimizing property of E 2 ). But 
since Ei was outer- minimizing in the original manifold, any surface between Ei 
and E 2 must have at least as much area as Ei. □ 

The last three theorems inspire the definition of the quasi-local mass of a 
surface E in (M^,g,h) to be the interval 

m(E) = [minner(^),mouter(E)] C R. (4.21) 

That is, we are not defining the quasi-local mass of a surface to be a number, but 
instead to be an interval in the real number line. Both endpoints of this interval are 
increasing when we move outward to surfaces which enclose the original surface. If 
E C {M^,g, h) and {M^,g, h) is Schwarzschild data, then this interval collapses to 
a point and equals the mass of the Schwarzschild data (assuming Conjecture 4.2). 
Conversely, if the quasilocal mass interval of E is a point, then we expect that E 
can be imbedded into a Schwarzschild spacetime in such a way that its Bartnik 
data (the metric, mean curvature vector in the normal bundle, and the connection 
on the normal bundle of E) is preserved, which is a nongeneric condition. Hence, 
we typically expect the quasi-local mass of a surface to be an interval of positive 
length. We also expect the quasi-local mass interval to be very close to a point in 
a “quasi-Newtonian” situation, where E is in the part of the space- time which is 
a perturbation of Minkowski space, for example. We point out that so far there 
are not any surfaces for which we can prove that the quasi-local mass is not a 
point. This is because there are very few instances in which the inner and outer 
masses of a surface can be computed at all. These questions will have to wait 
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until a better understanding of the Penrose conjecture is found. This definition 
of quasi- local mass leads naturally to definitions of total inner mass, 
total outer mass, where in both cases we simply take the supremum of 

inner maiss and outer mass respectively over all E which are outer- minimizing. 

Conjecture 4.5. If (M^,g,h) is asymptotically flat with total mass mADM, then 

^‘nner = "*outer = mADM- (4.22) 

Consider (M^,g,h) which is not assumed to have any asymptotics but still 
satisfies g > \J\. Then we will say that E (again, always assumed to be the 
boundary of a region in M^) is “legal” if E is outer-minimizing in {M^,g, h) and 
there exists an asymptotically fiat extension with g > \ J\ outside of E in which 
E remains outer-minimizing. Note that (M^,g,h) is not assumed to have any 
asymptotics. We are simply defining the surfaces for which extensions with good 
asymptotics exist, and giving these surfaces the name “legal.” Note also that both 
^inner(E) and mouter(^) are well defined for legal E. Thus, total inner mass and 
total outer mass are well defined as long as (M^,g,h) has at least one legal E. 
Finally, theorems 4.3 and 4.4 are still true for legal surfaces even when (M^,g, h) 
is not assumed to be asymptotically fiat. 

During the “50 Years” conference in Cargese, Mark Aarons asked the ques- 
tion, “When are the total inner mass and the total outer mass different?” This is 
a very hard question, but it is such a good one that it deserves some speculation. 
If we define 

mtotai = er] > (4.23) 

then total mass is very often well defined (as long as there is at least one legal E), 
but is not necessarily a single value. Mark’s question is then equivalent to, “When 
is the total mass single- valued and therefore well defined as a real number?” 

According to conjecture 4.5, we are not going to find an example of total 
inner mass ^outer^ ^he total outer mass, in the class of asymptotically 

flat manifolds. In fact, we are not aware of any examples of ^outel? 

though one can give arguments to the effect that such situations could occur. On 
the other hand we believe that in reasonable situations this will not happen: 

Conjecture 4.6. Suppose (M^,g,h) has g > \J\ and that there exists a nested 
sequence of connected, legal surfaces E^ = dDi C M, 1 < i < oo, with [J-Di = M 
and lim |Ei| = (X). Then 

dinner = 'Tlouter € K U {oo}. (4.24) 

At first this conjecture seems wildly optimistic considering it is suggesting 
that total mass is well defined in the extended real numbers practically all of the 
time, where the only assumptions we are making are along the lines of saying 
that the noncompact end must be “large” in some sense. Note, for example, we 
are ruling out cylindrical ends and certain types of cusp ends. However, the idea 
here is that most kinds of “crazy asymptotics” cause both and to 

diverge to infinity. Hence, the reason this conjecture (or one similar to it) has a 
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decent chance of being true is the possibility that either or being 

finite is actually a very restrictive situation. For example, if either the total inner 
mass or the total outer mass is finite, then it might be true that this implies that 
h) is asymptotic to data coming from a space-like slice of a Schwarzschild 
space-time (in some sense). In this case, one would expect that both the total 
inner and outer masses actually equal the mass of the Schwarzschild space-time 
and therefore are equal to each other. Certainly in the case that (M^,^,h) is 
precisely a slice (even a very weird slice) of a Schwarzschild space-time, it is only 
natural to point out that total mass should be well defined. These definitions seem 
to be an approach to defining total mass in these more general settings. However, 
a complete understanding of these definitions clearly depends on making further 
progress studying the Penrose conjecture. 
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The Global Existence Problem 
in General Relativity 

Lars Andersson* 



Abstract. We survey some known facts and open questions concerning the 
global properties of 3+ 1-dimensional spacetimes containing a compact Cauchy 
surface. We consider spacetimes with an ^-dimensional Lie algebra of spax:e- 
like Killing fields. For each £ < 3, we give some basic results and conjectures 
on global existence and cosmic censorship. 



1. Introduction 

In this review, we will describe some results and conjectures about the global 
structure of solutions to the Einstein equations in 3 + 1 dimensions. We consider 
spacetimes {M,g) with an ^-dimensional Lie algebra of space-like Killing fields. 
We may say that such spacetimes have a (local) isometry group G of dimension £ 
with the action of G generated by space-like Killing fields. 

For each value ^ < 3 of the dimension of the isometry group, we state the re- 
duced field equations as well as attempt to give an overview of the most important 
results and conjectures. We will concentrate on the vacuum case. 

In Section 2, we present the Einstein equations and give the 3 + 1 decomposi- 
tion into constraint and evolution equations, cf. Subsection 2.2. Due to the gauge 
freedom in the Einstein equations, questions on the global properties of solutions 
to the Einstein equations must be posed carefully. We introduce the notions of 
vacuum extension and maximal Cauchy development and state the uniqueness the- 
orem of Choquet-Bruhat and Geroch, for maximal vacuum Cauchy developments. 
We also collect here a few basic facts about Killing fields on globally hyperbolic 
spacetimes. In Subsection 2.1 a version of the cosmic censorship conjecture ap- 
propriate for vacuum spacetimes, with compact Cauchy surface, is stated and in 
Subsection 2.3 we discuss a few gauge conditions which may be of use for the global 
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existence problem for the Einstein equations. Section 2 is ended by a discussion 
of a few PDE aspects of the Einstein equations which are relevant for the topic of 
this paper, cf. Subsection 2.4. 

In the cases £ = 3 (Bianchi, cf. Section 3) and a special case of ^ = 2 (po- 
larized Gowdy, cf. Section 4), the global behavior of the Einstein equations is well 
understood, both with regard to global existence of the evolution equations and 
the cosmic censorship problem. For the general £ = 2 case (local U(l) x U(l) sym- 
metry, cf. Section 4), there are only partial results on the global existence problem 
and the cosmic censorship problem remains open, although conjectures supported 
by numerical evidence give a good indication of what the correct picture is. 

In the cases i = 1 (U(l) symmetry, cf. Section 5) and £ = 0 (no symmetry, 
i.e., full 3 -h 1-dimensional Einstein equations, cf. Section 6), the large data global 
existence and cosmic censorship problems are open. In the U(l) case conjectures 
supported by numerical evidence give a good idea of the generic behavior, and 
there is a small data semi-global existence result for the expanding direction due 
to Choquet-Bruhat and Moncrief [42, 39]. 

For 3 -hi Einstein gravity without symmetries the only global existence results 
known are the theorem on nonlinear stability of Minkowski space of Christodou- 
lou and Klainerman, the semi-global existence theorem of Friedrich for the hyper- 
boloidal initial value problem and the semi-global existence theorem for spatially 
compact spacetimes with Cauchy surface of hyperbolic type, due to Andersson 
and Moncrief. These are all small data results, see Section 6 for discussion. 

Due to the high degree of complexity of the numerical solution of the Einstein 
equations in 3 -h 1 dimensions it is too early to draw any conclusions relevant to 
the asymptotic behavior at the singularity for the full 3 -h 1-dimensional Einstein 
equations, from the numerical studies being performed. However, an attractive 
scenario is given by the so-called BKL picture, cf. Section 7 for some remarks and 
references. 

The Einstein equations are derived from a variational principle, and can be 
formulated as a Hamiltonian system (or time-dependent Hamiltonian system, de- 
pending on the gauge), and therefore the Hamiltonian aspect of the dynamics 
should not be ignored, see, e.g., the work by Fischer and Moncrief on the Hamil- 
tonian reduction of the Einstein equations, [67] and references therein. In fact, 
the Hamiltonian point of view on the Einstein equations has played a vital role 
as motivation and guide in the development of the results discussed here. The 
notion that the Einstein evolution equations in terms of canonical variables can be 
viewed as the geodesic spray for a metric on the phase space (deWitt metric) mod- 
ified by a curvature potential, is natural from the Hamiltonian point of view, and 
this picture has been relevant to the development of ideas on asymptotic velocity 
dominance, see Sections 4 and 5. 

In this review, however, we will concentrate exclusively on the differential 
geometric and analytical point of view. Even with this restriction, many important 
topics are left out and we make no claim of complete coverage. See also [139] and 
[110] for related surveys. 
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2. The Einstein equations 

Let (M,p) be a smooth 4-dimensional Lorentz manifold^ of signature h ++• 

The Lorentzian metric g defines a causal structure on M. For the convenience of 
the reader we give a quick review of the basic causality concepts in Appendix A, 
see [165, Chapter 8], [24, 84, 132] for details. 

We will here consider only the vacuum case, i.e., the case when g is Ricci fiat, 

Rab = 0. (2.1) 

Let M C M be a space-like hypersurface, i.e., a hypersurface with time-like normal 
T. We let 6i be a frame on M and use indices i^j^k for the frame components. 
Let g^k he the induced metric and second fundamental form of M C M, where 
kij = (Viej,T). Let ^ be a time function on a neighborhood of M. Then we can 
introduce local coordinates = 1, 2, 3) on M so that are coordinates on the 

level sets Mt of t. This defines the coordinate vector field dt oft. Alternatively we 
can let Mt = i(t, M) where i:RxM-^Misa 1-parameter family of embeddings 
of an abstract 3-manifold M. Then dt = i^djdt where d/dt is the coordinate 
derivative on M. 

Define the lapse N and shift X w.r.t. t by dt — NT + X. Assume that T is 
future oriented so that A > 0. A 3 -h 1 split of equation (2.1) gives the Einstein 



vacuum constraint equations 

R - \k\^ + {tvkf = 0, (2.2a) 

X itrk — X^kij = 0, (2.2b) 

and the Einstein vacuum evolution equations 

^dtdij = -‘^Nkij -h Cxgij, (2.3a) 

^dfkij = —XiXjN + N [Rij -j- trkkij — 2kimk^) -h Cxkij^ (2.3b) 



where denotes Lie-derivative^ w.r.t. dt. In case [d^, = 0, Cdt can be replaced 

by dt. 

A triple (M,g,k) consisting of a 3-manifold M, a Riemannian metric g on 
M and a symmetric covariant 2-tensor /c is a vacuum data set for the Einstein 
equations if it solves (2.2). 

Definition 2.1. Let (M,g,k) be a vacuum data set. 

1. A vacuum spacetime (M, g) is called a vacuum extension of (M, k) if there 
there is an embedding i with time-like normal T of (M, g, k) into (M, g) so 
that g = Vg and k = — i*(VT). 



^We denote the covariant derivative and curvature tensors associated to (M,g) by V, Rabcd etc. 
All manifolds are assumed to be Hausdorff, second countable and , and all fields are assumed 
to be unless otherwise stated. 

^for a tensor 6 on M, with bij — b(ei, e^), we have Cg^bij = dt{bij) — b([dt, e^], ej) — b{ci, [dt, ej]). 
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2. A globally hyperbolic vacuum spacetime (M, g) is called a vacuum Cauchy 
development of {M^g^k) if there is an embedding i with time-like normal T 
of {M,g,k) into (M,g) so that i(M) is a Cauchy surface in (M,g), g = ifg 
and k = — i*(VT). If {M^g) is maximal in the class of vacuum Cauchy 
developments of (M,g,k) then {M,g) is called the maximal vacuum Cauchy 
development (MVCD) of (M,g,k). In the following, when convenient, we 
will identify M with i(M). 

The Einstein vacuum equations are not hyperbolic in any standard sense 
due to the coordinate invariance (“general covariance”) of the equation Rah — 0. 
Nevertheless, the Cauchy problem for the Einstein vacuum equation is well posed 
in the following sense. 

Theorem 2.2 (Choquet-Bruhat and Geroch [40]). Let {M,g,k) be a vacuum data 
set. Then there is a unique, up to isometry, maximal vacuum Cauchy develop- 
ment (MVCD) of (M,g,k). If 4> : M M is a diffeomorphism, the MVCD of 
{M,(f)*g,(l)*k) is isometric to the MVCD of (M,g,k). 

The proof relies on the fact that in spacetime harmonic coordinates, \I\gX^ = 
0, the Ricci tensor is of the form 

Rap = -Io-99c. 0 + Sap[g, dg], (2.4) 

where is the scalar wave operator in (M,g). Hence the Einstein vacuum equa- 
tions in spacetime harmonic coordinates is a quasi-linear hyperbolic system and 
therefore the Cauchy problem^ for = 0 is well posed and standard results 
give local existence. One proves that if the constraints and gauge conditions are 
satisfied initially, they are preserved by the evolution. This together with a Zorn’s 
lemma argument gives the existence of a MVCD. Uniqueness is proved using the 
field equations to get a contradiction to the Hausdorff property, given a pair of 
non-isometric vacuum Cauchy developments, which are both maximal w.r.t. the 
natural partial ordering on the class of Cauchy developments. 

A spacetime (M, g) is said to satisfy the time-like convergence condition (or 
strong energy condition) if 

RabV^V’’ > 0, for all V with gabV^V^ < 0. (2.5) 

Globally hyperbolic spacetimes with compact Cauchy surface and satisfying the 
time-like convergence condition are often called “cosmological spacetimes” in the 
literature, following [23]. Here we will use the term spatially compact to refer to 
the existence of a compact Cauchy surface. A spacelike hypersurface (M,g) in 
(M,g) has constant mean curvature if V^tr^/c = 0, cf. Subsection 2.3 below. 

We end this subsection with by stating a few facts about Killing fields. 



^Note that the Einstein equations in spacetime harmonic gauge should be viewed as an evolution 
equation for (g, k, N, X). 
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Proposition 2.3 ([68]). Let M be a compact manifold and let (M, g, k) be a constant 
mean curvature vacuum data set on M with MVCD (M, g). Let Y be a Killing field 
on {M^g) and let Y = Yj_T -j- Yji be the splitting ofY into its perpendicular and 
tangential parts at M. Then (yx^Ejj) satisfy the conditions 

1. Vjl = 0, Ly^^g = 0; £v||/c = 0^ in case g is non-flat or k ^0. 

2. Y± is constant and Cy^^g = 0 if g is fiat and k = 0. 

On the other hand, given Pl,yj| on M satisfying conditions 1, 2 above, there is a 
unique Killing field Y on M , with Y = Y±T -\-Y\\ on M . □ 

Proposition 2.4. Let (M, g) be a globally hyperbolic spacetime. 

1. Assume that {M,g) satisfies the time-like convergence condition and contains 
a compact Cauchy surface M with constant mean curvature. Then either 
(M,g) is a metric product M x R or any Killing field Y on (M,g) is tangent 
to M . In particular, if{M, g) is vacuum and has a nonzero Killing not tangent 
to M, then {M,g) is fiat. 

2. Assume a compact group G acts by isometries on (M,g). Then the action of 
G is generated by space-like Killing fields and (M,g) is foliated by Cauchy 
surfaces invariant under the action of G. 

3. Assume that (M,g) 3 -}- 1- dimensional. Let M be a Cauchy surface in M, 

let Y be a Killing field on M and assume Y is strictly spacelike, g{Y, Y) > 0, 

on M . Then Y is strictly spacelike on M. 

Proof. Point 1 is a well-known consequence of the uniqueness result for constant 
mean curvature hypersurfaces of Brill and Flaherty [35], cf. [124]. Point 2 is essen- 
tially [27, Lemma 1.1]. For the proof, note that as G is compact we can construct 
a G invariant time function on M by averaging any global time function t on M 
w.r.t. the G action, cf. the proof of [27, Lemma 1.1]. The level sets of the averaged 
time function are Cauchy surfaces and are invariant under the action of G. The 
result follows. 

The following argument for point 3 is due to Alan Rendall^. Let N = {p G 
M : g(Y,Y) = 0} and assume for a contradiction N is nonempty. Choose p G K 
and a time function t on M so that t{M) = 0 and t{p) > 0. Let A denote the 
intersection of the past of p with the future of M and let G = inf{^(^) : q G AnlSf}. 
The set N is closed and by global hyperbolicity A is compact and hence > 0 
and there is a q' G A Pi X with t{q) = ti. If Y{q) is nonzero and null, then using 
the equation Y^Va{Y^Yb) = 0 which holds since Y is Killing, gives a null curve 
of points in iNf where Y is null. Following this into the past, shows that there 
is a g G IST with t{q) < t\, which gives a contradiction. In case Y{q) = 0, the 
linearization of Y acts by isometries on TqM, and as the sphere of null directions 
in TqM is two-dimensional it leaves a null direction fixed. Using the exponential 
map shows that the action of Y near q leaves a null geodesic invariant, along which 
Y must be zero or null. This leads to a contradiction as above. □ 



Private communication, 1999. 
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Figure 1. The 1 -h 1-dimensional Misner universe, showing a few 
orbits of S0(1, 1 ) (dashed lines) and orbits of a discrete subgroup 
r C SO (1,1) (circles). The boundary of a fundamental domain 
for r is plotted with solid lines. 

2.1. Cosmic censorship 

Theorem 2.2 proves uniqueness of the MVCD of a given data set (M, ^,/c). How- 
ever, examples show that the MVCD may fail to be maximal in the class of all 
vacuum extensions, i.e., there exist examples of vacuum data sets (M, ^,/c) with 
vacuum extensions (M^g) such that the MVCD of {M^g^k) is a strict subset of 

{Mrg)- 

Example 2.5. Consider the n -h 1- dimensional Minkowski space with metric 

rj — -dt‘^-\-{dx^)^-\ \-{dx^)‘^, let I^{{0}) be the interior of the future light cone. 

7+({0}) is globally hyperbolic with the hyperboloids as Cauchy surfaces, and with 
the mantle of the light cone as Cauchy horizon. Let T be a cocompact discrete sub- 
group of the Lorentz group SO(n, 1). Then the quotient space M = r\7"^({0}) is a 
globally hyperbolic, spatially compact spacetime. By choosing p to be the Lorentzian 
distance from the origin, we get g = —dp^ + 7^7 where 7 is the standard hyperbolic 
metric on the compact quotient M = T\H’^. {M,g) is the MVCD of the vacuum 
data set (M, 7 , — 7 ). 

In case n = 1, = E, and a fundamental domain for T can be found 

which intersects the null boundary of 7“^({0}) in an open interval. Therefore if 
n = 1, there is a nontrivial extension of M, which is still flat, but which fails to be 
globally hyperbolic, cf. Figure 1. This spacetime is known as the Misner universe. 
The maximal extension is unique in this case. 

Ifn>l, the ergodicity of the geodesic flow on (A7, 7 ) can be shown to prevent 
the existence of a spacetime extending {M,g) [104]. 

Higher- dimensional examples of flat globally hyperbolic spatially compact 
spacetimes which admit nontrivial non-globally hyperbolic extensions can be con- 
structed by taking products of the n = 1 Misner universe with the flat torus. 
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A maximal vacuum extension may be non-unique, as is shown by the Taub- 
NUT example, cf. [53]. If the MVCD of a vacuum data set is not a maximal 
vacuum extension, any extension of it must fail to satisfy the intuitively reasonable 
causality requirement of global hyperbolicity. 

According to physical intuition, causality violations should be rare. This leads 
to the idea of cosmic censorship, essentially due to Penrose, see [133] for discussion. 
One way of stating this, relevant to the class of spacetimes we are concerned with 
here, is the following form of the strong cosmic censorship conjecture. 

Conjecture 1 (Strong Cosmic Censorship). Let M be a compact manifold of dimen- 
sion 3. Then for generic vacuum data sets {M^g, k), the maximal vacuum Cauchy 
development of {M,g,k) is equal to the maximal vacuum extension of {M,g,k). 

In the case of asymptotically flat spacetimes (describing isolated systems in 
general relativity), the so-called weak cosmic censorship conjecture states that 
naked singularities (i.e., singularities which can be seen by an observer at inflnity) 
should not occur generically, see the review paper by Wald [166] for a discussion 
of the status of the weak cosmic censorship conjecture. The work of Christodou- 
lou, see [45] and references therein, see also the discussion in [166, §5], establishes 
weak cosmic censorship in the class of spherically symmetric Einstein-scalar field 
spacetimes, but also gives examples of initial data such that the Cauchy develop- 
ment has a naked singularity. For earlier surveys on the strong cosmic censorship 
conjecture, see [95] and [49]. 

The Penrose inequality, giving a lower bound on the ADM mass in terms of 
the area of a horizon in black hole spacetimes, was derived by a heuristic argument 
assuming the validity of the weak cosmic censorship conjecture. The proof of the 
Riemannian version of the Penrose inequality by Huisken and Ilmanen [91, 92], 
gives indirect support for the conjecture. 

Let (M, g) be a spacetime and let M C M be a space-like hypersurface. The 
Cauchy horizon H{M) is the boundary of the domain of dependence D{M), cf. 
Appendix A for definition. If M is compact without boundary, then every point 
of 77+(M) lies on a past inextendible null geodesic and every point of H~{M) lies 
on a future inextendible null geodesic, where H^{M) and H~{M) are the future 
and past components of i7(M), respectively. 

Let (M,g) be a maximal vacuum extension of a vacuum data set (M,g,k) 
with M compact, and let D{M) C M be the MVCD of (M,g,k). If D{M) ^ M, 
then the Cauchy horizon H(M) is nonempty. One approach to SCC is to study the 
geometry of Cauchy horizons in vacuum spacetimes and to prove rigidity theorems 
as a consequence of extendibility of D{M). 

Isenberg and Moncrief proved for analytic vacuum or elect rovac spacetimes, 
with analytic Cauchy horizon H{M), that under the additional assumption that 
H{M) is ruled by closed null geodesics, there is a nontrivial Killing field which 
extends to D{M), see [100, 130]. This result was generalized to the case by 
Friedrich et al. [72]. As spacetimes with Killing fields are non-generic, this may be 
viewed as supporting evidence for the SCC. 
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In the class of Bianchi spacetimes (i.e., spatially locally homogenous space- 
times, cf. Section 3), it has been proved by Chrusciel and Rendall [55], generalizing 
work by Siklos [147] in the analytic case, that any Bianchi spacetime which 
contains a compact locally homogeneous Cauchy horizon is a Taub spacetime, cf. 
Section 3, (3.7) for definition. This result may be viewed as a version of SCC in the 
class of Bianchi spacetimes. In this context, it is worth mentioning that work by 
Chrusciel and Galloway [52] gives examples which indicate that Cauchy horizons 
may be non-differentiable, generically. 

Conjecture 2 (Bartnik [23, Conjecture 2]). Let (M,g) he a spatially compact glob- 
ally hyperbolic spacetime satisfying the time-like convergence condition (2.5). Then 
if {M,g) is time-like geodesically complete, (M,g) splits isometrically as a product 
(M X AL , — dt^ T ^). 

If the Bartnik conjecture 2 is true, then any vacuum, globally hyperbolic, 
spatially compact spacetime, is either flat and covered by R x or is has an 
inextendible time-like geodesic which ends after a finite proper time, i.e., it is 
time-like geodesically incomplete. A sequence of points approaching the “end” of a 
finite length inextendible geodesic is often thought of as approaching a singularity. 
See [76] for a discussion of the status of the Bartnik conjecture. 

Inextendibility of D{M) can be detected by monitoring the asymptotic be- 
havior of curvature invariants such as the Kretschmann scalar k, defined by k = 
If ^ blows up along causal geodesics, then D{M) fails to be extendible, 
and therefore proving blowup for n for generic spacetimes is an approach to prov- 
ing SCC. This is the method used in the proof of cosmic censorship for the class of 
polarized Gowdy spacetimes [54], cf. Section 4, and is likely to be important also 
in the cases with less symmetry. The structure of the horizon and extensions in the 
polarized Gowdy class can be very complicated as shown by the work of Chrusciel 
et ah, see [49] for discussion, see also [53]. It was proved by Ringstrom, cf. Theorem 

3.1, that for vacuum Bianchi spacetimes of class A, either the spacetime is Taub, 
cf. Section 3, or blows up at the singularity. 

2.2. The evolution equations 

A solution to the vacuum Einstein evolution equations with initial data is a curve 
1 1 -> {g{t),k{t),N{t),X{t)) defined on some interval (Tq,Ti), satisfying (2.3). 

Every regular solution {g, k, N, X) to the vacuum evolution equations (2.3) 
with initial data solving the vacuum constraint equations, gives a vacuum space- 
time. This is due to the fact that the constraint quantities 

B = R+{trkf -\k\^ 

Di = Xitrk — V^kij 

evolve according to a symmetric hyperbolic system and energy estimates together 
with an application of the Gronwall inequality allow one to show the constraints are 
satisfied during the time of existence of the solution curve. Now the fact that the 
Einstein vacuum equation is equivalent to the system of constraint and evolution 
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equations shows that the spacetime (M, g) constructed from the curve (g, N, X) 
by letting M = (To,Ti) x M, and setting 

g = -N^dt^ + Qijidx^ + X^dt){dx^ + X^dt) 

is a solution to the Einstein vacuum equations (2.1). 

Note that in order for the solution to be well defined, it is necessary to 
specify the lapse and shift (TV, X), either as functions on spacetime M x (To,Ti) 
or as functions of the data, TV = N[g^k]^X = X[g^k]\ this may be viewed as a 
gauge fixing for the Einstein equations. 

The choice of lapse and shift is crucial for the behavior of the solution curve. 
In particular, a foliation constructed for a particular choice of TV, X may develop 
singularities which are not caused by any singular or irregular nature of the Cauchy 
development. Consider for example the Gauss foliation condition TV = = 0. 

Then the hypersurface M fiows in the direction of its unit normal and Mt is simply 
the level set of the Lorentzian distance function t{p) = d{M,p). The foliation {Mt} 
will develop singularities precisely at the focal set of M, which in general will be 
nonempty, even in Minkowski space. 

Many authors have considered hyperbolic reformulations of the Einstein equa- 
tions, see the paper by Friedrich [71] for discussion, see also [73, 93, 94] for related 
work. The development of singularities for hyperbolic systems presents a seri- 
ous obstacle to the numerical treatment of the Einstein evolution equations using 
hyperbolic reformulations, see [1, 2] for discussion and examples. It is therefore 
necessary to consider also gauges which make (2.3) into an elliptic-hyperbolic sys- 
tem. 

2.3. Constant mean curvature foliations 

A particularly interesting choice of gauge condition for the lapse function is given 
by the constant mean curvature (CMC) condition 

Vitxk — 0 , 

i.e., the level sets Mt of the time function t are assumed to be hypersurfaces 
of constant mean curvature in {M,g). If (M^g) is globally hyperbolic, spatially 
compact and satisfies the time-like convergence condition (2.5), then for r G M, 
either there is at most one Cauchy surface with mean curvature trk = r or (M,g) 
splits as a product, cf. [35]. 

This indicates that the mean curvature trk may be useful a.s a time function 
on {M,g) in the spatially compact case. Setting t = trk leads, using (2. 2-2.3) to 
the lapse equation 

-ATV-h |A;pTV = 1. (2.6) 

Local well-posedness for the Einstein evolution equations in CMC and more general 
elliptic time gauges given by a lapse equation of the form —AN -h \k\^N = NT{h) 
for given spacetime functions h has been proved by Choquet-Bruhat and York 
[44]. We may call this gauge the prescribed mean curvature (PMC) gauge. The 
proof is based on writing a wave equation for the second fundamental form, a 
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technique which was also used in the work of Choquet-Bruhat and Ruggeri [43] 
on harmonic time gauge. The prescribed mean curvature condition, has been used 
in the U(l) x U(l) symmetric case by Henkel [85] who proved global existence in 
this gauge. An important advantage of using PMC gauge is that one avoids the 
problem of proving existence of a CMC Cauchy surface. 

Equation (2.6) supplemented by an elliptic shift gauge makes the Einstein 
evolution equations (2.3) into an elliptic-hyperbolic system of evolution equations. 
Let ^ be a given smooth metric on M, and let — f^^). Then —V^ is 

the tension field of the identity map Id : (M,g) and the CMC condition 

coupled with the spatially harmonic coordinate condition 

gives a new elliptic gauge condition for the Einstein equations, CMCSH gauge [10]. 
In [10], it is shown that the Einstein equations in CMCSH gauge forms an elliptic- 
hyperbolic system for the Einstein equations, which is well posed in x , 
s > nl2 + 1. 

The maximal slicing condition irk = 0 is of interest mainly for the asymptot- 
ically fiat case. This was used in the proof of the nonlinear stability of Minkowski 
space by Christodoulou and Klainerman [46], cf. the discussion in Section 6. Due 
to the “collapse of the lapse” phenomenon, see [25], the maximal foliation is not 
expected to cover the whole MVCD except in the small data case. See [124] for 
a discussion of maximal slices. Asymptotically fiat spacetimes satisfying certain 
restrictions on the causal structure are known to contain maximal hypersurfaces 
[21]. The existence of CMC hypersurfaces in asymptotically flat spacetimes was 
considered in [8]. 

The mean curvature operator satisfies a geometric maximum principle, see 
[7] for a proof of this under weak regularity. This allows one to use barriers to 
prove existence of constant mean curvature hypersur faces. A spacetime is said to 
have crushing singularities if there are sequences of Cauchy surfaces with mean 
curvature trfc tending uniformly to Too. Gerhardt [78] proved, using a barrier ar- 
gument, that any spacetime satisfying (2.5) with crushing singularities is globally 
foliated by CMC hypersur faces. These facts indicate that the CMC foliation con- 
dition is an interesting time gauge for the Einstein evolution equation. See also 
[79, 65, 22, 23, 85] for results relevant to existence of CMC hypersurfaces. 

Let R[g] be the scalar curvature. A 3-manifold M is said to be of Yamabe type 
— 1 if it admits no metric with R[g] = 0 (and hence no metric with nonnegative 
scalar curvature), of Yamabe type 0 if it admits a metric with R[g] = 0 but no 
metric with R\g] = 1 and of Yamabe type Tl if it admits a metric with R\q] = 1, 
cf. [67, Definition 9]. 

If the Cauchy surface M is of Yamabe type —1, it follows from the constraint 
equation that (M^g) cannot contain a maximal (i.e., irk = 0) Cauchy surface and 
therefore one expects that (if the dominant energy condition holds) the maximal 
time interval of existence for (2.3) in CMC time is of the form (after a time 
orientation) (— oo,0) with r 0 corresponding to infinite expansion. 
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If M is of Yamabe type 0, then one expects that either the maximal CMC 
time interval is (— cxd,0) (possibly after a change of time orientation) or (M,g) 
splits as a product, and therefore in the vacuum case is covered by M x with 
the flat metric. Finally in case M is of Yamabe type -(-1, one expects the maximal 
CMC time interval to be (— oo,cxd), i.e., the spacetime evolves from a “big bang” 
to a “big crunch” . This is formalized in the “closed universe recollapse conjecture” 
of Barrow, Galloway and Tipler [20]. 

Conjecture 3 (Constant mean curvature foliations). Let M be a compact S -manifold 
and let (M, g, k) he a vacuum data set on M , with constant mean curvature. The 
Cauchy problem for the Einstein vacuum evolution equations with data (M, g^ k) 
has global existence in the constant mean curvature time gauge, i.e., there is a 
CMC foliation in the MVCD (M,g) of (M,g,k), containing M, with mean curva- 
ture taking all values in ( — oc,oo) in case M has Yamabe type +1 and in case M 
has Yamabe type 0 or —1, taking all values in (— oc,0) (possibly after a change of 
time orientation). 

Remark 2.1. Conjecture 3 has been stated in essentially this form by Rendall [135, 
Conjecture 1], see also Eardley and Moncrief [129, Conjecture C2] for a closely 
related statement. 

Note that as r \ — oo, the past focal distance of the (unique) CMC surface 
with mean curvature r tends to zero, and hence the foliation exhausts the past 
of M . It follows that in case M has Yamabe type -\-l, then if Conjecture 3 is 
true, {M,g) is globally foliated by CMC hypersurfaces. In case M has Yamabe 
type 0 or —1 on the other hand, there is the possibility that the CMC foliation 
does not cover all of M , due to the fact that as the mean curvature r yY Q, the 
CM C hypersurfaces are expected to avoid black holes, by analogy with the behavior 
of CMC and maximal hypersurfaces in the Schwarzschild spacetime. See [135] for 
further remarks and conjectures related to this. 

If one were able to prove Conjecture 3, then as remarked in [129], this would 
give the possibility of attacking the Cosmic Censorship Conjecture using PDE 
methods. There are no known counterexamples to Conjecture 3 for vacuum space- 
times. However, Isenberg and Rendall [103] give an example of dust spacetimes, 
not covered by a CMC foliation. Bartnik [23] gave an example of a spatially com- 
pact, globally hyperbolic spacetime satisfying the time-like convergence condition, 
which contains no CMC Cauchy surface. It is an interesting open question whether 
or not similar counter examples are possible in the vacuum case. The gluing re- 
sults for solutions of the constraint equations, see [97, 98, 58] may lead to the 
construction of such examples. 

The CMC conjecture 3 has been proved in a number of cases for spacetimes 
with symmetry, in the sense of the existence of a group G of isometries acting (lo- 
cally) on (M,g) by isometries and with space-like orbits. In the case of Bianchi IX, 
cf. Section 3, which has Yamabe type H-1, the closed universe recollapse conjecture 
and consequently Conjecture 3, was proved by Lin and Wald [121]. In the case of 
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2 + 1- dimensional vacuum spacetimes with cosmological constant, the conclusion 
of Conjecture 3 is valid [11]. In the 2+1 case, the CMC foliations are global. 

The work of Rendall and Burnett, see [36] and references therein, proves under 
certain restrictions on the matter that a maximal, globally hyperbolic, spherically 
symmetric spacetime, which contains a CMC Cauchy surface diffeomorphic to 
5^ X 5^, is globally foliated by CMC hypersurfaces with mean curvature taking 
on all real values. 

We end this subsection by mentioning the harmonic time gauge condition, 
C\gt = 0 or 

0 , = 0 

In case X = 0, this is equivalent to the condition N = v^det g/y/det e where eij 
is some fixed Riemannian metric on M. The Einstein evolution equations with 
X = 0 were proved to be hyperbolic with this time gauge by Choquet-Bruhat and 
Ruggeri [43]. This time gauge also appears in the work of Gowdy and is used in 
the analysis of the Gowdy spacetimes as well as in the numerical work of Berger, 
Moncrief et al. on Gowdy and U(l) spacetimes, cf. Sections 4 and 5. 

The papers of Smarr and York [148, 149] contain an interesting discussion of 
gauge conditions for the Einstein equations. See also Section 6 for a discussion of 
the spatial harmonic coordinate gauge and the survey of Klainerman and Nicolo 
[110] for further comments on gauges. 

2.4. The Einstein equations as a system of quasi-linear PDE’s 

As mentioned above, the Einstein vacuum equations in spacetime harmonic coor- 
dinates form a quasi-linear hyperbolic system of the form 

-^□sPa/3 + Soci3[g,dg\ = 0. (2.7) 

The system (2.7) is a quasi-linear wave equation, quadratic in the first-order deriva- 
tives dg and with top-order symbol depending only on the field g itself. Standard 
results show that the Cauchy problem is well posed in Sobolev spaces x 
s > n/2 + 1. This was first proved for the Einstein equations by Hughes, Kato 
and Marsden [90]. It is also possible to prove this for elliptic- hyperbolic systems 
formed by the Einstein evolution equations together with the CMC-spatial har- 
monic coordinates gauge, see [10], see also Section 6 for a discussion of the spatial 
harmonic coordinates gauge. 

Recent work using harmonic analysis methods by Bahouri and Chemin [18], 
Klainerman and Rodnianski [115, 114, 113] and Smith and Tataru [151], see also 
[157] has pushed the regularity needed for systems of the above type on to 
s > (n + l)/2 for n > 3. In order to get well-posedness for s lower than the values 
given above, it is likely one needs to exploit some form of the null condition, 
[154, 152, 157]. The null condition for equations of the form DgU = F[u,du] on 
Minkowski space states roughly that the symbol of the non-linearity F cancels 
null vectors. For a discussion of the null condition on a curved space background. 
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see [153, 150]. Counter examples to well-posedness for quasi-linear wave equations 
with low regularity data are given by Lindblad, see [122]. 

The standard example of an equation which satisfies the null condition is 
U\u = dandpurj"^^ where □ is the wave operator w.r.t. the Minkowski metric rj on 
This equation is well posed for data in x with s > n/2 [116], and 

has global existence for small data for n > 3. On the other hand, the equation 
□i/ = (dtu)'^ which does not satisfy the null condition can be shown to have a 
finite time of existence for small data in the 3 + 1-dimensional case. 

For quasi-linear wave equations which satisfy an appropriate form of the null 
condition [89], global existence for small data is known in 3 + 1 dimensions. The 
Einstein equations, however, are not known to satisfy the null condition in any 
gauge. In particular, it can be seen that in spacetime harmonic coordinates, the 
Einstein equations do not satisfy the null condition. However, the analysis by 
Blanchet and Damour [34] of the expansion of solutions of Einstein equations in 
perturbation series around Minkowski space indicates that the logarithmic terms in 
the gravitational field in spacetime harmonic coordinates, arising from the violation 
of the null condition, can be removed after a (nonlocal) gauge transformation to 
radiative coordinates where the coordinate change depends on the history of the 
field. A similar analysis can be done for the Yang-Mills (YM) equation in Lorentz 
gauge. It may further be argued that the small data, global existence proof of 
Christodoulou and Klainerman for the Einstein equations exploits properties of 
the Einstein equations related to the null condition. In a recent paper, Lindblad 
and Rodnianski [123] have introduced a weak form of the null condition and shown 
that the Einstein equations satisfy this. 

Global existence is known for several of the classical field equations such 
as certain nonlinear Klein-Gordon (NLKG) equations and the YM equation on 
(proved by Eardley and Moncrief, [63, 64]). The proofs for NLKG and the 
proof of Eardley and Moncrief for YM use light cone estimates to get a priori 
bounds. The proof of Eardley and Moncrief used the special properties of YM in 
the radial gauge. This method was also used in the global existence proof for YM 
on 3 + 1-dimensional, globally hyperbolic spacetimes by Chrusciel and Shatah [56]. 
Klainerman and Machedon [109] were able to prove that the YM equations on 
in Coloumb gauge satisfy a form of the null condition and are well posed in energy 
space x . They were then able to use the fact that the energy is conserved 
to prove global existence for YM. See also [108] for an overview of these ideas and 
some related conjectures. 

An important open problem for the classical field equations is the global 
existence problem for the wave map equation (nonlinear cr- model, hyperbolic har- 
monic map equation). This is an equation for a map N , where N is some 

complete Riemannian manifold, 

+ T^c{’^)dau'^di3u'^r}°‘'^ = 0 . ( 2 . 8 ) 

Here L is the Christ offel symbol on N . 
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The wave map equation satisfies the null condition and hence we have small 
data global existence forn > 3. Small data global existence is also known for n = 2. 
Further, scaling arguments provide counterexamples to global existence for n > 3, 
wherecis n = 2 is critical with respect to scaling. For n > 2, global existence for 
“large data” is known only for symmetric solutions, and in particular, the global 
existence problem for the wave map equation (2.8) is open for the case n = 2. For 
the case n = 1 , global existence can be proved using energy estimates or light cone 
estimates. Tao proved [156] that the wave map equation in 2 + 1 dimensions with 
the sphere as target is globally well posed for small energy. The proof is based on 
a new local well-posedness in x and conservation of energy. This result has 
been generalized to the case of hyperbolic target by Krieger [119]. Tataru [158] 
has proved that the wave map equation in n-i -1 dimensions is locally well posed in 
^n /2 ^ j^n/ 2 -i target embedded in (Here is the homogeneous 

Sobolev space. See [158] for the precise definition of well-posedness used.) See also 
[146, 159] for surveys. 

The above discussion shows that the situation for the wave map equation is 
reminiscent of that for the Einstein equations, cf. Sections 4, 5. In particular, it is 
interesting to note that equations of the wave map type show up in the reduced 
vacuum Einstein equations for the Gowdy and U(l) problems. 



3. Bianchi 

Let (M,g) be a 3 -h 1 -dimensional spacetime with 3-dimensional local isometry 
group G. Assume the action of G is generated by space-like Killing fields and that 
the orbits of G in the universal cover of M are 3-dimensional. This means there 
is a global foliation of M by space-like Cauchy surfaces M with locally homoge- 
neous induced geometry. Such spacetimes are known as Bianchi spacetimes. The 
assumption of local homogeneity of the 3-dimensional Cauchy surfaces means that 
a classification of the universal cover is given by the classification of 3-dimensional 
Lie algebras. 

Let 6 a, a = 0, . . . , 3 be an ON frame on M, with cq = u, a, unit time-like 
normal to the locally homogeneous Cauchy surfaces, let 7 ^^ be the commutators 
of the frame, [ea,et] = lab^c- Let the indices run over 1,2,3. We may 

without loss of generality assume that [ca^^i] = 0 where is a basis for the 

Lie algebra 0 of G. 

Choose a time function t so that == 1, he., the level sets of t coincide 

with the group orbits. Restricting to a level set M of t, the spatial part of the 
commutators 7 ^^ are the structure constants of g. These can be decomposed into 
a constant symmetric matrix and a vector a^, 

7 ,^- = + aiS^ - ajSt 

We will briefly describe the classification used in the physics literature, cf. [ 66 ], 
[163, §1.5.1]. 
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Table 1. Bianchi geometries 



Type 


ni 


ri 2 


r^3 










I 


0 


0 


0 


Type 


m 


ri2 


^3 


II 


0 


0 


+ 


V 


0 


0 


0 


Class A VIo 


0 


- 


-h 


Class B IV 


0 


0 


+ 


VIIo 


0 


+ 


+ 


Vlft 


0 


- 


+ 


VIII 


- 




+ 


Vllfe 


0 


+ 


+ 


IX 


+ 


+ 


+ 











The Jacobi identity implies n^^aj = 0 and by choosing the frame {e^} to 
diagonalize and so that ci is proportional to the vector a^, we get 

= diag(ni,n2,n3), ai = (a,0,0). (3.1) 

The 3-dimensional Lie algebras are divided into two classes by the condition a = 0 
(class A) and a ^ 0 (class B). The classes A and B correspond in mathematical 
terminology to the unimodular and non-unimodular Lie algebras. If n 2 ns ^ 0, let 
the scalar h be defined by 

= hn2ri3. (3.2) 

Table 1 gives the classification of Bianchi geometries. Note that the invariance of 
the Bianchi types under permutations and sign changes of the frame elements has 
been used to simplify the presentation. Here the notation VIo, VIIq, Vfy, VIfy 
refers to the value of h defined by (3.2). In the list of Bianchi types I-IX, the 
missing type III is the same as VI_i. 

Due to the local homogeneity of the Cauchy surfaces M in a Bianchi space- 
time, the topologies of the spatially compact Bianchi spacetimes can be classified 
using the classification of compact manifolds admitting Thurston geometries. 

The eight Thurston geometries 5^, , S‘^ x R, x M, Nil, SL(2,M), 

Sol, are the maximal geometric structures on compact 3-manifolds, see [145, 160] 
for background. Each compact 3-manifold with a Bianchi (minimal) geometry also 
admits a Thurston (maximal) geometry, and this leads to a classification of the 
topological types of compact 3-manifolds with Bianchi geometry, i.e., compact 
manifolds of the form X/T where A is a complete, simply connected 3-manifold 
with a Bianchi geometry and T is a cocompact subgroup of the isometry group of 
A. It is important to note that T is not always a subgroup of the 3-dimensional 
Bianchi group G. 

The relation between the Bianchi types admitting a compact quotient and 
the Thurston geometries is given by Table 2. For each Bianchi type we give only 
the maximal Thurston geometries corresponding to it, see [74, 117, 118] for further 
details and references. We make the following remarks 

Remark 3.1. 

i. Let (M, g) he a ^-dimensional space form with sectional curvature n = —1, 0, 

-f-1. A spacetime (M, g) with M = M x(a,b) and a warped product metric g = 
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-dt^-\-w^{t)g, satisfying the perfect fluid Einstein equations is called a (local) 
Friedmann- Roberts on- Walker (FRW) spacetime. Specifying the equation of 
state for the matter in the Einstein equations leads to an ODE for w. The 
FRW spacetimes play a central role in the standard model of cosmology. In 
the vacuum case, only k = —1,0 are possible, and in this case, the spatially 
compact local FRW spacetimes are for k = 0, the flat spacetimes covered 
by T3 X a special case of Bianchi I, and for k, = —1, the local FRW 
spacetimes discussed in Example 2.5, which are Bianchi V. 

ii. The Thurston geometry 5^ x M admits no 3-dimensional group of isometries, 
and hence it does not correspond to a Bianchi geometry, but to a Kantowski- 
Sachs geometry [105] with symmetry group SO (3) x M. The other cases with 
A- dimensional symmetry group are vacuum LRS Bianchi I, II, III, VIII and 
IX, see [66, p. 133]. 

iii. The type of geometry depends on the subgroup T of the isometry group used 
to construct the compactification. The isometry group in turn depends on the 
Bianchi data. Note that SL{2,M) is both maximal and minimal, whereas the 
isometry group of x M has dimension 4 and is therefore not a minimal 
(Bianchi) group. 

iv. The compactifications of Bianchi V and Vllh, h ^ 0 are both of the type dis- 
cussed in Example 2.5, thus no anisotropy is allowed in the compactification 
of Bianchi type V and Vllh, h 

V. The compactification of a Bianchi geometry, introduces new (moduli) degrees 
of freedom, in addition to the dynamical degrees of freedom, see [117] and 
references therein for discussion, see also [50] . The resulting picture is com- 
plicated and does not appear to have been given a definite treatment in the 
literature. 



In the rest of this section, we will concentrate on class A Bianchi spacetimes. 
We will also refrain from considering the moduli degrees of freedom introduced by 
the compactification, as it can be argued that these are not dynamical. 

Let the expansion tensor Oij be given by 



Oij — V j Ui , 



(i.e., 6ij = —kij where kij is the second fundamental form). Decompose 6ij as 
Oij = aij H- H5ij where H = 6/3, 6 — g^^Oij/3. Then H is the Hubble scalar. We 
are assuming (3.1) and in the vacuum class A case it follows that Gij is diagonal 
[163, p. 41]. 

Under these assumptions, 7^^ = 7a6(0 we may describe the geometry 
of (M,g) completely in terms of 7^^ or equivalently in terms of the 3-dimensional 
commutators 7^^ and the expansion tensor given in terms of Gij, 6. 

By a suitable choice of frame, Gij and Uij can be assumed diagonal. Since Gij 
is traceless and diagonal, it can be described in terms of the variables 



= o(<^22 -h 0-33), 



G- = 



2V3 



((J22 — <733) 
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Table 2. Bianchi and Thurston geometries 



Bianchi type 


class 


Thurston geometry 


comments 


I 


A 






II 


A 


Nil 




III = VI - 1 


B 


X El 


cf. Remark 3.1 iii. 






SL(2,M) 




IV 


— 


— 


no compact quotient 


V 


B 




cf. Remark 3.1 iv 


VIo 


A 


Sol 




VI„, 


— 


— 


no compact quotient 


VIIo 


A 


E^ 




VII,,, h^O 


B 




cf. Remark 3.1 iv 


VIII 


A 


SL(2, M) 




IX 


A 







and similarly, riij can be represented by 



(ni,n2,n3) 



(nil, 7^22, '^^ 33 )- 



The curvature bij = Ric{ei,ej) can be written in terms of Uij, bij = 2n-^nkj — 
rij^nij and is therefore diagonal in the chosen frame. Decomposing bij into trace- 
free and trace parts Sij , k we find that sij can be represented by two variables 

Next we introduce the dimensionless variables (following Hsu and Wainwright 
[164], but normalizing with H instead of 6 ), 



(E+,E_, A^i, 7V2,A^3) = (cj+,a-_,ni,n2,n3)/7f 



Similarly, we set 

{S+,S.) = {s+,s-)/H^ 

In addition to these choices we also define a new time r by = £, £ the length 
scale factor, or dtldr = Ijll. 

Clearly the equations are invariant under permutations (Ei) ^P(Ei), (Ni) 
P{Ni). Cyclic permutations of (A^i), (Ei) correspond to rotations through 27t/3 in 
the S+, S_ plane. 

We now specialize to the vacuum case. Then (for H ^ 0) the Einstein equa- 
tions are equivalent to the following system of ODE’s for E_, N 2 , N 3 
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(where the ' denotes derivative w.r.t. the time coordinate r): 



N[ = {q- 4E+)ATi, 


(3.3a) 


N^ = {q + 2E+ + 2V3S_)iV2, 


(3.3b) 


N^ = (q + 2S+ - 2y/3E-)N3, 


(3.3c) 


SV = -(2-g)S+-35+, 


(3.3d) 


S'_ = -(2-g)S_ -35_, 


(3.3e) 



where 



g = 2(S^ + s2_), 

5 + = |[(iV2 - Nsf - Ni{2N, -N2- N3)], 
5 _ = ^(TVa - N2){m -N2- N3). 

The Hamiltonian constraint (2.2a) is in terms of these variables 



+ [ATf + + 7V| - 2{NiN2 + N 2 N 3 + N 3 N 1 )] = 1. (3.4) 



With our conventions, if (r_, r+) is the maximal time interval of existence for 
the solution to (3.3), then r ^ r_ corresponds to the direction of a singularity. For 
all non-flat vacuum Bianchi models except Bianchi IX, the spacetime undergoes 
an inflnite expansion as r — > and is geodesically complete in the expanding 

direction, cf. [134, Theorem 2.1] which covers the vacuum case as a special case. 
For Bianchi IX, on the other hand, r — > r+ corresponds to if ^ 0, as follows from 
the proof of the closed universe recollapse conjecture for Bianchi IX by Lin and 
Wald [121], and hence to the dimensionless variables becoming ill defined. 

We will now review the basic facts for Bianchi types I, II and IX. 



I: Kasner. The Hamiltonian (3.4) constraint reads 

+ s?. = 1, (3.5) 

and the induced metric on each time slice is flat. These spacetimes can be given 
metrics of the form 

ds^ = —dt^ + ( 8 ) (3.6) 

i 

where YliPi ~ ~ Kasner relations, which correspond to the equa- 

tion (3.5). The and pi are related by = |(p 2 Ps) — 1? 5]_ = ^{P 2 — P^)- 
Clearly, the Kasner circle given by (3.5) consists of fixed points to the system 
(3.3). The points Ti,T 2 ,T 3 , with coordinates (—1,0), (1/2, ib\/3/2) correspond to 
flat spacetimes of type I or VHq (quotients of Minkowski space). 

II: By using the permutation symmetry of the equations, we may assume N 2 = 
Ns = 0. The solution curve which is a subset of the cylinder + E?_ < 1 has a 
past endpoint on the longer arc connecting T 2 and T 3 and future endpoint on the 
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Figure 2. A type II solution, the Kasner circle and the triangle 
for the Kasner billiard in the (E+, S_)-plane are shown. 



shorter arc connecting these points see Figure 2 . This curve realizes the so-called 
Kasner map, cf. [163, §6.4.1]. We define the Bianchi II variety as the union of the 
three spheres in given by the solutions to the constraint (3.4) with {N 2 , N 3 ) = 0 
and permutations thereof. The Kasner circle is the intersection of the spheres. 

IX: Mixmaster, characterized by > 0, z = 1, 2, 3. The heuristic picture is the 
following. The projection in the (E_^, E_)-plane of a generic orbit in the direction 
r \ r_ moves into the Kasner circle and stays there, undergoing an infinite 
sequence of bounces, which are approximately given by the Kasner billiard, cf. 
Figure 4. This picture is supported by numerical studies of the full Bianchi IX 
system, see, e.g., [30]. 

The Kasner billiard is the dynamical system given by mapping a (non-flat) 
point p on the Kasner circle to the point on the Kasner circle which is the end 
point of the type II orbit starting at p. This map can be described as follows. Let 
B be the nearest corner to p of the triangle shown in Figure 4. The ray starting 
at B through p intersects the Kasner circle in a point q, which is the image of p 
under the Kasner map, see also [163, Fig. 6.13]. Iterating this construction gives a 
sequence of points {pi} on the Kasner circle, which we may call the Kasner billiard. 

The exceptional orbits which do not exhibit this infinite sequence of bounces 
are the Taub type IX solutions, cf. Figure 3. Up to a permutation these are given 
by the conditions 

N 2 = A 3 , E_ - 0. (3.7) 

We call a Bianchi spacetime, satisfying (3.7) up to a permutation, a Taub space- 
time. 

The past limit of the Taub type IX solution is the flat point (—1,0). The 
MVCD of Taub type IX data has a smooth Cauchy horizon, and is extendible, 
the extension being given by the so-called Taub-NUT spacetimes. As shown by 
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Figure 3. A Taub type IX solution, the Kasner circle and the 
triangle for the Kasner billiard in the (X+, X_)-plane are shown. 



Chrusciel and Rendall [55, Theorem 1 . 2 ], these are the only Bianchi IX spacetimes 
with a smooth Cauchy horizon, which gives a version of SCC for this class. See [55] 
for further details on the status of SCC in the locally homogeneous case. Chrusciel 
and Isenberg proved that the MVCD of Taub type IX data has non- isometric 
maximal vacuum extensions, further emphasizing its pathological nature, cf. [53]. 

From the point of view of the cosmic censorship conjecture, the following the- 
orem appears fundamental. A point which is a past limit point of (Xl-|_(r), S_(r), 
Ni{t), N2{t), Ns(t)) is called an a limit point. We say that the approach to the 
singularity is oscillatory, if the set of a limit points contains at least two points on 
the Kasner circle, at least one of which is distinct from the special points Ti, T 2 , T 3 , 
cf. [137]. 

Theorem 3.1 ([137, 141]). A vacuum Bianchi spacetime of class A has exactly one 
of the properties 

1. The Kretschmann scalar k = satisfies limsup^\^^_ |/«1 = 00 

2. The MVCD has a smooth Cauchy horizon and the spacetime is a Taub space- 
time. 

For non-Taub vacuum Bianchi VIII and IX spacetimes, the approach to the sin- 
gularity is oscillatory. 

Remark 3.2. 

i. Rendall [137] proved the dichotomy in Theorem 3.1 for all Bianchi class A 
except VIII and IX. These cases as well as the oscillatory behavior for type 
VIII and IX were proved by Ringstrom [141]. Curvature blowup for non-Taub 
Bianchi A models with perfect fluid matter, including stiff fluid was proved 
by by Ringstrom [142]. 

ii. In class B it is only the exceptional model Bianchi V7_i/g which exhibits 
oscillatory behavior as has been argued by Hewitt et al. [87]. 
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hi. Theorem 3.1 shows that SCC holds in the class of vacuum Bianchi class A 
spacetimes, also with respect to extensions. 
iv. See also Weaver [167] for a related result for Bianchi VIq with a magnetic 
field. Weaver proved that the singularity in magnetic Bianchi VIq is oscilla- 
tory and that curvature blows up as one approaches the singularity. It should 
he noted that vacuum Bianchi VIq, on the other hand, is non- oscillatory. 

The dynamics of the Bianchi spacetimes has been studied for a long time, 
from the point of view of dynamical systems. In particular, it is believed that 
the Bianchi IX (mixmaster) solution is chaotic in some appropriate sense, see for 
example the paper by Hobill in [163] or the collection [ 88 ] as well as the work of 
Cornish and Levin [57], for various points of view. However, it does not yet appear 
to be clear which is the appropriate definition of chaos to be used, and no rigorous 
analysis exists for the full Bianchi IX system. In the course of the above-mentioned 
work, approximations to the Bianchi dynamics have been described and studied, 
such as the Kasner billiard (cf. Fig. 4, and the discussion above) and the BKL 
map, cf. [163, §11.2.3]. 

It has long been conjectured that the Bianchi II phase space is the attractor 
for the Bianchi VIII and IX dynamics, see [163]. The phase space for the Bianchi 
II model is given by the Hamiltonian constraint (3.4) together with the condition 
N 1 N 2 = V 2 V 3 = NiNs = 0. This defines a variety consisting of the union of 
three 2-spheres in The Kasner circle is the intersection of these spheres. The 
conjecture has been proved in the Bianchi IX case. 

Theorem 3.2 ([142]). The Bianchi II variety is the asymptotic attractor for vacuum 
Bianchi IX. 

This result goes a goes a long way towards proving the chaotic nature of the 
Bianchi IX dynamics. 

The questions of curvature blowup and oscillatory approach to the singularity 
can be studied also in the case of Bianchi class B models. In this case we have 
curvature blowup except for Bianchi HI and V. However, in class B it is only the so- 
called exceptional Bianchi VI_i/g which, based on numerical work and qualitative 
analysis by Hewitt et al. [87] has an oscillatory singularity. The exceptional Bianchi 
VI _ 1/9 has the same number of degrees of freedom as the most general class A 
models, Bianchi VIII and IX. Figure 3 shows an orbit of the Bianchi VI_i /9 system. 



4 . G 2 

In this section we consider the case when (M, ^) is a 3 H- 1-dimensional, spatially 
compact, globally hyperbolic, vacuum spacetime, with a 2 -dimensional local isom- 
etry group G 2 with the action of G 2 generated by space-like Killing fields. By 
passing to the universal cover, we see that the non-degenerate orbits of the G 2 - 
action are 2 -dimensional homogeneous spaces and hence the induced metric on the 
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Figure 4. Bianchi IX orbit showing a few bounces. The vertical 
axis is Ni. The Kasner circle and the triangle for the Kasner 
billiard in the (E+, S_)-plane are shown. 





Figure 5. An orbit of the Bianchi VI_i /9 system, showing a 
few bounces. Note that in contrast to the Bianchi IX system, the 
dynamics shows a combination of several types of bounces. 



orbits must have constant curvature. The isometry group of the sphere 5^ has no 
two-dimensional subgroup and thus the orbits have geometry or H^. 

The special case when the group U(l) x U(l) itself acts on M was considered 
by Gowdy [80, 81]. In this case, it follows that orbits are compact (unless there 
is an extra Killing field), and M is covered by T^, or x S^. Suppose p is a 
fix point for the action ofU(l) x U(l) on M, then U(l) x U(l) acts by isometries 
on TpM. As the isometry group SO (3) of TpM does not have a 2-dimensional 
subgroup, any degenerate orbit of G must be a closed curve. 
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Let M be a bundle over x M with compact 2-dimensional fiber F and 
suppose that the orbits of the G-action on the universal cover of M cover the 
fibers F.li F has geometry it follows that the Killing fields generating the G- 
action commute, and hence it is natural, following Rendall [136], to use the term 
local U(l) X U(l) symmetry for this situation. 

Space-times with local U(l) x U(l) symmetry have also been considered by 
Tanimoto [155], who discussed the question of in which case a spacetime with 
local U(l) X U(l) symmetry can be considered as a dehomogenization of a Bianchi 
spacetime. It can be seen from the structure of the Bianchi groups that the only 
U(l) X U(l) symmetric spacetimes which have Bianchi (or Kantowski-Sachs) limits 
are covered by or and in the case of (Bianchi IX), it is only the Taub 
metrics that admit a U(l) x U(l) action by isometries. If we consider the case 
with local U(l) X U(l)-symmetric case on the other hand, then all Bianchi models 
except Bianchi VIII and XI, and in case of Bianchi VIII and IX the Taub metrics, 
can be viewed as limits of locally U(l) x U(l)-symmetric models, and therefore 
these serve as dehomogenization of the Bianchi models. 

For simplicity, we concentrate in the rest of this section only the case of 
U(l) X U(l) symmetric spacetimes, and assume that the twist constants vanish, 
i.e., A ^2 A d^i = ^2 A d ^2 = 0, where ^ 1,^2 are one forms dual to the 

generators of the U(l) x U(l) action. This is a nontrivial restriction only in case 
M = see [81, p. 211]. Such spacetimes are known in the literature as Gowdy 
spacetimes. We further specialize to the case with Cauchy surface M = 

Let r, X be coordinates on the 1-h 1-dimensional Lorentzian orbit space (U(l) x 
U(1))\M and let A{r, 0) be the area of the orbit. Gowdy showed that in the non- 
twisted case, with M = there are no degenerate orbits, i.e., A ^ 0, and further, 
the level sets of A in (U(l) x U(1))\M are space-like. We may therefore choose 
coordinates so that A = 47r^e~^, and choose the metric on the orbit as Ah where 
h = h(r, x) is a unit determinant metric. M is causally incomplete in the direction 
r Z' 00 , which corresponds to a cosmological singularity. 

By construction, the metric on the orbit, h = h{r^x) is a unit determinant 
metric which is constant on each orbit. It therefore represents an element of the 
Teichmiiller space T(T^). The space T(T^) with the Weil-Peterson metric is iso- 
metric to the hyperbolic plane H^. The identification of T(T^) with gives a 
map u : (U(l) x U(1))\M ^ H^. This can be realized concretely for example by 
using the model for with metric 

dP^ Fe^^dQ^ (4.1) 

and letting u = (P, Q) with 

P = In(hii), Q = e~^hi 2 . 

This is the parametrization that is used in the numerical work of Berger and collab- 
orators. Thus the Gowdy (as well as the general U(l) x U(l) symmetric) Einstein 
equations on M = x M can be viewed as equations for the evolution of a loop 
in H^. The velocity of a point u{x, r) in is given by v^ 2 {x, r) = {drU, dru). 
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Define the asymptotic velocity vu‘^{x) by vu^{x) = limr- . 00 t), when the 
limit exists. 

The spacetime metric may then be written in the form^ 

^ (4.2) 

-h e '"[e^dy 2 + 2e^ Qdy 2 dy^ + (e^Q^ + e ^)dyl] 

where ^0 is the unit of physical length. Here (r, G M x are coordinates on 
the orbit space, y^^A = 2,3 are coordinates on the orbit, 0 ^ ^ 27 t. The G 

invariance implies that we can assume all metric components depend on r, 6 only. 
Let e = -f [dy^^Y -h {dy^Y. The lapse function N satisfies N = y/det{g)/ det(e) 
and hence the time function r is spacetime harmonic, cf. Subsection 2.3. 

Let T] = —dr^ + e^'^dx^. The Einstein evolution equations take the form 

+ Vl^{u)d^u^di3U^) = 0, (4.3) 

where are the Christoffel symbols on with the metric (4.1). The system (4.3) 
is supplemented by a pair of equations for A, which are implied by the Einstein 
constraint equations, and which are used to reconstruct the 3 + 1 metric g. 

Equation (4.3) is a semilinear hyperbolic system, which resembles the wave- 
map equation, (2.8). Energy estimates or light cone estimates prove global exis- 
tence on (0,oo) X 5^. The wave operator —d^ + degenerates as r Z’ 00, 

which corresponds to a singularity in the 3 + 1 spacetime (M^g), since the area 
of the orbit tends to zero. 

The energy E = ^ {drU, dru) d- {dxU, dxu) = EkAEy^ where Ek^ Ey 
are the kinetic and potential energy terms, respectively, satisfies 

drE = —2Ey. 

Therefore E is monotone decreasing, with a rate determined by Ey . This shows im- 
mediately that there is a sequence of times (r^), lim/c_^oo = 00, so that Ey{rk) — > 
0 as k ^ 00, which indicates that the scale-free variables {e~'^dxP,e~'^dxQ) be- 
come insignificant for the dynamics as r — ^ 00. This leads to the idea that the 
Gowdy system behaves asymptotically as a dynamical system in the likewise scale- 
free variables {drP, drQ)- This heuristic is, as we shall see, supported by numerical 
work and some rigorous results. 

We now briefly discuss some results and open problems for the Gowdy and 
U(l) xU(l) symmetric spacetimes. The following result proves Conjecture 3 for this 
claiss. The first global existence result for Gowdy spacetimes with topology x E 
was due to Moncrief [125], who proved that vacuum Gowdy spacetimes with the 
stated topology are globally foliated by level sets of the area function, assuming 
the existence of a compact level set of the area function. This assumption was 
removed by Chrusciel [47] who also studied global properties of the area function 
for Gowdy spacetimes on and x S^. A class of “nongeneric” metrics still 
remains to be studied, see [47]. The first result concerning global CMC foliations 

^We have assumed here that the Killing fields are hypersurface orthogonal, see [47] for the most 
general form of the U(l) x U(l) symmetric metric on x R with vanishing twist. 
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in Gowdy spacetimes was proved by Isenberg and Moncrief [99] for the case of 
vacuum Gowdy spacetimes. Recently the following was proved. 

Theorem 4.1 (Andreasson, Rendall, Weaver [14]). Nonflat spatially compact space- 
times with (U(l)xU(l)) symmetry and Vlasov matter ^ are globally foliated by CMC 
hypersnrfaces with mean curvature taking on all values in (— oo,0). 

It was conjectured by Belinskii, Khalatnikov and Lifschitz [120] that in a 
generic spacetime with a cosmological singularity, spatial points will decouple as 
one approaches the singularity, and spatial derivatives become insignificant asymp- 
totically. This leads to the idea that asymptotically near the singularity, the dy- 
namics of the gravitational field should be explained by a family of ODE systems. 
This is a very rough idea. Yet, as it turns out, this principle appears to hold 
in the cases we have been able to study. The idea of BKL has been specialized 
and reformulated by among others Eardley, Liang and Sachs [62] and Isenberg 
and Moncrief [101], into the notion of asymptotically velocity term dominated 
(AVTD) singularities. Roughly, an AVTD solution approaches asymptotically, at 
generic spatial points, the solution to an ODE, the parameters of which depend on 
the spatial point. In particular, in an AVTD spacetime, locally near a fixed spatial 
point the spacetime approaches a Kasner limit, with parameters depending on the 
spatial point. The asymptotic model for an AVTD spacetime necessarily has a 
non-oscillatory singularity, which excludes generic spacetimes. The precise formu- 
lation of the BKL conjecture for generic spacetimes is more subtle, see [161, 13] 
for discussion of this problem. 

The numerical studies referred to above indicate that for a generic Gowdy 
spacetime, as r oo, the velocity Vn 2 is eventually forced to satisfy 0 < Vn 2 < 1, 
except at isolated x-values, even if Vn 2 > 1 in some subsets of initially, and 
further that Vn 2 has a limiting value Vu 2 (x) for each x as one moves toward the 
singularity. 

The numerical solutions exhibit “spikes” at those x-values, where 0^2 > 1 
asymptotically, cf. Figure 6. The very sharp spikes seen (in Q) are coordinate 
effects, corresponding to a part of the solution loop approaching the point on the 
boundary of sent to infinity by the transformation leading to the model with 
metric (4.1). 

Gowdy spacetimes such that dxQ = 0 are called polarized. Equation (4.3) 
then becomes linear. It was proved by Isenberg and Moncrief [101] that polarized 
Gowdy spacetimes are AVTD. Numerical studies by Berger et ah, see [26] and 
references therein, see also [86, 29], support the idea that general Gowdy spacetimes 
are AVTD. It should be noted that there are polarized Gowdy spacetimes with 
V > 1 up to the singularity, but the above-mentioned work indicates that this 
behavior is non-generic. See also [48] for work on the case v = 0. 

The equation (4.3) may, essentially under the restriction 0 < ^; < 1, be 
written as a Fuchsian system 



(tdt -h E)U - E[U] 
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P and Q at time x = 40 




Figure 6. Spikes in P, Q. The very sharp spikes (in Q), so-called 
“false spikes” are coordinate effects. 



where t = and hence using a singular version of the Cauchy-Kowalewskaya 
theorem, cf. Kichenassamy and Rendall [107] and references therein, see also [19], 
AVTD solutions may be constructed given real analytic “data on the singularity” . 
The solutions constructed are in terms of the time coordinate r, of the form 

P(r, x) = v(x)r -h c/)(x) + e~^^u(x, r) (4.4a) 

Q(r, x) = q{x) + + w{r, x)] (4.4b) 

where e>0, 0<v<l, and w,u 0 as r ^ oo. The Fuchsian method was 
generalized for the Gowdy case by Rendall [138] to the case. 

Rendall and Weaver [140] have constructed families of solutions with spikes, 
starting from a solution with a false spike at xq with k = Vn 2 (xq) < 1, by applying 
an explicit transformation, a new solution with Vu‘^{xq) = 1 k. In the new 
solution Vii 2 has a discontinuity at xq with lima;_^a:o {x) = 1 - k. By iterating 
this procedure spikes with arbitrarily high velocity can be constructed. The group 
formed by composing the transformations used by Rendall and Weaver has been 
termed the Geroch group [38] . Spikes with asymptotic velocity Vn 2 > 2 correspond 
to higher-order zeros oi dxQ^ and are therefore non- generic. Garfinkle and Weaver 
[77] have studied the dynamics of generic spikes with initially high velocity. Their 
analysis, based on a combination of heuristic arguments, related to the “method of 
consistent potentials” , see [26] for discussion, and numerical work, shows that the 
velocity of these spikes is driven down into the interval 1 < < 2 by a sequence of 

bounces, the qualitative features of which can be explained in terms of the relative 
importance of the terms in the evolution equation. 
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Recently conditions on initial data (essentially a small energy condition to- 
gether with restriction on the velocity) have been given by Ringstrom [144, 143], 
and Chae and Chrusciel [38] under which the solution is of the form (4.4). This 
work shows that AVTD behavior holds on open and dense subsets of and makes 
earlier work [82] on formal expansions for the Gowdy field equations rigorous. The 
definition of AVTD solution used by Chae and Chrusciel [38, Eq. (3. 8-3. 9)] is more 
general than (4.4) used by Ringstrom, allowing more general velocity v but with 
less precise control on the lower order terms. 

In view of the above, it is reasonable to make the following conjecture. 

Conjecture 4. Generic vacuum, spatially compact U(l) x symmetric space- 
times with vanishing twist are AVTD at the singularity, in the complement of an 
at most countable closed subset E of . The asymptotic velocity Vn^ (x) exists for 
all X E and satisfies 0 < v{x) < 1 for x E \ E. Vn 2 is continuous on \ E. 

Remark 4.1. 

1. This is implicit in Grubisic and Moncrief [82]. 

2. Chae and Chrusciel [38] have constructed solutions with an asymptotic veloc- 
ity which is discontinuous on any closed set F E , with nonempty interior. 
In particular F may have nonzero measure. If the above conjecture is correct, 
this behavior is nongeneric. 

The question of cosmic censorship for the Gowdy spacetimes may be studied 
by analyzing the behavior of the Kretschmann scalar ac as r — > oc. For the class 
of polarized Gowdy spacetimes, this was done by Chrusciel et al. [54]. It was 
proved by Kichenassamy and Rendall [107] that for generic AVTD spacetimes 
constructed using the Fuchsian algorithm, the Kretschmann scalar ac blows up at 
the singularity and hence generically, these spacetimes do not admit extensions, 
see also the discussion in [82, §3-4]. The same behavior was shown to hold also for 
the class of Gowdy spacetimes with asymptotic velocity 0 < i) < 1 and bounds on 
the energy density, see [143, 38]. Further, the Gowdy spikes constructed by Rendall 
and Weaver also have ac blowing up, though at a different rate than nearby points. 
Therefore a reasonable approach to the SCC in the class of Gowdy spacetimes, is 
via conjecture 4. 

It is relevant to mention here that the AVTD behavior for Gowdy symmetric 
spacetimes may be broken by the introduction of suitable matter, cf. [168], where 
numerical evidence for an oscillatory approach to the singularity is presented, for 
a locally U(l) x U(l) symmetric spacetime with magnetic field. Similarly, it is 
expected that scalar field or stiff fluid matter changes the oscillatory behavior of 
general U(l) x U(l) symmetric models to AVTD. However, even in the presence 
of a scalar field, one expects to see spikes forming. 

A systematic way of deriving the system of ODE’s governing the asymptotic 
behavior of the Gowdy spacetimes is to write (4.3) in first order form, using the 
scale invariant operators dr, e~^dx, and then cancelling the terms involving e~^dx- 
Following this procedure and working in terms of if-normalized orthonormal frame 
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0rt5rt 0l asymptotic Gcwdy system Orbit d the full Gowdy syslem 





Figure 7. 
Projection in 
Kasner plane of 
an orbit of the 
asymptotic Gowdy 
system (4. 5-4,6), 



Figure 8, 
Projection in 
Kasner plane of 
the orbit of a 
point of the full 
Gowdy system. 



variables adapted to the U(l)xU(l) orbits, constructed in a completely analogous 
way to those discussed in Section 3 gives, after cancelling the terms corresponding 



to e ^ dx^ the system 

= (g-2)(l + E+) (4.5a) 

VoL- = (g - 2) E_ - 2^3 Nl -h 2 V3 (4.5b) 

=(g + 2E+)iVx (4.5c) 

DoEx = (g-2-2\/3E_)Ex -2VSN^N- (4.5d) 

VoN. = {q^ 2E+ + 2^3E_) iV_ + 2^3 Ex Ny, , (4.5e) 

where T>q = (1 + E_^)5r , q — 2(E^ + E?_ 4- E^ ), subject to the constraint equation 

1 = E^ 4- E^ H- E^ + . (4.6) 

See [13] for discussion of the system (4. 5-4.6). This system contains the spatially 



homogeneous Bianchi class A models I-VIIq, but represented in terms of a non- 
Fermi- propagated frame. 

The asymptotic behavior of the system (4. 5-4. 6) in the direction towards 
the singularity is easily analyzed, and one shows that all solutions of the system 
have limit points on the Kasner half-circle E+ -h E?. = 1. Similar to the standard 
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Bianchi case, the Kasner circle consists of fixed points. For the Bianchi types II- 
VIIo, only part of the Kasner circle consists of stable fixed points. In the present 
case, only the arc with E_ < 0, E+ > | is stable, and a generic orbit of (4.5) ends 
on the stable arc. The stable arc corresponds to orbits with asymptotic velocity 
0 < i) < 1. See Figure 7 for an example of an orbit of the system (4. 5-4. 6). 

According to the BKL proposal, a generic solution u{t^ x) of the full Gowdy 
system will have the property that it will asymptotically approach a solution of 
the Gowdy AVTD system (4. 5-4. 6). That this is indeed the case is indicated by 
Figure 8, which shows the projection in the Kasner plane of the orbit of one point 
for the full Gowdy system. We see in the figure the orbit of a point near a spike 
point. The points marked on the Kasner circle are (from the left) the points with 
velocity v = oc, 2, 1, 0. The stable arc on the Kasner circle is plotted with a heavy 
line. It should be noted that the last part of the orbit which ends on the stable 
Kasner arc is approximately a Bianchi II orbit, with initial velocity in the interval 
(1,2). This is the generic behavior, also close to spike points, see [13] for more 
details. 

A class of AVTD polarized Gowdy spacetimes with non- vanishing twist has 
been constructed by Isenberg and Kichenassamy [96] using the Fuchsian algorithm. 
On the other hand for general non-polarised twisted U(l)xU(l) symmetric space- 
times, work of Berger et al. [31] supports the conjecture that these spacetimes show 
oscillating behavior as one approaches the singularity. This idea is also supported 
by the fact that the only Bianchi model with U(l) x U(l) symmetry and non- 
vanishing twist constants is the exceptional Bianchi VI_i/g which has been shown 
heuristically by Hewitt et al. [87] to have oscillatory behavior at the singularity. 



5. U(l) 

The U(l) symmetric vacuum 3 + 1 Einstein equations is an important case which 
is of intermediate difficulty between the full 3 + 1 Einstein equations and the 
highly symmetric Gowdy equations. In the presence of a hypersurface orthogonal 
space- like Killing field, the Einstein equations reduce to 2 + 1 gravity coupled to 
wave map matter, the field equations and their reductions have been derived in 
[127, 126, 128], see also [37]. Choquet-Bruhat and Moncrief have proved that the 
Cauchy problem for the U(l) problem is well posed in see [42, 39]. 

In the above quoted papers, the spacetime is assumed to be a U(l) bundle 
over a spatially compact 2 + 1 spacetime. The case of local U(l) symmetry does 
not appear to have been considered in connection with the Einstein equations, see 
however [131] for information about 3-manifolds with local U(l) action. 

It is also possible to study the case when the reduced space is asymptotically 
flat. This case has been considered in work by Ashtekar and others, [17, 15], see also 
[16]. In these papers an analogue of the ADM mass at spatial infinity is introduced. 
It is proved that it is nonnegative and bounded from above. It is interesting to 
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study the consequences of the presence of this conserved quantity for the 2 -f- 1 - 
dimensional Einstein-matter system given by the U(l) problem, as one expects 
that it gives a stronger bound on the fields than in the 3 -f 1 case. This appears 
to be a natural setting for a small data version of the U(l) problem. 

In the following, we will consider the spatially compact catse. Let (M^g) be a 
3 + 1 -dimensional spacetime, assume M = B x M, with tt : B ^ E a principal U(l) 
bundle, E a compact surface. Further assume the group U(l) acts by isometries 
on (M, g) with the action generated by the Killing field J, which we assume to be 
space-like, ( J, J) > 0. 

Let the function A on E x M be defined by 7 t*A = ^log((J, J)), and let 
0 = ^ J. Then we can write the spacetime metric g in the form 

g — 7T*{e~‘^^g) + ^0 0 0, 

where is a Lorentzian metric on E x E. 

Introduce a frame^ e^, a = 0, 1,2,3 with 63 = e“^J, and let the indices 
— = 0, 1, 2. We may without loss of generality assume that [J, Ca] = 0. We 

have 

dJ(y.j3 ~ ^af3 " 1 “ 2 (eo;(A)t/^ ^/ 3 (A)t/o;), 

where = 0. It follows that 0^/3 = 7 r*(e^^Fh^) where F^js is a 2-form on 

E X E. If Fq ,/3 = 0, then J is hypersurface orthogonal. 

To avoid cluttering up the notation we will in the following make no distinc- 
tion between fields on the orbit space E x 5 and their pull-backs by tt. 

The components of the 3 -h 1 Ricci tensor are 

Rab = Rab - 2V„AVbA + VaV^Xgab - 

Ra3 = ie-^Vc(e4^F/), 

R 33 = e 2 ^[- 5 “'’V„VbA + ^e^^FabF^^] (5.1) 

Let the one- form E’ on E x E be given by E = — 'kg (e^^F). One of the 
Einstein equations (5.1) implies that dE = 0. 

Now the Einstein vacuum equations Rap = 0 imply the system 

Rab = i(4VaAVfcA + e-^^EaEb), (5.2a) 

V“V„A + ^e~^^EaEb9^^ = 0, (5.2b) 

V“VaW - 4V“AF„ = 0. (5.2c) 

^In [41], a frame dx^,0^ is used, where 0^ = . Furthermore, their F^p = 




The Global Existence Problem in General Relativity 



101 



When Ea Vao;, we recognise (5.2) as the 2 -}- 1-dimensional Einstein equa- 
tions with wave map matter, for the wave map with components (A, a;) with target 
hyperbolic space with the constant curvature metric 

2dX‘^ + 

See Subsection 2.4 for some discussion of wave map equations. 

We now specialize even further to the polarized case Ea = 0. This corresponds 
to assuming that the bundle n : B ^ T, is trivial, and that the vector field J is 
hypersurface orthogonal. Then lo is constant and the equations (5.2) become 

Rab — VaAV^A (5.3a) 

V"VaA = 0 (5.3b) 

which is precisely the 2 + 1 Einstein equations coupled to a massless scalar field. 

In the 2-dimensional case, the operator k divk is elliptic on symmetric 
2-tensors with vanishing trace. Further, by the uniformization theorem, a com- 
pact 2-dimensional Riemannian manifold (E, /i) is conformal to (E, [h]) where [h] 
is a representative of the conformal class of g, i.e., a constant curvature metric. 
Therefore working in spatial harmonic gauge with respect to (E, [/i]) (i.e., con- 
formal spatial harmonic gauge) and CMC time gauge, the constraint equations 
form an elliptic system for {hij, kij). We get a representation of {hij.kij) in terms 
of {[h],(j),k^^ ,Y) where [h] is the conformal class of h, corresponding to a point 
in Teichmiiller space, (p a conformal factor determined by the Hamiltonian con- 
straint equation (a nonlinear elliptic system for 0), k^^ a trace- free, divergence 
free 2-tensor on (E, [h]), corresponding to a quadratic differential, and finally, Y 
is a vector field determined from the momentum constraint equation. Note that 
{[h],k^^) represents a point in T*T(E), the cotangent bundle of the Teichmiiller 
space of E. 

Due to the ellipticity of the constraint equations in the 2 + 1-dimensional 
case, in the gauge as described above, it is possible to eliminate the Einstein 
equation (5.2a) from the system (5.2) and instead solve the elliptic-hyperbolic 
system consisting of the hyperbolic system (5.2b-5.2c), coupled to a nonlinear 
system which determines components of the spacetime metric g in terms of the 
data via the constraint and gauge fixing equations, as well as an ODE system 
determining the evolution of the Teichmiiller degrees of freedom of the metric on E. 
In the special case E = 5^, Teichmiiller space is a point, and further = 0, 

which means that E = duu. Therefore ignoring problems with gauge fixing, the 
reduced U(l) system would consist of the wave equation coupled to the system 
which determines the components of g. 

A special case of the polarized U(l) equations is given by setting A = constant. 
Then the field equations (5.3) are just 

Rab = 0 , 

the 2 + 1-dimensional vacuum equations. In this case, the spacetime is a 3-dimen- 
sional Lorentzian space-form. The dynamics of 2 + 1-dimensional vacuum gravity 
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has been studied by Andersson, Moncrief and Tromba [11] who proved global 
existence in CMC time for 2 -h 1-dimensional vacuum spacetimes, with cosmological 
constant, containing at least one CMC hypersurface. This proves Conjecture 3 for 
the class of 2 + 1-dimensional vacuum spacetimes. 

Andersson and Rendall [12] showed that the 3 -h 1-dimensional Einstein scalar 
field system can be formulated as a Puchsian system. Using similar techniques, 
Damour et al. [61, §4] have shown that the polarized U(l) equations may be for- 
mulated as a Puchsian system, and therefore AVTD solutions may be constructed 
using a singular version of the Cauchy-Kowalewskaya theorem, as was done by 
Kichenassamy and Rendall [107] for the Gowdy case. See also Isenberg and Mon- 
crief [102] which deals with the “half-polarized” U(l) system in addition to the 
polarized case. This supports the following conjecture. 

Conjecture 5. Generic polarized U(l) spacetimes are AVTD at the singularity. 

Remark 5.1. Conjecture 5 was essentially stated by Grubisic and Moncrief [83]. 
This is supported by numerical work of Berger and Moncrief [33]. Similarly to 
the case of Gowdy spacetimes, see Conjecture 4, one expects that ‘^spiky features” 
will form at the singularity, and hence the AVTD property of the U(l) symmetric 
spacetimes should be understood to be generic also in the spatial sense. 

It seems reasonable to expect that polarized U(l) spacetimes which are AVTD 
at the singularity have a strong curvature singularity generically, and therefore 
that proving the AVTD conjecture for polarized U(l) would be a big step towards 
proving SCC for this class. 

In contrast to polarized U(l), the generic U(l) spacetimes have sufficiently 
many degrees of freedom that one expects them to satisfy the BKL picture of 
an oscillatory approach to the singularity, as is also expected in the fully 3 -h 1- 
dimensional case, cf. the remarks in Section 7. This is supported by the numerical 
evidence so far, see [32]. 

In the expanding direction, on the other hand, a small data semi-global ex- 
istence result holds [42, 39], similar to the one for the full 3 -h 1-dimensional case 
discussed below in Section 6. In this case, the notion of “small data” is taken to 
be data close to data for a background spacetime with space-like slice M = T,x 
where E is a Riemann surface of genus > 2 with metric a of scalar curvature 
— 1, and M has the product metric. In this case, the background spacetimes are 
products of flat spacetimes as in Example 2.5 with n = 2, with the circle (such 
spacetimes are of type Bianchi III). The proof uses energy estimates for a second 
order energy, which controls the x norm of the data, for small data. The 

energy expression used is a combination of several terms. The first-order part is 

2 

^Vol^(E) -h 27 tx(S), which via the constraint equations may be related to the 
wave map energy. The second order term is defined in terms of the norm of 
the Laplacian of the wave map field, and the gradient of its time derivative. In 
order to use this method, one of the technical problems one has to deal with is 
controlling the spectral gap of the Laplacian. This is done by keeping control of 
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the Teichmiiller parameters during the evolution. For technical reasons, the as- 
sumption is made that the spectral gap Aq of the Laplacian for the initial metric 
satisfies Aq > 1/8. The proof shows that the Teichmiiller parameter (r{t) converges 
to a point in the interior of Teichmiiller space and that the spacetime geometry 
converges in the expanding direction to one of the model spacetimes described 
above. 



6 . 3 + 1 

In the 3 + 1-dimensional case with no symmetries, the only known facts on 
the global properties of spacetimes are Lorentzian geometry results such as the 
Hawking-Penrose singularity theorems [132] and the Lorentzian splitting theorem 
of Galloway [75], see [24] for a survey of Lorentzian geometry. 

Here we are interested in results relevant to the SCC, Conjecture 1 and the 
CMC conjecture. Conjecture 3, i.e., results about the global behavior of solutions 
to the Cauchy problem for the evolution Einstein equations, in some suitable gauge. 
The Cauchy problem for the Einstein evolution equations has been discussed in 
Section 2.2. 

With this limitation there are essentially 3 types of results known and all 
of these are small data results. The results are those of Friedrich on the “hy- 
perboloidal Cauchy problem” , of Christodoulou and Klainerman on the nonlinear 
stability of Minkowski space (generalized by Klainerman and Nicolo [111] to ex- 
terior domains) and the work of Andersson and Moncrief [9], on global existence 
to the future for data close to the data for certain spatially compact flat k. = —1 
(local) FRW spacetimes, again a nonlinear stability result. We will briefly discuss 
the main features of these results. 

The causal structure of a Lorentz space is a conformal invariant. This leads 
to the notion that the asymptotic behavior of spacetimes can be studied using 
conformal compactifications or blowup. The notion of isolated system in general 
relativity has been formalized by Penrose in terms of regularity properties of the 
boundary of a conformally related spacetime (M,g), with null boundary J, such 
that M is a completion of M, and g = ^*(0~^^), where Q € C'^(M) is a con- 
formal factor, ^ : M — ^ M is a diffeomorphism of M to the interior of M. Given 
assumptions on the geometry of (M,g) at J, Penrose proved using the Bianchi 
identities that the components of the Weyl tensor of (M,g) decay at physically 
reasonable rates. 

Friedrich derived a first-order symmetric hyperbolic system from the Einstein 
equations, the “regular conformal field equations” . This system includes among its 
unknowns, components of the Weyl tensor, the conformal factor ft and quantities 
derived from the conformally rescaled metric g. This system has the property 
that under the Penrose regularity conditions at J, the solution can be extended 
across 3. The fact that the regular conformal field equations gives a well-posed 
evolution equation in the conformally compactified picture enabled Friedrich to 
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prove small data global existence results by using the stability theorem for quasi- 
linear hyperbolic equations. 

In [69, Theorem 3.5] Friedrich proved global existence to the future for data 
(M, g, k) close to the standard data on a hyperboloid in Minkowski space, satis- 
fying asymptotic regularity conditions compatible with a Penrose type compact- 
ification (the hyperboloidal initial value problem). This was later generalized to 
Maxwell and Yang-Mills matter in [70]. Initial data for the hyperboloidal initial 
value problem were first constructed by Andersson, Chrusciel and Friedrich [6], 
see also [4], [5]. 

The result of Friedrich is a semi-global existence result, in the sense that the 
maximal vacuum Cauchy development D{M) of the data (M,g, k) is proved to be 
geodesically complete and therefore inextendible to the future, but not to the past. 
In fact typically D{M) will be extendible to the past and (M, g^ k) may be thought 
of as a partial Cauchy surface in a larger maximal globally hyperbolic spacetime 
(M, ^), cf. Figure 9. In view of the inextendibility to the future of D(M), the result 
of Friedrich may be viewed as supporting the cosmic censorship conjecture. In the 
case of the Einstein equations with positive cosmological constant, the method of 
Friedrich yields a global existence result for data close to the standard data on 
M == *9^ in deSitter space, cf. [69, Theorem 3.3]. 







Figure 9. The semi-global existence theorem of H. Friedrich 



The first true small data global existence result for the vacuum Einstein equa- 
tions, was proved by D. Christodoulou and S. Klainerman [46]. They proved that 
for data (M, g, k) sufficiently close to standard data on a hyperplane in Minkowski 
space, with appropriate decay at spatial infinity, the MVCD (M,g) is geodesically 
complete and therefore inextendible, cf. Figure 10. The Christodoulou-Klainerman 
global existence theorem therefore supports the cosmic censorship conjecture. 
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Figure 10. The global existence theorem of D. Christodoulou 
and S. Klainerman 



Klainerman and Nicolo [110, 111] have proved a global existence result for data 
(M, g, k) which are close to standard flat Minkowski space data on an exterior re- 
gion M\K, where K <Z M \s compact so that M\ RT = \ Ball, and with weaker 

asymptotic conditions compared to the Christodoulou-Klainerman theorem. The 
result of Klainerman and Nicolo states that for a vacuum data set (M, g, k) which 
is sufficiently close to the standard flat Minkowski data on M \ K, the outgoing 
null geodesics in the causal exterior region D{M\K) are complete and D{M \ K) 
is covered by a double null foliation, with precise control over the asymptotics. 
It should be noted that the KN theorem therefore covers a more general class of 
spacetimes than the Christodoulou-Klainerman theorem and is not strictly a small 
data result. In particular, the maximal Cauchy vacuum development of (M,g,k) 
may be singular for data satisfying the assumptions of the KN theorem, cf. Fig- 
ure 11. If the smallness assumption is extended also to the interior region, the 
Christodoulou-Klainerman theorem is recovered. The Einstein equations are qua- 
dratic in first derivatives, and therefore in 3 + 1 dimensions, one needs something 
like a null condition in order to get sufficient decay for a global existence argu- 
ment. The Einstein equations are not known to satisfy a null condition. However, 
by a detailed construction of approximate Killing fields and approximate confor- 
mal Killing fields, Christodoulou and Klainerman are able to control the behavior 
of components of Bel-Robinson tensors constructed from the Weyl tensor and its 
derivatives, and close a bootstrap argument which gives global existence for suffi- 
ciently small data. As part of this argument, it is necessary to get detailed control 
over the asymptotic behavior of light cones. Christodoulou and Klainerman also 
study the asymptotic behavior of components of the Weyl tensor and are able 
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Figure 11. The exterior global existence theorem of S. Klainer- 
man and F. Nicolo. The figure illustrates a situation which is cov- 
ered by this theorem, with a singularity forming due to a strong 
gravitational field in the interior region I{K) while the exterior 
region D{M\K) has complete outgoing null geodesics reaching J. 



to prove that some, but not all of these have the decay implied by the Penrose 
conditions on 3. 

The question about existence of vacuum asymptotically Minkowskian space- 
times with regular conformal completion, in the sense of Penrose, has been open 
for a long time. Recently, Delay and Chrusciel [51] were able to use a gluing con- 
struction of Corvino and Schoen [59] to construct vacuum spacetimes which are 
exactly Schwarzschild near spatial infinity, and which are close enough to Minkow- 
ski space, so that the global existence result of Friedrich applies to show existence 
of a global 3. Further, Klainerman and Nicolo [112] have been able to show that 
a class of asympotically Euclidean initial data with suitable decay at infinity has 
a Cauchy development where the null components of the Weyl tensor have decay 
corresponding to the peeling conditions of Penrose. 

The work in [6] and [4] shows that generic hyperboloidal data do not satisfy 
the required regularity at the conformal boundary, which therefore may be viewed 
as an indication that Penrose regularity at 3 is non-generic. It is still an open 
question what general conditions on initial data on an asymptotically flat Cauchy 
surface give a Cauchy development with regular conformal completion. H. Friedrich 
has been developing a programme which approaches this problem by analyzing the 
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conformal structure at spatial infinite in detail, see [60] for references on this, and 
see also the paper [162] by Valiente-Kroon, which points out some new obstructions 
to regularity. 

In contrast to the results of Friedrich and Christodoulou-Klainerman-Nicolo, 
the semi-global existence result of Andersson and Moncrief [9] deals with spatially 
compact vacuum spacetimes. 

Let (M, 7 ) be a compact hyperbolic 3-manifold with metric 7 of sectional 
curvature —1. Then the spacetime M = M x R with metric 7 = —dt^ + ^^7 is a 
K, = —1 (local) FRW spacetime. A flat spacetime metric on M defines a geometric 
structure with group 50(3, 1) ix The moduli space of flat spacetimes with 
topology M X R has the same dimension as the moduli space of flat conformal 
structures on M, see [3]. We say that M is rigid if the dimension of the moduli 
space of flat conformal structures on M is zero. This is equivalent to the condition 
that there are no nonzero traceless Codazzi tensors on (M, 7 ). Kapovich [106] has 
constructed examples of rigid compact hyperbolic 3 -manifolds. 

The global existence theorem proved in [9] states that if M is a rigid ma- 
nifold of hyperbolic type, then for a vacuum data set (M, p,A:), sufficiently close 
to the standard data in a spatially compact k = —1 (local) FRW spacetime, the 
MVCD {M,g) is causally geodesically complete in the expanding direction. It is 
a consequence of the singularity theorem of Hawking and Penrose that (M, g) is 
singular, i.e., geodesics in the collapsing direction are incomplete, cf. Figure 12. 




Figure 12 . The semi-global existence theorem of L. Andersson 
and V. Moncrief. 

The proof uses local well-posedness and a continuation principle for the Ein- 
stein equations in constant mean curvature and spatial harmonic coordinates (CM- 
CSH) gauge, cf. Subsection 2.3, together with energy estimates for a first-order 
Bel-Robinson type energy, defined in terms of the Weyl tensor and its covariant 
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derivative w.r.t. T. Let Wabcd be the Weyl tensor and let *Wabcd be its dual. In a 
vacuum spacetime Wabcd = Rabcd- Define Eij = Witjt ^ind Bij = "^WiTjT- Then 
Eij and Bij are the electric and magnetic parts of the Weyl tensor. These fields are 
traceless and symmetric and satisfy a Maxwell-like system. A computation shows 
that the zeroth-order Bel-Robinson energy 

Q = j \Ef + \Bf 

(which measures second derivatives of in L^), satisfies the equation 
dt = -3 [ N[{E X E)-k + {B X B)-k- \{\E\^ + \Bf)tTk 

JMt 

-2N-'^V^NiE AB)i]dnM, 
where for symmetric traceless two-tensors A, B, 

{A X B)ij = ArBmj + Aj^Bmi - ‘^A"^^Bmn9ij 

and 

{AAB), = er^A^Bkn, 

Combining Q with the a term defined analogously in terms of VrWabcd and ex- 
tracting a scale invariant quantity, leads to an energy £, which bounds the Cauchy 
data in x for small data. This energy is shown to satisfy an energy inequality 
of the form 

dt^ < - 2 ^ - 

Using this one may show that if 8 is small initially, then 8 will decrease, as long 
as local existence holds. A continuation principle for the Einstein equations in 
X [10] completes the proof of global existence for small data. 

7. Concluding remarks 

The results and numerical studies so far can be argued to fit with the so-called 
BKL picture of cosmological singularities, which states that the generic singular- 
ity should be space-like, local and oscillatory, see [28] for a review. Roughly, one 
expects that the “points on the singularity” are causally separated and that lo- 
cally at the singularity, the dynamics undergoes a chaotic sequence of curvature 
driven “bounces” interspersed with relatively uneventful “coasting” epochs, with 
Kasner like dynamics (i.e., the metric is, locally in space, approximately of the 
form given in (3.6)). The locality at the singularity, is easily checked for the non- 
vacuum Friedman- Robert son- Walker models of the standard model of cosmology, 
and is the cause of the so-called “horizon problem” in cosmology. Locality at the 
singularity can be proved for Gowdy and polarized U(l). 

The picture with bounces and coasting is to a large extent inspired by the 
Mixmaster model (Bianchi IX, cf. Section 3) which is known to have an oscillatory 
singularity, cf. Theorem 3.1, and the above scenario may therefore be described 
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by the slogan ‘‘generic singularities are spacelike and oscillatory” . By an abuse of 
language we may say that the oscillatory behavior is of “mixmaster type” . 

An approach to understanding the asymptotic dynamics near singularities 
is to attempt to extract, in a systematic way, a dynamical system governing the 
asymptotic behavior of the Einstein equations. A promising approach is based 
on an analysis of the evolution equations written in Hubble-normalized scale-free 
orthonormal frame variables along the lines discussed for the Gowdy system in 
Section 4. The general situation has been discussed in [161]. In this setting the 
Einstein evolution equations appear in first-order form, and the natural version of 
the BKL conjecture is that d\U — ^ 0 in the direction of the singularity, where d\ 
is a scalefree first-order operator analogous to the operator e~^dx for the Gowdy 
system, and U denotes the scale free frame variables. 

If this picture is correct, the asymptotic behavior near the singularity can be 
understood by analyzing the asymptotic behavior of orbits of the system of ODE’s 
that one gets by cancelling the terms containing d\ in the first-order form of the 
Einstein evolution equations. The possibilities that arise have been analyzed in 
[161]. It is now important to understand whether or not this version of the BKL 
conjecture is correct by doing numerical experiments. No complete results in this 
direction have been obtained so far. 

The mixmaster type behavior may be prevented by the presence of certain 
types of matter such as a scalar field (stiff fluid). In fact work by Andersson and 
Rendall [12], shows that the 3 -h 1-dimensional Einstein-scalar field equations may 
be formulated as a Fuchsian system near the singularity, and AVTD solutions may 
be constructed using a singular version of the Cauchy-Kowalevskaya theorem. For 
the polarized U(l) case, the reduced system is 2 + 1-dimensional Einstein-scalar 
field equations. The Fuchsian method has been applied to this special case by 
Isenberg and Moncrief [102]. Damour et al. [61] have given a rather complete study 
of the application of the Fuchsian method to spacetimes of general dimension with 
matter. 

It appears likely that some aspect of the picture sketched above will be rele- 
vant for the final analysis of the large data, global behavior of vacuum spacetimes. 



Appendix A. Basic causality concepts 

Here we introduce the basic causality concepts, see [165, Chapter 8], [24, 84, 132] 
for details. 

A compact manifold M admits a Lorentz metric if and only if its Euler char- 
acteristic x{^) vanishes, while all noncompact manifolds admit Lorentz metrics. 
A vector V G TM is called space-like, null or time-like if g{V, E) > 0, = 0 or < 0 
respectively. V is called causal if it is null or time-like. A curve c C M is called 
time-like (causal) if c is time-like (causal). This extends naturally to continuous 
curves. A hypersurface M C M is called acausal if no causal curve meets M more 
than once, and is called space-like if the normal of M is time-like. 
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Given an acausal closed subset 5 C M, the domain of dependence D{S) is 
the set of points p ^ M such that any inextendible causal curve containing p must 
intersect 5. If 5 C M is a space-like hypersurface and D{S) = M, S is called a 
Cauchy surface in M. If M has a Cauchy surface M is called globally hyperbolic. 
A globally hyperbolic spacetime has a global time function, i.e., a function t on M 
so that Vt is time-like, with the level sets of t being Cauchy surfaces. In particular, 
M = M X R where M is any Cauchy surface. 

M is called time oriented if there is a global time-like vector field on M. A 
globally hyperbolic spacetime is time oriented by the above, and hence it makes 
sense to talk about the future and past domains of dependence J9+(M) and D~ (M) 
of a Cauchy surface M. In a time oriented space time, the chronological future 
of 5 C M is the set of all points reached by future directed time-like curves, 
of nonzero length, starting on 5. The time-like past I~{S) is defined analogously. 
The causal future and past J~^{S) and J~{S) is defined analogously to I^{S) with 
causal curve replacing time-like curve (the causal curve is allowed to be trivial). 

The variational problem for geodesics (w.r.t. Lorentzian length) is well be- 
haved precisely when (M,g) is globally hyperbolic. Let C{p,q) be the set of con- 
tinuous causal curves between p,q ^ M. Then C(p, q) is compact w.r.t. uniform 
convergence for all p,q ^ M, if {M,g) is globally hyperbolic. This makes global 
hyperbolicity a natural assumption in Lorentzian geometry, just as completeness 
is a natural assumption in Riemannian geometry. 

Global hyperbolicity may also be characterized by strong causality and com- 
pactness of C{p,q) for all p,q ^ M, or compactness of J^{p) H J~{q) for all 
p^q G M, see [165, Chapter 8] for details. 

Given a spacetime {M^g) and a space-like hypersurface M C M, the future 
Cauchy horizon is given by H^{M) = D+(M)\/“[Z)+(M)], with the past 

Cauchy horizon H~{M) defined analogously. The set H{M) = i/+(M) U H~{M) 
is called the Cauchy horizon of M. It can be proved that H{M) = dD{M), the 
boundary of D{M). 
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Smoothness at Null Infinity zmd 
the Structure of Initial Data 

Helmut Friedrich 



Abstract. We describe our present understanding of the relations between the 
behavior of asymptotically flat Cauchy data for Einstein’s vacuum fleld equa- 
tions near space-like inflnity and the asymptotic behavior of their evolution 
in time at null inflnity. 



1. Introduction 

There are no doubts any longer that the idea of gravitational radiation refers to a 
real physical phenomenon. Framing, however, a precise underlying mathematical 
concept still poses problems. The work on gravitational radiation by Pirani [62], 
Trautman [69], Sachs [63], [64], Bondi [10], Newman and Penrose [58] and others, 
which was brought in a sense to a conclusion by Penrose [59], [60], is based on 
the idealization of an isolated self- gravitating system. It requires information on 
the long time evolution of gravitational fields which at the time could only be 
guessed. Ten years before these developments Y. Choquet-Bruhat had achieved 
a breakthrough in the mathematical analysis of the local Cauchy problem for 
Einstein’s field equations [11]. However, the technical means to derive the fall-off 
behavior of gravitational fields at far distances and late times from ‘basic principles’ 
were not available in the 1960’s. In the meantime there has been a considerable 
progress in controlling the asymptotic structure of solutions to Einstein’s field 
equations but it is still not quite clear which ‘basic principles’ to assume here. 

In the following we shall report on work which aims at closing various gaps in 
the study of gravitational radiation, the analysis of the Einstein equations, and the 
calculation of wave forms. Sections 2-5 present a fairly detailed discussion of the 
underlying analytical structures and of the recent results which led to the author’s 
present understanding of the situation. To maintain the flow of the arguments, the 
reader is referred for derivations to the original literature. In Sections 6 and 7 will 
be given new results and detailed arguments. 
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Penrose’s proposal to characterize far fields of isolated systems in terms of 
their conformal structure ([59], [60]) has been criticized over the years on several 
grounds; various variations, alternatives, etc. have been proposed (cf. [5], [13], 
[14], [17], [26], [66], [70], [73], and references given therein). Some authors consider 
the smoothness requirements on the conformal boundary as too restrictive and 
suggest generalizations (cf. [17], [70], [73]). Doubts have been raised as to whether 
non-trivial asymptotically simple solutions to the vacuum field equations exist at 
all ([14]) and it has been argued that the smoothness of the conformal boundary 
required in [59] excludes interesting physics ([13]). The wide range of opinions 
on the subject is illustrated by the curious contrast between this emphasis on 
subtleties of the asymptotic smoothness and claims that ‘null infinity is too far 
away for modelling real physics’ (cf. [26], [66]). 

In [26] even the asymptotically flat model is abandoned and replaced by a 
time-like cut model The latter introduces a spatially compact time-like hypersur- 
face T which is chosen in an ad hoc fashion to cut off ‘the system of interest’ from 
the rest of the ambient universe. The idea then is to study the system which has 
thus been ‘isolated’ as an object of its own. 

The usefulness of any such suggestion can only be demonstrated by analyzing 
its mathematical feasibility. This becomes clear when one tries to calculate wave 
forms numerically. Such calculations cannot be based on hand waving or physical 
intuition. The design of an effective numerical computer code requires a precise 
mathematical formulation. 

The analysis of the time-like cut model reduces to a study of the initial 
boundary value problem for Einstein’s field equations in which boundary data are 
prescribed on T and Cauchy data are given on a space-like hypersurface S which 
intersects T in the space-like surface dS. In [42] has been given a fairly complete 
analysis of this problem for Einstein’s vacuum field equations. This study is only 
local in time, but it provides insights into the basic problem. So far, the time-like 
cut model raises many more questions than it appears able to answer. 

How is T to be chosen? Physical considerations may lead to suggestions when 
the system of interest is ‘sufficiently far’ away from other systems. However, there 
is in general no preferred physical or geometrical choice for T. (It is instructive to 
compare this with the anti-de Sitter- type solutions, where the time-like boundary 
J at space-like and null infinity is determined geometrically and the boundary 
data can be prescribed in covariant form (cf. [36]).) 

The boundary must be characterized by some implicit or explicit geometrical 
condition. A natural choice is to prescribe its mean extrinsic curvature. Its evolu- 
tion in time is then defined implicitly by a quasi-linear wave equation which itself 
depends in a non-local way on the data given on S and T (cf. [42]). Long time 
calculations thus require an extra effort to control the regularity of the boundary. 

The gauge is related on the time-like boundary T directly to the evolution 
process. It depends on the (implicit) choice of a time-like unit vector field tangent 
to T. While the data which are prescribed on the space-like hypersurface S allow 
one to analyze the local geometry near S at any desired order, the data which 
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can be prescribed on the boundary T provide very little information on the local 
geometry near T . All this makes it particularly difficult to show that the gauge 
and the constraints are preserved under the evolution in time. 

These properties imply in general a non-covariance of the boundary condi- 
tions and data. Moreover, due to the fact that no causal direction is distinguished 
on T there does not seem to exist a natural ‘no incoming radiation condition’ 
and, in particular, no natural concept of ‘outgoing radiation’. In fact, it appears 
difficult to associate with the initial boundary value problem any ‘simple’ quanti- 
ties which characterize the system and its dynamics and which can be related to 
observational data. 

While the discussion in [42] singles out data which are mathematically ad- 
missible, it is far from clear what should be prescribed on T from the physical 
point of view. The ‘correct’ data induced by the ambient universe will never be 
known. The information fed into ‘the system’ by the data prescribed on T can 
hardly be assessed. In long time calculations it may alter the character of the 
system drastically. 

Because of these difficulties the time-like cut model appears not very promis- 
ing. Nevertheless, it is of interest because of its similarity to the standard ap- 
proach to numerical relativity, where an artificial time-like boundary is introduced 
to render the computational grid finite. It is expected here that the assumption of 
asymptotic flatness together with a judicious choice of the boundary will alleviate 
some of the difficulties pointed out above. 

At present the only satisfactory solution to the gravitational radiation prob- 
lem is based on the assumption of aisymptotical flatness and the most elegant and 
geometrically natural definition of the latter is provided by the idea of the confor- 
mal boundary at null infinity introduced in [59] . While useful physical concepts can 
be associated with a conformal boundary which is sufficiently smooth (cf. [4] , [46] , 
[61] and the references given there), the possible degree of differentiability, which 
encodes the fall-off behavior of the gravitational field, still poses questions. This 
article deals with this particular issue and tries to disentangle its various aspects 
and difficulties. 

Einstein’s field equations admit certain conformal representations which in 
the following will be referred to as conformal field equations. These equations are 
‘regular’ in the sense that they imply in a suitable gauge equations which are 
hyperbolic even at points of null infinity ([28], [29]). This fact has been used to 
show that the smoothness of the conformal boundary is preserved if it is guaranteed 
on the initial slice S of an hyperboloidal initial value problem ([31], [33], cf. also 
[38]). The subsequent analysis of hyperboloidal initial data ([3], [1], [2]) showed 
the existence of a large class of smooth hyperboloidal data for the conformal field 
equations. The construction of such data requires the ‘free data’ to satisfy a finite 
number of conditions at the space-like boundary dS at which the hyperboloidal 
slice S intersects future null infinity . 
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However, the work referred to above also shows the existence of a large class 
of hyperboloidal data which are smooth on \ dS but possess a non-trivial poly- 
homogeneous expansion at i.e., an asymptotic expansion in terms of log-^ x 
where x is a defining function of the boundary dS, which vanishes on dS. Loga- 
rithmic terms can occur as a consequence of the constraint equations even if the 
free data extend smoothly to dS. Recently, it has been shown that certain hy- 
perboloidal data which are polyhomogeneous at dS evolve into solutions to the 
conformal field equations which possess generalized conformal boundaries near the 
initial slice ([18], [57]). While the precise behavior of these solutions near that 
boundary still needs to be analyzed, the result shows that the use of the confor- 
mal field equations and the characterization of the edge of space-time in terms of 
its conformal structure are not restricted to asymptotically regular situations. 

We conclude from these results that in the standard Cauchy problem the field 
equations decide on the degree of smoothness of the conformal boundary at null 
infinity in arbitrarily small neighborhoods of space-like infinity. 

There are other reasons to study the region near space-like infinity. The hy- 
perboloidal initial value problem is intrinsically time-asymmetric. To analyze in 
the same picture incoming radiation, a non-linear scattering process, and outgoing 
radiation, one needs to include space-like infinity (as pointed out already in [60]). 
Also, if the hyperboloidal data are not distinguished by special features as, for in- 
stance, the presence of a trapped surface, it is not clear which part of the imagined 
space- time is covered by their evolution. They could represent a hypersurface close 
to time-like infinity or close to a Cauchy hypersurface (a difficulty shared with the 
characteristic initial value problem and the initial boundary value problem). 

This should not obscure the fact that numerical calculations of space-times 
from hyperboloidal data allow one to determine wave forms for many ‘realistic’ 
physical processes. So far the only semi-global calculations of space-times, includ- 
ing their radiation fields at null infinity, are bsised on hyperboloidal and charac- 
teristic initial value problems (cf. [27], [52], [53], and the article by L. Lehner and 
O. Reula, this volume). 

We are thus left with the following task: (i) characterize the data which evolve 
near space-like infinity into solutions of prescribed smoothness at null infinity, (ii) 
analyze for which of these data physical concepts and requirements (linear and 
angular momentum at space-like and null infinity, reduction of the asymptotic 
gauge (BMS) group to a Poincare group, . . . ) can be meaningfully introduced and 
a satisfactory physical picture can be established. 

The first step is technically the most difficult one. It requires us to control 
under fairly general assumptions the effect of the quasi-linear, gauge hyperbolic 
field equations over infinite regions of space- time. Moreover, the asymptotic be- 
havior of the solutions has to be determined with a precision which excludes any 
further refinement. 

Once this step has been taken, many considerations of the second step will re- 
duce to straightforward, though possibly quite lengthy, calculations. Nevertheless, 
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the second step is of crucial importance. At this stage one has to observe that the 
notion of asymptotic fiatness is not part of the general theory; it is an idealiza- 
tion which is chosen to serve a purpose. While it is suggested to us by important 
solutions such as those of the Kerr family, it is far from being determined by 
the equations alone. There remains a large freedom to decide on the asymptotic 
behavior of the fields. 

To make one’s choice, one needs to know the mathematical options and has to 
decide on the physical questions to be answered. A theorem which characterizes the 
most general Cauchy data on S = for which the maximal globally hyperbolic 
Einstein development is null geodesically complete and for which the Riemann 
tensor goes to zero at (null) infinity would be mathematically quite an achievement 
but, by itself, insufficient from the point of view of physics. 

We are not interested here in discussing ‘observations’ in asymptotically flat 
solutions which refer to the roughness of the asymptotic structure as, for instance, 
in [70]. We rather wish to understand whether (i) the solution models a ‘system 
of physical interest’ and (ii) its far field and asymptotic structure allow one to 
extract information on the system which characterizes its physical nature and can 
be related to observational data. 

This task is neither easy nor well defined. The studies of the last 40 years 
provide some understanding of the situations one may expect to observe (collapse 
to a black hole, mergers of black holes, . . .). By exploring, however, the questions 
above in a general setting, new phenomena may be encountered (cf. [12], [49] for 
an example). But given that the interior is understood to some degree, what do 
we do about (ii)? 

Recent results on the constraint equations exhibit possibilities to modify 
asymptotically flat vacuum data ‘far out’ without affecting the interior. The data 
can be made to agree near space-like infinity with exact Schwarzschild or Kerr 
data ([20], [21]), with even more general static resp. stationary data, or with data 
which are only asymptotically static resp. stationary ([16]) (cf. also the discussion 
in the article by R. Bartnik and J. Isenberg, this volume, for other techniques of 
modifying or extending solutions to the constraints). 

These results have been used to settle a question which has been open for a 
long time. Since data which are static or stationary near space-like infinity evolve 
into solutions which possess a smooth conformal boundary at null infinity (cf. [23]), 
these solutions contain smooth hyperboloidal hypersurfaces. Recently P. Chrusciel 
and E. Delay have shown the existence of families of Cauchy data on which are 
static outside a fixed radius and have members of arbitrarily small ADM-mass. The 
corresponding solutions contain hyperboloidal hypersurfaces to which the results 
of [33] apply. This demonstrates the existence of non-trivial asymptotically simple 
solutions to Einstein’s vacuum field equations with prescribed smoothness of the 
asymptotic structure ([15]). 

More recently S. Klainerman and F. Nicolo revisited their work in [55] and 
showed ( [56] ) that their solutions will have the Sachs peeling property ( [63] , [64] ) if 
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the data are subject to certain asymptotic conditions. However, the class of data 
which meet these requirements still needs further analysis. 

The new flexibility in constructing asymptotically flat initial data also al- 
lows one to illustrate some difficulties of the asymptotically flat space- time model. 
Let (<S, d) denote the initial data where S is the hypersurface considered in our 
discussion of the time-like cut model and d indicates the fields induced on S by 
the cosmological model. Suppose that {S' , d') is an asymptotically flat initial data 
set for which there exists an embedding (j) : S S' such that the push forward 
of d by (/> is in a suitable sense ‘close’ to d' on (j){S). The evolution in time of 
the data {S',d') can then be considered in some neighborhood of 0(<S) as a good 
approximation of the evolution of d in the cosmological model. 

If the set S is chosen large enough and close to the region where the system is 
undergoing a wave generation process, the main part of the wave signal will reach 
null infinity at a finite retarded time. The fact that for very late times the data 
on S' \ (l>{S) will create a deviation of our solution from the cosmological one is 
likely to be irrelevant in many interesting situations. Prom a pragmatical point of 
view it may be considered the main purpose of the asymptotically fiat space-time 
extension beyond the domain of dependence of (f>{S) to allow perturbations of the 
gravitational field generated near 0(5) to unfold into a clean wave signal which 
can be read off at null infinity. 

Since changes near space-like infinity affect the field, however weakly, at all 
later times, they may have an important effect in the case of black hole solutions. 
One may envisage the collapse of pure gravitational radiation to a black hole as 
being modelled by vacuum solutions which arise from smooth asymptotically fiat 
data on admit smooth, complete (cf. [47]) conformal boundaries and pos- 
sess future event horizons while all past directed null geodesics require endpoints 
on At present nothing is known about such solutions and they may not exist. 
Is it conceivable then that there exist solutions which show all the (suitably gen- 
eralized) features listed above but have a rough conformal boundary? Could such 
boundaries allow for a ‘higher radiation content’? If that were the case the re- 
striction to smooth conformal boundaries might preclude the discussion of certain 
interesting physical phenomena. 

Clearly, the large freedom in constructing asymptotically flat extensions 
should neither be used to import irrelevant information into the system nor to sup- 
press important features. The replacement of an extension by one which is strictly 
Kerr (say) near space-like infinity introduces a transition zone on the initial hy- 
persurface which mediates between the given and the Kerr data. The resulting 
‘wrinkles’ in the solution are recorded in the radiation field at null infinity. Is this 
information physically insignificant or does it indicate that something important 
has been ironed out by forming the new extension? 

This question points again to the need of understanding the detailed behav- 
ior of the fields near space-like infinity. In the standard conformal representation 
space- like infinity with respect to the solution space-time is represented by a point, 
usually denoted by With respect to an asymptotically flat Cauchy hypersur- 




Smoothness at Null Infinity and the Structure of Initial Data 



127 



face S space-like infinity is then also represented by a point, denoted by z, which 
becomes under conformal compactification a point in the extended 3-manifold 
5 = U {z}. Unfortunately, if rriADM ^ 0 the conformal initial data are strongly 
singular at z. This is the basic stumbling block for analyzing the field near space- 
like infinity in terms of the standard conformal rescaling. 

The constraint equations on the Cauchy hypersurface S impose only weak 
restrictions on the asymptotic behavior of the data near space-like infinity. It is 
easy to construct data which at higher orders will become quite Tough’ near z and 
which can be expected to affect the smoothness of the fields near null infinity in a 
physically meaningless way. Thus one will have to make a reasonable choice and 
find a class of data which allows one to perform a sufficiently detailed analysis 
of their evolution in time while still being sufficiently general to recognize basic 
features of the asymptotic behavior at null infinity. 

In the following it is assumed that the data on S represent a space-like slice 
of time reflection symmetry, so that the second fundamental form vanishes, and 
that their conformal structure, represented by a conformal 3- metric /z on <S, ex- 
tends smoothly to the point z. Only these conditions will be used in the following 
discussion, no a priori assumptions on the evolution in time will be made. We note 
that the assumptions are made to simplify the calculations, there exists a large 
space for generalizations. 

Somewhat unexpectedly, the attempt to analyze for data as described above 
the evolution near space-like infinity z in the context of the conformal field equa- 
tions led to a finite regularization of the singularity at space-like infinity ([37]). 

In a certain conformal scaling of the conformal initial data the choice of the 
frame and the coordinates is combined with a blow-up of the point z to a sphere iP 
such that the initial data and the gauge of the evolution system become smoothly 
extendable to 2^ in a different conformal scaling. Moreover, the general conformal 
field equations imply in that scaling a system of hyperbolic reduced equations which 
also extends smoothly to (Section 5.5). This allows one to define a regular finite 
initial value problem at space-like infinity. 

Under the evolution defined by the extended reduced system the set X^ 
evolves into a set X =] — 1,1 [xX^, which represents a boundary of the physi- 
cal space-time. This cylinder at space-like infinity is defined solely in terms of 
conformal geometry and the general conformal field equations. 

In the given coordinates, the sets which represent near space-like infinity 
the conformal boundary at null infinity are at a finite location. They Touch’ the 
set X at certain critical sets X^ = which can be regarded as the two 

components of the boundary of X and, simultaneously, as boundaries of . Due 
to the peculiarities of the construction the solution is determined on the closure 
X = X\J X~ U ^ [—1^1] 'xXfi of 2 uniquely by the data on S and there is no 
freedom to prescribe boundary data on 2. 

This setting discloses the structure which decides on the asymptotic smooth- 
ness of the fields. At the critical sets 2^ occurs a break-down of the hyperbolicity of 
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the reduced equations. As explained in Section 5.3, a subtle interplay of this degen- 
eracy with the structure of the initial data near 2^, which is mediated by certain 
transport equations on 2, turns out critical for the smoothness of the conformal 
structure at null infinity. This peculiar situation is not suggested by general PDF 
theory, it is a specific feature of Einstein’s theory, the geometric nature of the field 
equations, and general properties of conformal structures. 

The transport equations, which are linear hyperbolic equations interior to 2, 
allow one to calculate the coefficients u^ of the Taylor series of the solution at 2 
from data implied on 2^ by the Cauchy data on S (cf. 5.82). Near 2^ this series 
can be interpreted as an asymptotic expansion. The coefficients u^ are smooth 
functions on 2 which can be calculated order by order by following an algorithmic 
procedure. 

It turns out that the coefficients u^ develop in general logarithmic singulari- 
ties at the critical sets 2^. This behavior foreshadows a possible non-smoothness 
of the conformal structure at null infinity. In the linearized setting it follows that 
the logarithmic singularities are transported along the generators of null infinity 
( [39] ) . In the non-linear case their effect on the conformal structure at null infinity 
is not under control yet, however, the solutions are unlikely to be better behaved 
than in the linear case. 

The evidence obtained so far suggests cases which range from conformal 
structures of high differentiability to ones with low smoothness at null infinity. 
The non-smoothness may take the form of polylogarithmic expansions in terms of 
expressions c(l — r)^ log-^ (1 — r). Here r is a coordinate with r 1 from below 
on the coefficients c = c{p,t) are smooth functions of a coordinate p along 
the null generators and suitable angular coordinates t on the set of null generators 
of , and /c, j are non- negative integers. If k is small enough Sachs peeling fails 
and Penrose compactification results in weak differentiability. 

Can one ‘loose physics’ if one insists on extensions which are smooth at null 
infinity? This certainly would be true if the coefficients c would encode important 
physical information. The discussion of the regularity conditions in Section 5.5 
suggests that at low orders the coefficients are determined by the data in an arbi- 
trarily small neighborhood of space-like infinity. By the results on the constraints 
referred to above these data seem to be rather arbitrary, only weakly related to ‘the 
system’ characterized by the data on <S, and thus of little relevance. As described 
in the following the situation is more complicated at higher orders, depends then 
in a more subtle way on the non-linearity of the equations, and requires further 
study. 

Since the coefficients u^ can be calculated at arbitrary orders, we expect that 
this analysis will also allow us to describe in detail the relations between physical 
concepts defined at space-like infinity and concepts defined on null infinity (ADM 
resp. Bondi linear and angular momentum, etc.). The behavior of the fields at the 
sets 2^ is also critical for the possibility to reduce the BMS group to the Poincare 
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group (cf. [41]). Thus, the precise understanding of the behavior of the fields near 
the critical sets should provide us with a rather complete physical picture. 

Eventually one would like to make statements on the smoothness of the so- 
lution space-time at null infinity in terms of properties of the initial data. Thus 
one needs to control how the behavior of the asymptotic expansion at the critical 
sets depends on the structure of the initial data and to derive regularity conditions 
on the initial data which are necessary and sufficient for the smoothness of the 
coefficients at the critical sets. 

The information on the coefficients which is available so far has been used to 
derive conditions which are necessary for the regularity ([37]). The derivation of 
the complete condition is still difficult because of the algebraic complexities of the 
calculations involved. 

Recently J. A. Valiente Kroon obtained with the help of an algebraic computer 
program complete and explicit expressions at higher order which are pointing at 
the possibility that asymptotic staticity (or, if the time reflection symmetry is 
dropped, asymptotic stationarity) may play a decisive role in deriving sufficient 
regularity conditions ([71], [72]). 

We are thus led to revisit the static vacuum solutions (Sections 4.2, 6 and 7). 
Because of the loss of hyperbolicity of the conformal field equations at , it is not 
clear whether the smoothness of the conformal structure at null infinity observed 
for static and stationary vacuum solution can be understood as resulting from the 
possible regularity of the extended solutions at the critical sets. We show that for 
static solutions our setting is smooth, in fact real analytic, in a neighborhood of 
the set X~ U Z U Z“^ . 

This narrows down the range in which the final regularity condition is to 
be found. We know that asymptotic staticity is sufficient and that the conditions 
found in [37], which are implied by asymptotic staticity, are necessary for the 
regularity of the asymptotic expansion on Z. There is still the possibility that the 
final condition ‘ fizzles out’ and depends on the specific data but we expect to 
arrive at the end at a definite, geometric condition. 

To assess how restrictive such conditions would be, it is instructive to consider 
the results by Chrusciel and Delay in [16]. They allow us to conclude that there 
exist large classes of solutions to the constraints, which are essentially arbitrary 
on given compact subsets of the initial hypersurface whose evolutions in time 
admit asymptotic expansions at Z^ with coefficients which extend smoothly to 
the critical sets Z^ up to a given or at all orders. 

So far we ignored a question which is of central importance for gravitational 
wave astronomy: can the replacement of an asymptotically flat extension by an- 
other one result in a drastic change of the wave signal at null infinity? If that were 
the case, it would be hard to see how specific physical processes could be identified 
in the wave forms calculated at 

There should be characteristics of wave signals which are specific to The 
system’ and which are stable under changes of the asymptotically flat extension 
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if these extensions are restricted to ‘reasonable’ classes. This problem should be 
amenable to analytical and numerical investigations and we expect our analysis to 
contribute to its solution. In fact, it appears that with the regularity conditions 
mentioned above the field equations themselves hint at a first ‘reasonable’ class of 
asymptotically flat extensions. 



2. Conformal field equations 

Our analysis of the gravitational field near space-like and null infinity relies on 
a certain conformal representation of Einstein’s vacuum field equations referred 
to as the general conformal field equations. We give a short introduction to these 
equations and point out various facts about the equations and the underlying 
mathematical structures which will be important in the following. For derivations, 
detailed arguments, and further background material such as the theory of normal 
conformal Cartan connections, which is the natural home of many of the concepts 
used in the following, we refer the reader to the original article [36] and the survey 
article [38]. 

The aim is to discuss a solution {M,g) to Einsteins vacuum field equation 

i^M-[^]=0, (2.1) 

in terms of a suitably chosen conformal factor 0 and the conformal metric g = 
0^ g. Denoting by V the Levi-Civita connection of g, the transformation law of 
the Ricci tensor under the conformal rescaling above takes in four dimensions the 
form 

R.M = R,^p[9\ - I V. Vp 0 - g,p (I Va 0 - ^ Va 0 0^ . (2.2) 

If 0 is considered here as being given, equation (2.1) implies with (2.2) an equation 
for g with a similar principal part as (2.1). 

As explained in the next section, we will mainly be interested in the behavior 
of the field in space-time domains where 0^0. Because the right-hand side of 
(2.2) is formally singular in this limit, an abstract discussion of the solutions near 
the sets {0 = 0} becomes very delicate. It will be seen, however, that under suit- 
able assumptions on the initial data for the field and with an appropriate behavior 
of the conformal factor the right-hand side of (2.2) can attain smooth limits. This 
result is obtained by a more sophisticated use of the behavior of the fields and the 
equations under transformations which preserve the conformal structure. 

2.1. The general conformal field equations 

In [28] , [29] has been obtained a system of equations which is regular in the sense 
that there occur no factors 0“^ on the right-hand sides or factors 0 in the principal 
part of the equations. Its unknowns are 0, g, and fields derived from them such as 
the rescaled conformal Weyl tensor jki = 0”^ C'^ jkh These have been used to 
derive various results about the asymptotic behavior of solutions to the Einstein 
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equations. The specific behavior of the conformal fields near space-like infinity 
discussed in the next sections asks, however, for a particularly careful analysis 
of the equations and the gauge conditions. It turns out that this is considerably 
simplified by making use of the full freedom offered by conformal structures. 

A Weyl connection for the conformal structure defined by ^ is a torsion free 
connection V which satisfies 



Vp = -2 fp 9pu, (2.3) 

with some 1 -form fp. It is distinguished by the fact that it preserves the conformal 
structure of g (and thus of g). If a frame {eA;}fc=o,i, 2,3 is conformal at a given 
point p in the sense that it satisfies there g{ej,ek) = rjjk with some A > 0 and 
T]jk = diag ( 1 ,- 1 ,— 1 ,- 1 ), then it satisfies such a relation with a point dependent 
function A along a given curve 7 through p if it is parallely transported along 
7 with respect to the connection V. In particular, if the 1 -form fp is closed the 
connection V is locally the Levi-Civita connection of a metric in the conformal 
class. 

Assuming under g ^ g = g the transformation law 

/p^/p = /p-0“'Vp0, 

the defining property (2.3) is expressed in terms of the metric g equivalently by 
= ~"^fp9pi' where V denotes the Levi-Civita connection of g. It follows 
from (2.3) that the connection V defines with the connection V the difference 
tensor V — V = *?(/) given by the specific expression 

S{f)p + gp^ h. (2.4) 



This, in turn, can be used to specify V in terms of V and the 1 -form fp. The three 
connections are related by 

V-V = S'(/), V- V = 5(0“^rf0), V-V = S{f). (2.5) 

Important for us will also be the 1-form 

d^=0/^ = 0/^ + V^0. (2.6) 



The decomposition 



.xp = 2 {gP [A - g.[x Lp] P} + CP ,Ap, (2.7) 



of the curvature tensor of V in terms of the trace free conformal Weyl tensor 
i^Xp and the Schouten tensor 



Lpu — 2 



12 



R9^ 






( 2 . 8 ) 



which carries the information about the Ricci tensor Rpi, = Rp pp^, has an analogue 
for V which taJces the form 



R^ fXp = 2 {gP [A Lp]u - g^ V i[Ap) - 9v\\ Lp] + CP i/Ap, 



(2.9) 
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where 111 

~ 2 ~ 4 ~ Y 2 (2.10) 

contains the information about the Ricci tensor ^pu and the Ricci scalar 

R z= Rpiy. The tensors (2.8) and (2.10) are related by 

Vju ft.- fnU + ^ f\ - Lf,^. (2.11) 

To take care of the specific direction dependence of the various fields near 
space-like infinity it is convenient to express the conformal field equations in terms 
of a suitably chosen orthonormal frame field. Let {efc}fc=o,i, 2,3 be ^ frame field 
satisfying gik = g{ei,ek) = gik, denote by Vfc and Vk the covariant derivative with 
respect to V and V in the direction of and define the connection coefficients 
Ti^ k and k of V and V in this frame field by V^e/e = k ^k and V^e/c = 
f i J fe Cfc respectively. Then f i ^ fc = k + i fk + 5^ k fi - 9ik 9^'' fi with fk = 

k, where k = < dx^ , ek > denote the frame coefficients with respect to an 
as yet unspecified coordinate system (jl = 0,1,2,3. We note that /^ = 1 ^ /e 

because Ti^ k Qji + / gjk = 0. 

If all tensor fields (except the ek) are expressed in terms of the frame field 
and the corresponding connection coefficients, the conformal field equations used 
in the following are written as equations for the unknown 

u—{e^k, k, Ljk, W jki), ( 2 . 12 ) 

and are given by 

[ep,Cq] = (fp', - fq'p)e;, (2.13) 

ep(L S) - e,(fp S) - ffe * ,(fp % _ f / p) + f / fef / , - f / fefp '= (2.14) 

~ 2 {5 [p ~ 9 j -^[pg] “■ 9j\p ^g] } + © W jpq, 

Vp Lqj - Vq Lpj = di IT* jpq, (2-15) 

^iW^jki=0. (2.16) 

The square brackets in the first equation denote the commutator of vector 
fields. The connection V, which appears in the last equation, can be expressed 
by the relations given above in terms of V and fk. The last equation, referred to 
in the following as the Bianchi equation^ is in a sense the core of the system. It 
is obtained from the contracted vacuum Bianchi identity ^Xp = 0 by using 

the specific conformal identity y\p = (fl“^ uXp). The first three 

equations are then essentially the structural equations of the theory of normal 
conformal Cart an connections. 

No equations are given so far for the fields 0 and = 0/^ + Vfc0- They 
reflect the conformal gauge freedom artificially introduced here into Einstein’s field 
equations. These fields cannot be prescribed quite arbitrarily. For solution for 
which the limit 0 ^ 0 is meaningful the latter should imply dk Vfc0. 
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The theory of normal conformal Cartan connections associates with each 
conformal structure a distinguished class of curves which provides a useful way of 
dealing with the gauge freedom. A conformal geodesic for (M,g) is a curve x(r) 
in M which solves, together with a 1-form / = /(r) along it, the system of ODE’s 

{Vi±r + S{f)x%x^±P =0, (2.17) 

(Vi/). S(f)x = La. (2.18) 

where S(f) and L are given by (2.4) and (2.8) with g replaced by g. For any given 
metric in the conformal class there are more conformal geodesics than metric 
geodesics because for given initial data x* G M, G G there 

exists a unique solution x(r), /(r) to (2.17), (2.18) near satisfying for given 
G M 

x(n)=x*, x(n) = x^, f{r^) = f^. (2.19) 

The sign of g{x, x) is preserved near x* but not its modulus. 

Conformal geodesics admit, unlike metric geodesics, general fractional linear 
maps as parameter transformations. They are conformal invariants. Denote by b 
a smooth 1-form field. Then, if x(r), /(r) solve the conformal geodesics equations 
(2.17), (2.18), the pair x(r), f{T) — b\x(r) solves the same equations with V replaced 
by the connection V = V + 5'(6) and L by L, i.e., the curve x(r), and in particular 
its parameter r, are independent of the Weyl connection in the conformal class 
which is used to write the equations (cf. [40]). 

Let there be given a smooth congruence of conformal geodesics which covers 
an open set U of M such that the associated 1-forms / define a smooth field on 

U. Denote by V the torsion free connection on U which has with the connection 
V difference tensor V — V = S{f) and denote by L the tensor (2.10) derived from 

V. Comparing with (2.11), we find that equations (2.17), (2.18) can be written 

VxX = 0, L\uX^=f). (2.20) 

Let e/e be a frame field satisfying along the congruence 

Vi €k = y±€k + if, ek)x + (/, x)ek - g(x, ek)g’^{f, . ) = 0. (2.21) 

Suppose that is a hypersurface which is transverse to the congruence, meets 
each of the curves exactly once, and on which g{ci, Ck) = &lvik with some function 
0^ > 0. It follows that g{ei^Ck) = Vik on U with a function 0 which satisfies 

Vec0-e(x,/), 0U-0*- (2.22) 

The observations above allow us to construct a special gauge for the conformal 
equations. Let S he a, space-like hypersurface in the given vacuum solution (M, g). 
We choose on <S a positive ‘conformal factor’ 0^c, a frame field e/^*, and a 1-form 
/* such that &lg{ei^,ek^) = rjik and eo* is orthogonal to S. Then there exists 
through each point x* G a unique conformal geodesic (x(r), /(r)) with r = 0 on 
S which satisfies there the initial conditions x = eo*, f = f^^ 
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If all data are smooth these curves define in some neighborhood U of S a. 
smooth caustic free congruence which covers U. Furthermore, / defines a smooth 
1-form on U which supplies a Weyl connection V as described above. A smooth 
frame field ek and the related conformal factor 0 are then obtained on U by 
solving (2.21), (2.22) for given initial data = e/c*, 0 = 0* on S. The frame 
field is orthonormal for the metric g = g. Dragging along local coordinates , 
a — 1, 2,3, on S with the congruence and setting = r we obtain a coordinate 
system. This gauge is characterized on U by the explicit gauge conditions 

X = eo = dr-, k = 0, Lok — 0. (2.23) 

Coordinates, a frame field, and a conformal factor as above are said to define a 
conformal Gauss gauge. Since metric Gauss systems are well known to quickly 
develop caustics, it may be mentioned that conformal Gauss systems can cover 
large space-time domains in a regular fashion (cf. [40]). 

To obtain a closed system for all the fields entering equations (2.13)-(2.16), 
we could now supplement the latter by equations which are implied for the fields 
0 and dk in a conformal Gauss gauge. It turns out that such a gauge implies quite 
simple ordinary differential equations along the conformal geodesics defining the 
gauge, it holds in fact 

do = 0, © = do, da = 0, a = 1, 2, 3, 

where the dot denotes differentiation with respect to the parameter r. 

Thus, the fields 0 and dk given by a conformal Gauss can be determined 
in our situation explicitly ([36]): If g is a solution to Einstein’s vacuum equations 
(2.1), the fields 0 and dk are given by the explicit expressions 

0 = 0* ^1 +r(/,i)* + y 02 (j^g{x,x)f g\f,f)^^ (2.24) 

= 0, (l + r (/, ir), + ~ (gHf, /)) ^ . 

do-0, d„ = 0*(/*, ea*), a= 1,2,3, (2.25) 

where g^ denotes the contravariant version of g and the quantities with a subscript 
star are considered as constant along the conformal geodesics and given by their 
values on S. 

Assuming for © and dk the expressions (2.24) and (2.25), equations (2.13)- 
(2.16) provide a complete system for u. In spite of the fact that we use a special 
gauge, we refer to this system as the general conformal field equations to indicate 
that they employ the full gauge freedom preserving conformal structures. 

Equally important for us are the facts that the expression (2.24) offers the 
possibility to control in a conformal Gauss gauge the location of the set where 
0 0 and that (2.24), (2.25) imply with the relation dk = 0/fc + Vfc0 in 

sufficiently regular situations that 

Vfc0V^0^O as 0^0. 



(2.26) 
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2.2. Spinor version of the general conformal field equations 



Writing the conformal equations in the spin frame formalism leads to various al- 
gebraic simplifications. We introduce here only the basic notions of this formalism 
and refer the reader to [61] for a comprehensive introduction. It should be noted, 
however, that our notation does not completely agree with that of [61]. In partic- 
ular, if a specific frame field is used it will always be pointed out in the text but 
not be indicated by gothic indices. 

Starting with the orthonormal frame introduced above we define null frame 
vector fields caa' — a A' with constant van der Waerden symbols AA' 
(here and in the following indices A,B ,. . ., A' , B ' , . . . take values 0 and 1 and the 
summation rule is assumed) such that 



^00' \/2 ^ 3 )? ^11' \/2 



^01' — {ei — i 62 ), 



eio' 



1 



es), 

(ei -h i 62 ). 



Then cgo', are real and eoi', eio' are complex (conjugate) null vector fields and 
their scalar products are given by g{eAA',ecc') = ^ac ^A'C' where ^A'C', 



^A'C' 



denote the anti-symmetric spinor fields with eoi 



^ _ ^01 _ ^O'l' 

eo'l' — e — € 



1 . 



The latter are also used to raise and lower spinor indices according to the rules 
Xb and Xb = X^ €ab so that ca^ = ^ac denotes the Kronecker 
spinor (similar rules hold for primed indices). 

If connection coefficients T aa' cc> are defined by writing Ve^^, ecc = 

Taa'^^ cc'^bb'^ the spinor connection coefficients are given by Taa'^c = 
h ^AA' CE' and one has 



BB' 



Here it is observed, as usual, that the relative order of primed and unprimed indices 
is irrelevant and that under complex conjugation primed indices are converted into 
unprimed indices and vice versa. Covariant derivatives of spinor fields are now 
given by similar rules as in the case of the standard frame formalism. Writing 
Vaa' for we have, e.g., for a spinor field X^ b 

X dD' X^ B^ = ^DD'{X^ B^ ) DD' ^ F X^ B^ 

DD' B ^ F + t DD' F' ^ B 

We have similar rules for the connection V and its associated connection coeffi- 
cients T aa'bc and it holds 



^CC'AB — ^CC'BA, t^CC'AB = ^CC'AB ~ €aC /bC', (2.27) 

so that Tcc' ^ F — fcc' gives the 1-form relating the connection V to V. 

The general conformal field equations are now written as equations for the 
unknowns 

^AA', t^AA'BC, QaA'BB', (j>ABCD> (2.28) 
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Here Qaa'bb' is the spinor representation of the tensor field Lkj- It admits a 
decomposition of the form 

&AA'BB' = ^AA'BB' “ ^ ^ ^A'B' + ^AB ^A'B' + ^ A' B' ^AB, 

where ^aa'bb' = ^bb'AA' = ^aa'bb' represents the trace-free part of the tensor 
\ R{jk) provided by V while R = Rjk is the Ricci scalar and the last two terms, 
with ^ab = ^{ab)j represent the anti-symmetric tensor ^ R^jj^y The symmetric 
spinor field (f)ABCD = ^{abcd) represents the rescaled conformal Weyl tensor and 
is related to the latter by 

WaA'BB'CC'DD' = —(j^ABCD ^A'B' ^C'D' ~ (t>A'B'C'D' ^AB ^CD- 

The general conformal field equations in the order (2.13), (2.14), (2.15), (2.16) now 
take the form 

[eBB'.ecC'] = i^BB' CC'—^CC'^^ BB')^AA>, (2.29) 

^cc'ipDD' ^ b) — eoD'i^cc' ^ b) (2.30) 

■p F B -F A -p F' P a 

— i CC' D i FD' B + k dD' C t FC' B ~ ^ CC' D ' t DF' B 

I P F' F B P Ap F 

-rl DD' C'^CF' B + 1 CC' F^DD' B — k dD' F 1 CC' B 
= —QbD'CC' ^ + QbC'DD' Cc + 0 BCD ^C'DC 
BB'&CC'AA' — AA'QcC'BB' = {4^EABC^E'C'^A'B' + ^E' A' B'C'^EC^Ab), 

(2.31) 

A'(t>ABCF = 0, (2.32) 

with the fields 0, as given above. The simple form (2.32) of the spinor version 
of the Bianchi equation will be useful for us. 

2.3. The reduced conformal field equations 

The conformal Gauss gauge is not only distinguished by the fact that it is provided 
by the conformal structure itself and supplies explicit information on 0 and djt, 
but also by a remarkable simplicity of the resulting evolution equations. Setting 
p = 0 in (2.13)-(2.16) and observing the gauge conditions (2.23) we obtain 

^re^^g = -tq^oe^l, (2.33) 

dr Tq ' j * jTq^ 0 + g'’ 0 Lqj + gf* j LqQ — Qjf) Lg * + 0 jOq, (2.34) 

dr Lqj + f g 0 Lkj = d, jOq , (2.35) 

ViW^jki=0. 

While the first three equations are then ordinary differential equations along 
the conformal geodesics, we still have to deduce a suitable evolution system from 
the last equation. The Bianchi equation represents an overdetermined system of 
16 equations for the 10 independent components of the rescaled conformal Weyl 
tensor. It implies a system of wave equations for jki which could be used as the 
evolution system. For the application studied in this article it turns out important, 
however, to use the first order system. 
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There are various ways of extracting from the Bianchi equations symmetric 
hyperbolic evolution systems but these are most easily found in the spin frame 
formalism. With the spinor field = eo ^o' ^ ^ the gauge conditions 

(2.23) can be written 

6aa' = V2dr, T AA' ^ c = 0, @aa'bb' = 0. (2.36) 

Observing taa' = ^A ^ a.nd its complex conjugate version, one obtains from 
(2.27) and (2.36) the relation Tcc'AB = ~ta Ibc' and thus 

^CC'AB=^CC'AB—^AC'^^^ ^DD'EBT^CA (2.37) 

which shows with (2.27) that Tcc'AB can be expressed in our gauge in terms of 
^cc'AB and vice versa. 

Transvecting equations (2.29), (2.30), (2.31) suitably with thus gives 

the system of ODE’s 

y/2d^ cc' = —^cc' bb'T^^ aaa (2.38) 

V2dr toD' ^ B T {t'DD' ^ C ^ FC' ^ B + dD' ^ C' TcF' ^ b) (2.39) 

= &BC'DD'T^^ + Q BCD'^^ D' , 

V2dr OcC'AA' + i^AA' ^ B QcC'FB' + ^ AA' ^ B' &CC'BF')t^^ (2.40) 

— {(/>FABC^F'C'T^ A' + ^F'A'B'C'^FC^A ^ )• 

We set now Aabca' = A'^PabcF’ Equation (2.32) is then equivalent to 
0 = Aabcd = Aabca'^d"^ • On the other hand we have the decomposition 
Aabcd = A^abcd) - f ^D{C Aab)f ^ with irreducible parts 

A(^abcd) = —2 (I^abc)f) ^ Aabf^ <Pabff, 

(2.41) 

where P = ^ aa' = Veo and Vab = '^{a ^b)A' denote covariant direc- 

tional derivative operators such that T>oo = — Voi', Vii = Vio', and T>oi = ^lo = 
^ Veg, (cf. [35], [36] for more details of the underlying space-spinor formalism). 

In a Cauchy problem one will in general assume eo to be the future directed 
normal to the initial hypersurface S. The operators Vab then involve only differ- 
entiation in directions tangent to S and the equations Aabf^ = 0 are interior 
equations on S. They represent the six real constraint equations implied on S by 
the Bianchi equation. 

For a symmetric spinor field 'ipAi...Ak we define its (independent) essential 
components by = '4^{Ai...Ak)ji where 0 < j < /c and the brackets with subscript 
j indicate that j of the indices in the brackets are set equal to 1 while the others 
are set equal to 0. 

The five equations A(^abcd) = 0 for the components of (pABCO contain the 
operator P. Multiplying by suitable binomial coefficients (and considering the 
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frame and connection coefficients as given), we find that the system 

-{a + bIc + d) (2.42) 

has the following properties. If (j) denotes the transpose of the C^-valued ‘vector’ 
5 01? 02? 03? 04) 7 h takes the form 

A^a^0 = ^(x,0), 

with a C^- valued function i/(x, 0) and 5 x 5-matrix- valued functions which are 
hermitian, i.e., ^ and for which there exists at each point a covector 
such that is positive definite. The system (2.42) is thus symmetric hyperbolic 
([44], see also [43] and the references given there). 

While the constraints implied on a given space-like hypersurface are deter- 
mined uniquely, there is a large freedom to select useful evolution systems. In fact, 
any system of the form 

0 = 2 a Aoooi' ? 

0 = {c — d) Aooi 1' — 2 a Aoooo' ? 

0 = (c + d) Aoiii' — {c — d) Aooio'? (2.43) 

0 = 2 e Aim/ — (c -j- d) Aquo' , 

0 = —2 e Aiiio', 

with a, c, e > 0 and — (2 e T c) < d < 2 a + c, is symmetric hyperbolic (the system 
(2.42) occurs here as a special case). We note that only the characteristics of these 
systems which are null hypersur faces are of physical significance. 

Equations (2.33), (2.34), (2.35), respectively equations (2.38), (2.39), (2.40), 
combined with a choice of (2.43), will be referred to in the following as the (gen- 
eral) reduced conformal field equations. Solutions to these equations solve in fact 
the complete system (2.12), (2.13), (2.15), (2.16) if the solution admits a Cauchy 
hypersurface on which the latter equations hold ([36]). In other words, propagation 
by the reduced field equations preserves the constraints. 

2.4. The conformal constraints 

To analyze solutions to the conformal field equations in the context of a Cauchy 
problem one needs to study the conformal constraints implied on a space-like 
initial hypersurface S. It will be convenient to discuss the evolution equations in 
terms of a conformal factor 0 which differs on S from the one used to analyze the 
constraints. We thus assume Einstein’s equations (2.1), a conformal rescaling 

g = n'^g, (2.44) 

with a positive conformal factor Q, and denote again the Levi-Civita connection 
of by V. It is also convenient to derive the conformal constraints from the metric 
conformal field equations. The latter are written in terms of the unknown fields 
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g, Q, S = -f ^jRD, as in (2.8), and i,\p = D j^xp and are 



given by equation (2.7), with ^\p = i,\p, and the equations 

20. S- VpO = 0, (2.45) 

p\/ 1^0 = —O Lpj^ S gpi^, (2.46) 

which are obtained by rewriting the trace and the trace free part of (2.2), 

VpS = -Lp^V^O, (2.47) 

^xLp. - VpLxu = VpO ,Ap, (2.48) 

which both can be obtained as integrability conditions of (2.46), and 

= (2.49) 



In these equations the Ricci scalar R is considered as the conformal gauge source 
function. Its choice, which is completely arbitrary in local studies, controls together 
with the initial data O and dO on S the evolution of the conformal scaling. 

To derive the constraints induced by these equations on S we choose a g- 
orthonormal frame field {efc}fc=o, 1,2,3 near S such that n = eo is ^'-normal to 
<S, write Vk = Vg^, Vkej = Tk^ jei, and express all fields (except the Ck) and 
equations in terms of this frame. We assume that indices a^b^c, . . . from the be- 
ginning of the alphabet take values 1,2,3 and that the summation convention also 
holds for these indices. The inner metric h induced by on «S is then given by 
hah = ^h) = —^ab ^ud the second fundamental form by 

\ah ~ Ea^i^b^ ~ O gjb ~ Ta 6 * 

We set E = Vo and | Ap- If the tensor fields 

Lp,n^, Wp,xp. Wp^xpn^nP, W;,^pU^n^, Wp^xpU^, 

are projected orthogonally into S and expressed in terms of the frame {ea}a=i,2,3 
on S, they are given by (the left-hand sides of) 

Labi La = LaO-, 

^abcd — ^^abcdi ^ab — ^^aObOi ^ab ~ ^abc = 

respectively and satisfy the relations 

R = 6Lp^ =6 {Loo ^La^), (2.50) 

y^abcd — ‘^i^^a[c'^d]b T hb[d'^c]a} i ^ad ^ be '^abci '^ad ~ 2 ^d i 

'^ab ~ '^bai '^a ~ 0 , '^ab ~ ^ba'> ~ 

'^abc ~ '^acbi ^ ac ~ O? '^[abc] — fi? 

where indices are moved with hab and Cabc is totally antisymmetric with €123 = 1. 
The tensors Wab and represent the n-electric and the n-magnetic part of jki 
on <S respectively. 
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Equation (2.7) implies Gauss’ and Codazzi’s equation on S 

ab ~ ^ '^ab “t" ^ab hab Xc Xa6 Xac \b 5 (2.51) 

^b X,ca Dq \ba ~ ^ '^abc Lq hac -^67 (2.52) 

while equations (2.45)-(2.49) imply the following interior equations which only 
involve derivatives in the directions of Ca, a = 1 , 2 , 3, tangent to S 

2QS - Da^ = 0, (2.53) 

DaDb^t^ -E Xab - ^ Lab + S hab-, (2-54) 

Da^=Xa"Dcn-nLa, (2.55) 

DaS = -D^ QLba-^La, (2.56) 

L^a Lbc L)b Lac — D ^ '^ecab ^ '^cab Xac L^ Xbc La-, (2.57) 
L)a Lb Db La — D ^ '^eab Xa Lbc \b Lao (2.58) 

D '^cab — \ a '^bc X. b '^ao (2.59) 

Wab = Wabo (2.60) 



where Vab denotes the Ricci tensor of hab- These equations can be read as conformal 
constraints for the fields 

E, *S, habi Xabi La-, Lab-i '^ab: ^ab' 

Alternatively, if a ‘physical’ solution hab, Xab to the vacuum constraints is given 
and a conformal factor and functions E, R have been chosen, which are gauge 
dependent functions at our disposal, the equations above can be used to calculate 

from the conformal first and second fundamental forms hab, Xab of 5, which are 
related to the physical data by 

hab ~ ^ hab, Xab ~ ^ (^Xab 4“ ^ ^ab^ - (2.61) 

The equations above will be discussed in more detail in Section 4. 

3. Asymptotic simplicity 

To characterize the fall-off behavior of asymptotically flat solutions at null infin- 
ity in terms of geometric concepts Penrose introduced the notion of asymptotic 
simplicity ([59], [60], cf. also [61] for further discussions and references). 

Definition 3.1. A smooth space-time (M,g) is called asymptotically simple if there 
exists a smooth, oriented, time- oriented, causal space-time {Ai,g) and a smooth 
function Vi on M such that: 

(i) M. is a manifold with boundary J , 

(ii) n > 0 on Ai\J and Q. = 0, dO. ^ 0 on J , 

(hi) there exists an embedding ^ of M onto ^(Ad) = M\J which is conformal 
such that ^~^^g = g, 

(iv) each null geodesic of (A4,g) acquires two distinct endpoints on J . 
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We note that only the conformal class of (J\4 , g) enters the definition and it 
is only the conformal structure of (A4,g) which is determined here. The set JT is 
referred to as the conformal boundary of (A4,g) at null infinity. This definition is 
the mathematical basis for the 

Penrose proposal: Far fields of isolated gravitating systems behave like that of 
asymptotically simple space-times in the sense that they can be smoothly extended 
to null infinity, as indicated above, after suitable conformal rescalings. 

Since gravitational fields are governed by Einstein’s equations, the proposal 
suggests a sharp characterization of the fall-off behavior implied by the field equa- 
tions in terms of the purely geometrical definition (3.1). 

We will be interested in the following in solutions to Einstein’s vacuum field 
equations (2.1) which satisfy the conditions of definition (3.1) (or suitable gener- 
alizations). The two assumptions have important consequences for the structure 
of (A4,g). We shall only quote those which will be used in the following discussion 
and refer the reader for further information to the references given above. 

If the vacuum field equations hold near ^7, the latter defines a smooth null 
hypersurface of Ai (cf. equation (2.45)). It splits into two components, and 
J~ , which are generated by the past and future endpoints of null geodesics in 
M. and are thus called future and past null infinity (or scri ±) respectively. Each 
of is ruled by null generators, each set of null generators has topology S‘^ , 
and have the topology of M x 5^. For the applications one will have to relax 
the conditions of definition (3.1). In particular condition (iu), which is important 
to obtain the result about the topology of , must be replaced by a different 
completeness condition if one wants to discuss space-times with black holes. 

One of the main difficulties in developing a well-defined concept of outgoing 
radiation in the time-like cut model is related to the fact that there exists in 
general no distinguished null direction field along the time-like boundary T. In 
contrast, the null generators of define a unique causal direction field on , 
which is represented by It turns out that the field (j)ABCDO^o^cPo^ 

on , where o^ denotes a spinor field satisfying o^ o^ == — D on and 
(f)ABCD fhe rescaled conformal Weyl spinor field, has a natural interpretation as 
the outgoing radiation field. Further important physical concepts can be associated 
with the hypersurface or subsets of it and questions of interpretation have been 
extensively analyzed (cf. [4], [19], [46] and the references given there). 

Critical however, and in fact a matter of controversy, have been the smooth- 
ness assumptions in the definition, which encode the fall-off behavior imposed on 
the physical fields. It is far from immediate that they are in harmony with the 
fall-off behavior imposed by the field equations. No problem arises if the proposal 
can be justified with (7^ replaced by with sufficiently large integer k. But there 
is a lower threshold for the differentiability, which is not easily specified, at which 
the definition will loose much of its elegance and simplicity. 
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In [60] it is assumed that 

Ad is of class (7^+^ and E C^(A4), k >3. (3.1) 

The conformal Weyl spinor "^abcd = ^<t>ABCD is then in C^~‘^{A4). Under the 
further assumption 

EE' A' ABCD 0 at , (3.2) 

which will certainly be satisfied if k > 4 in (3.1), and the natural assumption 

the set of null generators of has topology 5^, (3-3) 

it is then shown that "^abcd vanishes on The solution is thus asymptotically 
flat in the most immediate sense and the rescaled conformal Weyl spinor (f)ABCD 
extends in a continuous fashion to . As a consequence, it follows that the 
space-time satisfies the Sachs peeling property ([60], [63], [64]) which says that in a 
suitably chosen spin frame the components of the conformal Weyl spinor fall-off as 
ABC D = 0(f^+^+C'+^-5) (where A, B, C, D take values 0, 1) along an outgoing 
null geodesic when its (physical) affine parameter r ^ oo at . 

Remarkable as it is that such a conclusion can be drawn for the spin- 2 nature 
of the field "^abcd and its governing field equation = 0, there 

remains the question whether the long time evolution by the field equations is such 
that assumptions (3.1), (3.2) or the conclusion drawn from them can be justified. 

As discussed in the introduction, we know by now that these conditions can 
be satisfied by non- trivial solutions to the vacuum field equations. What is not 
known, however, is how the solutions satisfying these conditions are to be charac- 
terized in terms of their Cauchy data, whether these conditions exclude solutions 
modelling important physical phenomena, and if they do, what exactly goes wrong. 
Obviously, these questions can only be answered by analyzing the Cauchy problem 
for Einstein’ field equations with asymptotically flat Cauchy data in the large with 
the goal to derive sharp results on the behavior of the field at null infinity. 

The results obtained so far on the existence of solutions which admit (partial) 
smooth boundaries at null infinity make it clear that the key problem here is the 
behavior of the fields near space-like infinity. We shall not consider any further 
the results which lead to this conclusion (cf. [38] for a discussion and the relevant 
references) but concentrate on this particular problem. 

To begin with we have a look at the asymptotic region of interest here in 
the case of Minkowski space. If the latter is given in the form {M = 

dy^ dy^), the coordinate transformation ^ : y^^ = {—y\y^)~^y^ renders 

the metric in the domain V = {y\y^ < 0} = {x\x^ < 0} in the form g = 
dx^ dx^ with Q = —x\ x^. The metric 

g = 0!^ g = g^j,dx^ dx"", (3.4) 

thus extends smoothly to the domain f> of points in {xa x^ < 0} which are obtained 
as limits of sequences in T>. The point = 0 in this set then represents space-like 
infinity for Minkowski space. With this understanding it is denoted by The 
hypersurfaces J ^ = {xa x^ = 0, ibx^ > 0} G t> represent parts of future and 
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past null infinity of Minkowski space close to space-like infinity and are generated 
by the future and past directed null geodesics of g through . 

Consider the Cauchy hypersurface S = {y^ = 0} of Minkowski space. The 
subset SnT> is mapped by ^ onto {x^ = 0, ^ 0}. Extending the latter to include 

the point = 0 amounts to a smooth compactification = 

such that the point i with coordinates x^ = 0 represents space-like infinity with 
respect the metric induced on S by g. The distinction of space-like infinity i with 
respect to a Cauchy data set and space-like infinity with respect to the solution 
space- time will become important and much clearer later on. 

Denote by hoc (3 and Xa /3 the metric and the extrinsic curvature induced by 
p on 5. A global representation of the conformal structure induced on S by hap 
is obtained by using a slightly different conformal rescaling than before. Set h' = 

with n' = 2(1 + \y\^)~^ where \y\ = + {y^Y- In terms of 

standard spherical coordinates 6, (f) on S and the coordinate x defined by cot ^ = 
\y\, 0 < X ^ 'tt, the conformal metric takes the form h' = ~{dx^ + sin^ xdcr^) of 
the standard metric on the 3-sphere and extends smoothly to the point z, which is 
given by the coordinate value x = ^ and distinguished by the property that 0 = 0 , 
dO = 0, HessQ = ch\ with c 7 ^ 0 at z. Here da^ =d0^ sin^ 0 d (f)^ denotes the 
standard line element on the 2 -sphere 5 ^. 

Since Xap =0 and we are free to choose S = 0 in (2.61), we get x'afs = 0 - 
By the formulas given in the previous section one can derive from the conformal 
Minkowski data (<S, h' ,x') and a suitable choice of initial data for the gauge defin- 
ing fields (2.24), (2.25) a conformal initial data set for the reduced conformal field 
equations. These allow us then to recover the well-known conformal embedding 
of Minkowski space into the Einstein cosmos ([60]) as a smooth solution to the 
regular conformal field equations ([38], [40]). 

We would like to control what happens if the conformal Minkowski data are 
subject to finite perturbations. Under which assumptions will the corresponding 
solutions preserve asymptotic simplicity? This or the apparently simpler question 
under which conditions the solutions will preserve near space-like infinity a rea- 
sonable amount of smoothness of the conformal boundary cannot be answered by 
immediate applications of the conformal field equations. The reason is that the 
conformal data will not be smooth at the point z. The structure of the conformal 
initial data as well as the initial value problem for the conformal field equations 
near space-like infinity thus require a careful and detailed analysis. This will be 
carried out to some extent in the next section. 

4. Asymptotically flat Cauchy data 

As indicated in the case of Minkowski space above we will assume that the data for 
the conformal field equations are given on a 3-dimensional manifold U {z} 

which is obtained from a ‘physical’ 3-manifold S with an asymptotically flat end 
by adjoining a point z which represents space-like infinity. The data hab, Xab on S 
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are thought as being obtained from the physical data hab, Xab by equations (2.61) 
with suitable choices of Q and E such that all fields extend with an appropriate 
behavior (to be specified more precisely below) to i and E(i)=0, fl>0on<S, 
Q{i) = 0, Da^{i) = 0, DaDb^{i) = —2hab, where we assume the notation of 
Subsection 2.4. 

The constraint equations (2.51)-(2.60) contain analogues of the vacuum con- 
straints. The form of these equations suggests a solution procedure which does not 
require us to go back to the physical data. By taking the trace of equation (2.51), 
using (2.53) and the trace of (2.54), and writing = Da D^, one gets 

r- = -4 Ah Q + 6 - 4 S xc " + ^HiXc ")" - Xac (4.1) 

where r denotes the Ricci scalar of h. With 0 = this equation takes the form 
of Lichnerowicz’ equation 

(Ah-ir)0 = -l0 ((x,=)2-x„6X“'') + ^^"SXc^ (4.2) 

By taking the trace of (2.52) and using (2.55) one gets 

Xbc) = £>c X6 - 2 9.-^ Dj:. (4.3) 

Equations (4.2) and (4.3) correspond to the Hamiltonian and the momentum con- 
straint respectively. Assuming now 

Xa “ = 0 and (the choice of gauge) E = 0 on <S, (4-4) 

which imply Xa “ =0, equations (4.2) and (4.3) suggest to proceed as follows: (i) 
prescribe h on S and solve the equation 'ipab = 0 for a symmetric /i-trace free 
tensor field 'ipab on «S, (ii) solve equation (4.2) with Xab = 0~"^'ipab for a positive 
function 0, i.e., solve 

(Ah-^r)0= i0-"Xa6X“^ ^>0. (4.5) 

The fields ft = hab, and Xab = then solve (4.1) and (4.3). If it is 

required that 

p0->l, ')pab = 0{X) as/9^0, (4.6) 

where p{p) denotes near i the h-distance of a point p from z, the fields hab and Xab 
related by (2.61) to hab and Xab satisfy the vacuum constraints and are asymptot- 
ically flat ([34]). 

Using the conformal constraints to determine the remaining conformal fields 
one gets 

5 = i Ah ^ (r + Xab X“") = ^ D,n D'^9, (4.7) 

L„ = lr»=QXca, (4.8) 

Lab - -Lc'^ hab — (-^a L>b9 — - AhO, hab^ , (4.9) 
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L^o = \R-L,^ = \R-\{r + Xab , (4.10) 

‘^ah ^2 Db^ ^ hab^ ^ ^Xac Xb ^ Xce X ^ab j 

(4.11) 

Kb = -^ RcXe(a^b)‘'^, (4.12) 

where we set Sab = '^ab — The differential identities (2.56)-(2.60), which 

are not needed to get these expressions, will be then also be satisfied (cf. [31]). 

In view of conditions (4.6) most of these fields will in general be singular at i. 
One will have Wab = 0(r~^) near i whenever the ADM mass m of the initial data 
set hab, Xab does not vanish. Controlling the time evolution of these data requires 
a careful analysis of these singularities. As a simplifying hypothesis we assume, as 
in [37], that the data are time reflection symmetric and define a smooth conformal 
structure, i.e., 

hab ^ C^(<S), Xab — 0. (4.13) 

We note that much of the following discussion can be extended to more general 
data such as those considered in [25] and the more general class of data discussed 
in [24], which includes the stationary data. 

The Ricci scalar R is at our disposal. With R = one gets on S 

Lab = (^DaDbfl- ^Ahfthab^ + -^rhab, (4.14) 

Loo = 0, Loa = 0, = 0, (4.15) 

'^ab = ~ Db^ — — hab + ^ ^ab^ . (4. 16) 

In spite of this simplification the crucial problem is still present; one finds that 
Wab — 0{p~^) near z if m 0 (cf. (5.28)). 

4.1. Time reflection symmetric asymptotically flat Cauchy data 

To allow for more flexibility in the following analysis, we also want to admit non- 
trivial cases with vanishing or negative mass. The positive mass theorem ([65]) 
then tells us that we must allow for non-compact S. This will create no problems 
because we are interested only in the behavior of the fields near space-like infinity. 

Let a = 1, 2, 3, denote /z- normal coordinates defined on some convex open 
normal neighborhood ^ of z so that with h = hab(x^) dx^ dx^ 

X^(i) = 0, x"^ habix"") = -x"^ 5ab on U. (4.17) 

All equations of this subsection will be written in these coordinates. We set |x| = 
ySabX^ x^ and T == \x\^ = Sab x^ so that 

/i“^DaTDbT = -4T, (4.18) 

and 

T(i)=0, £»aT(t) = 0, DaDcT(i) = ~2hac. (4.19) 




146 



H. Friedrich 



By taking derivatives of (4.18) and using (4.19) one obtains 

Da Dt, Da r{i) = 0, Da Dfc D^ Dd T{i) = - ^ raicd)b[h]{i), (4.20) 

where the curvature tensor of h is given by 

^a6cd[^] 2{^a[c^d]6 “1“ ^6[d^c]a)' 

with lab[h] = rab[h] — \ r[h] hab because dim(«S) = 3. Proceeding further in this way 
on can determine an expansion of T in terms curvature terms at i. The relations 
above imply in particular 

(AftT + 6)(0 =0, Da{AhT + 6){i)=0, Da Db{AhT + Q){i) = ^rab{i). 

(4.21) 

Equation (4.5) and the first of equations (4.6) can be combined under our 
assumptions into 

(Aft - ^r)e = AwSi, 

where in the coordinates the symbol Si denotes the Dirac-measure with weight 
1 at = 0. In a neighborhood of i there exists then a representation 6 = 



with functions U , W which satisfy 










(Aft- 


^ r)W = 0 near i, 
8 


(4.22) 


and 








U{i) = 1, 


W{i) = 


m 

~2' 


(4.23) 



where m denotes the ADM-mass of the solution. The functions I/, W are analytic 
on U if h is analytic ([45]) and smooth if h is ([25]). 

The function cr = ^ is characterized uniquely by the conditions that it is 
smooth, satisfies the equation {Ah — | r) = 4: tt Si, and the relations 

a{i) = 0, Dacr{i) = 0, Da Dh (r{i) = -2 hab, (4.24) 

hold, which follow from (4.19) and (4.23). If a' is another function satisfying these 
conditions, then a' = T U with U' = 1 0(|^|) by (4.24) and U' G C^iJA) by 

the results of [25]. The function / = then solves (A^ — | r) / = 0 

and it follows that / G C^{U) and \x\ f = U — e C^{U). Expanding / and 
U — in terms of spherical harmonics it follows from the la^t equation that / 
vanishes at i at any order. Since / satisfies the conformal Laplace equation it 
follows that / = 0 on ZY by Theorem 17.2.6 of [51]. This implies that a' = a on U. 

The first of equations (4.22) can be rewritten in the form 

2D“ TDaC/ + (Aft T + 6) - 2T (Aft - L) [/ = 0. 

O 



(4.25) 
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This allows us to determine from (4.24) recursively an asymptotic expansion of C7, 
which is convergent if h is real analytic. The Hadamard parametrix construction 
is based on an ansatz 



U = '^UpTP, 



(4.26) 



by which the calculation of U is reduced to an ODE problem. The functions Up 
are obtained recursively by 



^7o - exp I i ^ (A,, T + 6) 



^h[Up\if 



{Ap-2)T^ 



dp, p = 0,1,2,.., 



where the integration is performed in terms of the affine parameter p = T 2 = \x\ 
along the geodesics emanating from i. It follows that 



U{i) = l, DaU{i)=Q, DaD^U(i) = -lab[hl 

o 

which implies 

Da Db = 0, Da Db Dc Dda{i) = 2 {hcd Lb + hab Ld)- 



(4.27) 



(4.28) 



Given h and the solution W of the conformal Laplace equation in (4.22), the 
considerations above show us how to determine an expansion of the function 

in terms of p at all orders. Corresponding expansions can be obtained for the 
conformal data (4.7), (4.14), (4.15), (4.16). 

While U is thus seen to be determined locally by the metric h, the function 
W carries non-local information. Cases where d^a W {i) = 0 for all multiindices 
a = (a^, Q;^, a'^) G with |a| = < N for some non-negative integer 

N ov ior N = oo will also be of interest in the following. In the latter case we have 
in fact ([51]) 

W = 0 near i. (4.30) 

For convenience this case will be referred to as the massless case. 

A rescaling 

h-^h' = = 

with a smooth positive factor 'd satisfying 'd{i) = 1, leaves h = h unchanged 
but implies changes 



0-^6' = 19-^6, U U' = ^-4 i9-^ U, W W' = i9-^ W, 

\x\ 
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where \x'\ is defined in terms of /I'-normal coordinates x® as described above. Due 
to the conformal covariance of the operator on the left-hand sides of equations 
(4.22), relations (4.22), (4.23) will then also hold with all fields replaced by the 
primed fields. 

To reduce this freedom it has been assumed in [37] that the metric h is given 
near i on <S in the cn-gauge. By definition, this conformal gauge is satisfied by h 
if there exists a 1-form at i such that the following holds. If x(r), l{r) solve 
the conformal geodesic equations (with respect to h) with x(0) = i, l{0) = /*, 
and h{x,x) = 1 at i, then a frame Ca which is /i-ort honor mal at i and satisfies 
Dj,ea =0 (with D-D = S{1)), stays /i-orthonormal near i. This gauge can be 
achieved without restrictions on the mass and fixes the scaling uniquely up to a 
positive real number and a 1-form given at i. It admits an easy discussion of limits 
where m ^ 0. 

If m > 0, it is convenient to set above 'd = ^W. It follows then that W' = 
whence 0 = (A/^/ — | r[h']) W' = Thus, if m > 0, we can always assume 

h to be given such that 

In this gauge the function a satisfies near i the equation (a~^/^) = 4 tt which 
implies by (4.24) 

2as = Da(yD^G with s = ^ A^ cr, (4.32) 

O 

(note that an analogous equation holds with a replaced by D). Equation (4.32) 
implies in turn together with (4.24) the Poisson equation above. 

For later reference we note the form of the conformal Schwarzschild data in 
this gauge. In isotropic coordinates the Schwarzschild line element is given by 

ds^ = dt‘^ - (1 + ml2r)^ (df^ +r^da^). 

\1 -h m/2r J 

Expressing the initial data fi, \ induced on = 0} in terms of the coordinate 
p — 1/f, one finds that x = 0 and h — h with 

h= -{dp^ + da^), ^ 

so that a = T = resp. U = 1. The metric h also satisfies a cn-gauge. 

4.2. Static asymptotically flat Cauchy data 

Static solutions to the vacuum field equations can be written in the form 

g = dt^ -h 

with t-independent negative definite metric h and t-independent norm 



v=^yg{K,K)>0 
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of the time-like Killing field K = dt. With the ^-unit normal of a slice {t = const.} 
being given by ft = v~^ K and the associated orthogonal projector hy = 

9^^ — , one gets for the second fundamental form on this slice 

Xfiu = Vp Ks = 0, 



because it is symmetric by h being hypersurface orthogonal while the second term 
is anti-symmetric by the Killing equation. The solutions are thus time reflection 
symmetric. 

For these solutions the vacuum field equations are equivalent to the require- 
ment that the static vacuum field equations 

rah^] = ^ Da Dtv, (4.34) 

hold on one and thus on any slice {t = const.}. In harmonic coordinates these 
equations become elliptic and h and v thus real analytic. 

We consider solutions h, v to equations (4.34) with non- vanishing ADM-mass 
which are given on a 3-manifold S which is mapped by suitable coordinates 
diffeomorphically to \ B, where S is a closed ball in We assume that h 
satisfies in these coordinates the usual condition of asymptotic flatness and v ^ 1 
as \x\ oo. The work in [6] (cf. also [54] for a strengthening of this result) then 
implies that the conformal structure defined by h can be extended analytically to 
space-like infinity. The physical 3-metric h therefore belongs to the claiss of data 
considered above. 

For such solutions it follows from the discussion in [7] that the gauge (4.31) 
is achieved if any of the equivalent equations 



V = 1 — m y/n = 



1 - y/jla 
1 -h y/JTa' 



(- ' 

\m 1 V J 



(4.35) 



holds. The set S = U {i} can then be endowed with a differential structure such 
that the metric h = h extends as a real analytic metric to i. We shall consider 
in the following h- normal coordinates as in (4.17) such that the functions cr(x^), 
hab{x^) are then real analytic on U. The first of the static vacuum field equations 
(4.34) then implies 



0 = = Da Db a - s hah cr {I - la a) rab[h], (4.36) 

where s is defined as in (4.32). The second of equations (4.34) implies r[h] = 0 
and can thus be read as a conformally covariant Laplace equation for v. Using 
the transformation rule for this equation and observing (4.35), we find that it 
transforms into 

0 = (A/i - i r[h]){ev) = (Ah - ^ r[h]){e - m) on S, 

and is thus satisfied by our assumption r[h] = 0. 

We shall repeat some of the considerations of [34] in the present conformal 
gauge. The fact that solutions to the conformal static field equations are real 
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analytic and can be extended by analyticity into the complex domain allows us to 
use some very concise arguments. We note that the statements obtained here can 
also be obtained by recursive arguments. This will become important if some of 
the following considerations are to be transferred to or situations. 

From (4.36) one gets 

Dq ^ab ~ Dq Da Df) (T Dq S hah T^(l Dq Tab T (1 2/i(j) Dq <J Tab’ 



With the Bianchi identity, which takes in the present gauge the form Tab = 0, 
follow the integrability conditions 





0 = ^ Sea = Da s + {1 - a) Tab a, 


(4.37) 


and 


0 = £>(c Sa]b + - S(i[c ha]b 


(4.38) 




= O- {(1 - ^i.a)D[cra]b- ld{2D[aCrra]b + D‘^ard[c /iajb)} • 





Equation (4.36) thus implies an expression for the Cotton tensor, which is given 
in the present gauge by bhca = -C^[c^a]6? for its dualized version, which is given 

by 

bah=\bacdeb^'^ = —^{Dccrraaeb^’^ - \rdeD^ aeba’^). (4.39) 

Z J. yLt O' ^ 

It follows that 



Da{2(T s — Dc(J a) = a ~ 2 D^^cr Eca, 

which shows that equation (4.32) is a consequence of equations (4.24) and (4.36) 
and that the latter contain the complete information of the conformal static field 
equations. 

Let Ca = a = 1,2,3, now denote the h-orthonormal frame field 

on lA which is parallely transported along the /i-geodesics through i and satisfies 
e^a = at i. In the following we assume all tensor fields, except the frame 
field Ca and the coframe field dual to it, to be expressed in term of this frame 
field and set Dg, = The coefficients of h are then given by /lab = — ^ab- Any 
analytic tensor field Tai^./.^^ on V has an expansion of the form (cf. [37]) 

= Ta';'.::a‘;’)(i), 

k>0 

(where the summation rule ignores whether indices are bold face or not). 

We want to discuss how expansions of this form can be obtained for the fields 

^ab, 

which are provided by the solutions to the conformal static field equations. Once 
these fields are known, the coefficients of the 1-forms — cr^ ^ d , which provide 
the coordinate expression of the metric by the relation h = — <Sac cr^ bcr^ ddx^ dx^, 
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and the connection coefficients Fa ^ c with respect to can be obtained from the 
structural equations in polar coordinates (cf. [50]) 

^ (per® b(/oa;)) = <5®b + prc®d(pa:)a:‘^<T'{,(px), 

^ (pra*'e(pa:)<T®f,(px)) = pr'eda(pa:)a;‘^<T®6(px). 

For this purpose we consider the data 

Cap...aibc — ^(F^ap • • • ^ai '^bc)('^)j (4.40) 

where 7Z means ‘trace free symmetric part of’. These data have the following inter- 
pretation. Since solutions to the conformal static field equations are real analytic 
in the given coordinates x®, all the fields considered above can be extended into 
a complex domain U' C which comprises U as the subset of real points. The 

subset A/" = {T = 0} of where we denote by T again the analytic extension 

of the real function denoted before by the same symbol, then defines the cone 
which is generated by the complex null geodesics C D O 3 ( e U' 

through i, where xj ^ 0 is constant with = 0 at i. On Af the field 

D^T dx<^ = —2x°'dxci is tangent to the null generators of Af. The derivatives of 
Tab with respect to C at i are given by the complex numbers 

... • • • D^^rbc{i) 

= l" . . . Da^ Bp ■ ■ ■ DaiBi TCDEF{i) 

where the term on the left-hand side is rewritten on the right-hand side in space 
spinor notation and it is used that x"^^ = with some spinor 

because x" is a null vector. Allowing xj to vary over the null cone at z, i.e., 
allowing to vary over P^(C), we can extract from the numbers above the real 
quantities 

CAp Bp...AiBiCDEF = D(Ap 5p • • • C>a^Bi rcDEF)(i), (4.41) 

which are equivalent to (4.40). Giving the data (4.40) is thus equivalent to giving 
^ab(C^J)^^^^ where x" varies over a cut of the complex null cone at i or to 
giving, up to a scaling, the restriction of Vab to Af. The data (4.40) are 

in one-to-one correspondence to the multipole moments considered in [6]. 

We consider now the Bianchi identity D^r^h = 0 and equation (4.38). In 
space spinor notation they combine into the concise form 

(1 - IX a) Da ^tbcde = “2 lxrE{BCD Da) ^cr. (4.42) 

Note that the contraction and symmetrization on the right-hand side project out 
precisely the information contained in Tab F>^F D^T while the contraction which 
occurs on the left-hand side prevents us from using the equation to calculate any 
of the information in (4.41). We use equations (4.32), (4.37) in frame notation. By 
taking formal derivatives of these equations one can determine from (4.24) and the 
data (4.40) all derivatives of a, s, and Tab at i. The complete set of data (4.40) 
resp. (4.41) is required for this and these data determine the expansion uniquely. 
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This procedure has been formalized in the theory of ‘exact sets of fields’ discussed 
in [61], where equations of the type (4.42) are considered. 

The formulation given above suggests proving a Cauchy-Kowalevska type re- 
sults for equations (4.32), (4.37), (4.42) with data prescribed on J\f. Although the 
existence of the vertex at i may create some difficulties in the present case, this 
problem has much in common with the characteristic initial value problem for 
Einstein’s field equations for which the existence of analytic solutions has been 
shown ([30]). At present, no decay estimates for the Cap...aibc as p oo are avail- 
able which would ensure the convergence of these series. To simplify the following 
discussion we shall assume that the series considered above do converge. 

We return to the coordinate formalism and show that this procedure provides 
a solution to the original equation (4.36), i.e., the quantity Sa6 defined from the 
fields cr, s, and Tab by the procedure above does vanish. We show first that T,ab = 0 
on Af. Since cr = 0 on AA, this amounts to showing that rriab = Da Dbcr — s hab 
vanishes on J\f. Differentiating twice the equation DaCr a — 2 as = 0, which 
has been solved as part of the procedure above, observing that T^cd = 0 and 
restricting the resulting equation to Af gives the linear ODE 

D^'a Dcrriab = -DaD'^a rUcb, 



along the null generators of Af. Observing that DaDba = —2 hab + 0(T), this 
ODE can be written along the null geodesics x“(C) = C considered above in the 
form 



dC 



{(rriab) = A^Crricb, 



with a smooth function = A^{(). This implies the desired result. In view of 
(4.37), (4.38) it shows that we solved the problem 



D"" Eca = 0, D[c Ea]6 = 0 near i, 'Eab = 0 on W 

The first two equations combine in space spinor notation into Da ^ '^bcde = 0 
with symmetric spinor field T>abcD’ Following again the arguments of [61], we 
conclude that T>ab =0. 

Equation (4.39) implies 

D^aD^abab = 0 on V. (4.43) 



A rescaling h ^ h' = h with a positive (analytic) conformal factor gives a 
a' = di^a and bab ^'ab ~ whence 

D^aD^abab ^ {D^aD^ababY = 



d~^D^a D^a 6a6 + 4 a d'^D^a D^d bab + 4 d~^D^d D^d bab- 

This shows that (4.43) is not conformally invariant, but it also shows that the 
relation 



babW = 0, 



(4.44) 
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implied by (4.43), is conformally invariant. Using again the argument which al- 
lowed us to get the quantities (4.41), we can translate this onto the equivalent 
relations 

n{Da^ Da, hc(i)) =0, p - 0, 1, 2, ... , (4.45) 

which take in space spinor notation the form (cf. (5.89)) 

^{Ap Bp ‘ ^CDEF){i) = O 7 P = O 7 2, (4.46) 

We note that for given integer > 0 the string of such conditions with 0 < p < p* 
is conformally invariant. 

Since these condition have a particular bearing on the smoothness of gravita- 
tional fields at null infinity ([34], [37]) and it is not clear whether static equations 
are of a greater significance in this context than expected so far, we take a closer 
look at (4.43). If we apply the operators DaD^ and DaD^Dc to (4.43) and restrict 
the resulting equation to 2 , we get the relations bab{i) = 0 and D(^abbc){'^) = 0 re- 
spectively, which agree with (4.45) at the corresponding orders because D^hab — 0. 
However, if we proceed similarly with DaDbDcDd^ we get 

D^aDbKd){i)=^^ (4.47) 

Since (4.45) with p = 2 can be written in the form 

^{a^b bcd)(^^^ y b^{ab (0 ? 

the relation (4.47) implies in particular that Ah bcdi'i) — 0. It appears that in 
general this equation cannot be deduced in the present gauge from known gen- 
eral identities and (4.44) alone. There will be similar such conditions at higher 
orders. While the particular form of them may depend on the conformal gauge, 
the existence of properties which go beyond (4.45) does not. In any case, these ob- 
servations show that there is a gap between h satisfying the regularity conditions 
(4.45) and h being conformally static. 

This situation is also illustrated by the following observation. If the data 
provided by h are conformally fiat in a neighborhood of i they trivially satisfy 
conditions (4.45). Without further assumptions the solution 6 to the Lichnerowicz 
equation which relates h to the induced vacuum data h = 0"^ h can still be quite 
general. However, if h is static the function 0 must be very special. 

Lemma 4.1. An asymptotically flat, static initial data set for the vacuum field 
equations with conformal metric h and positive ADM mass m is locally conformally 
flat if and only if it satisfies near i in the gauge (4.31) the equation rab[h] = 0 and 
thus in the normal coordinates (4.17) 

h = —Sabdx^ dx^, U = 1, 6 = + — . 

fy| 2 

Remark: This tells us that the only asymptotically flat, static vacuum data which 
are locally conformally flat near space-like infinity are the Schwarzs child data 
(4.33). The result of ([71]), which suggests that conformal fiatness of the data 
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h near i and the smoothness requirement on the functions at imply that 
the solution be asymptotically Schwarzschild, can thus be reformulated as saying 
that for the given data the smoothness requirement implies the solution to be 
asymptotically static at space-like infinity. 

Proof. By (4.38) the solution is locally conformally flat if and only if 2D^c^ra]b = 
hb[cra\dD^^’ Applying De to this equation and observing (4.36) and again 
^[c ^a]6 = 0? after a contraction 

D’^a DcTab = -3sra6 + cr (1 - /xa) {habrcdr""^ -^racn")- (4.48) 

This equation can be read as an ODE along the integral curves of the vector field 
D^a. It follows from (4.32) that = {2a\s\)~^ a is a unit vector field (with 
direction dependent limits at i). Because of 

/2 T\ 

w“£>aT=-(— j (4C/-i+2C/-2£)“C7£)aT) <0, 

its integral curves run into i and cover in fact a (possibly small) neighborhood lA' 
of i. Equation (4.48) can be rewritten in the form 

D„(T3/2 Tbc) = At (T3/2 Vde), 

with the matrix- valued function 

At = p^(s + 2C/-i + C/-2 

^0(1-^ (/X,, _ 3 /x%), 
yj2(T\s\ 

which is continuous on lA' . This implies that Vab = 0 on lA' . The remaining state- 
ments follow immediately from (4.17) and (4.31). 

Remark: We note that these data may be obtained in a different form if locally 
conformally flat data are given in the cn-gauge and one asks under which conditions 
they are conformally static. The data are then of the form 

hab = -Sab, n-i = 6= ^ + W, AhW = 0, H^(z) = ^>0. 

|x| 2 

By a rescaling h h,6 6 = with 'd = they are transformed 

into the present gauge. Assuming that these data satisfy the conformal static field 
equations and expressing the resulting equation again in terms of hab = ~^ab 
one finds that the solution is static if and only if 2 VF Da DbW — 6 Da W DbW -\- 
2 hab Dc W D^ kF = 0. Since kF > 0 the equation can be rewritten in terms of 
w = FF“^, which gives 

2w Da DbW = hab Dc w D^ w. (4.49) 

Applying Dc, multiplying with and using twice (4.49) again, we conclude that 
Da Db DcW = 0, whence w = k ka kab x^ x^ with some coefficients /c > 0, 
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^ab’ This function satisfies (4.49^ if kdb ^ab kc k^/4 k. With ja = kaj^k and 
m = 2/v^ this gives 



2 4 - 2 jaj'^XbX^' 

with constant . 

That these data are equivalent to the ones considered above is seen by rescal- 
ing with 'd = . By this one achieves W = For the metric 'd^ h to acquire 

the flat standard form one needs to perform a coordinate transformation which is 
given by a special conformal transformation x ^ (/ o Tc o I){x) where I denotes 
the inversion x^ x^{St,c x^ x^)~^ and Tc a translation x^ x^ -\-c^ with suitably 
chosen constant c^. 



5. A regular finite initial value problem at space-like infinity 

In the conformal extension of Minkowski space described in Section 3 neighbor- 
hoods of space-like infinity, which are swept out by future complete outgoing and 
past complete incoming null geodesics, are squeezed into arbitrarily small neighbor- 
hoods of the point . From the point of view of the causal structure it is natural to 
indicate space- like infinity by a point. The discussion in Section 4 shows, however, 
that in general cannot be a regular point of any smooth conformal extension. 
The condition for an extension to to be (under our assumption (4.13)) is 
that the data are massless in the sense of (4.30) and that the free datum h satisfies 
the conditions (5.89) with = oo ([34], [37]). Thus, smoothness at excludes 
the physically interesting cases. 

A direct discussion of the initial value problem for the conformal field equa- 
tions with initial data on an initial hypersurface = <S U {z} such that jki = 
0{p~^) at i as discussed in Section 4 faces considerable technical problems. Not 
only the functional analytical treatment of a corresponding PDE problem poses 
enormous difficulties but already the choice of gauge becomes very subtle. 

The setting described below has been arrived at by attempts to describe the 
structure of the singularity as clearly as possible and to deduce from the conformal 
field equations a formulation of the PDE problem which still preserves ‘some sort of 
hyperbolicity’ at space- like infinity. It is based on conformally invariant concepts 
so that possible singularities should be identifiable as defects of the conformal 
structure. 

In a conformal Gauss gauge based on a Cauchy hypersurface S it turns out 
that after blowing up the point i into a sphere 2^ and choosing the gauge suitably, 
one arrives at a formulation of the initial value problem near space-like infinity 
in which the data can be smoothly extended to and across 2^. In that gauge 
also the evolution equations admit a smooth extension to space-like infinity. The 
evolution and extension process then generates from the set 2^ a cylindrical piece 
of space-time boundary diffeomorphic to ] — 1, l[x2^, which is denoted by 2. It 
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represents space-like infinity and can be considered as a blow-up of the point 
This boundary is neither postulated nor attached ‘by hand’. 

In this gauge the hypersurfaces representing null infinity near space-like 
infinity are given by finite values of the coordinates which are explicitly known 
(it has to be shown, of course, that the evolution extends far enough). These 
hypersurfaces touch the cylinder X at sets X^ diffeomorphic to 2^, which can 
be thought of as boundaries of X and of respectively. The structure of the 
conformal field equations near the critical sets X^ appears to be the key to the 
question of asymptotic smoothness. 

It may appear odd to squeeze space-time regions of infinite extend into arbi- 
trarily small neighborhoods of a point i^ and then perform a complicated blow-up 
to resolve the singularity on the initial hypersurface which has been created by 
the first step. The point of the construction is that the finiteness of the sets X^ 
allow us to disclose, to an extent that we can put our hands on it, a subtle feature 
of the field equations which otherwise would be hidden at infinity (in the stan- 
dard vacuum representation) or in the singularity at i^ (in the standard conformal 
rescaling) . 

In the following the setting indicated above and its various implications will 
be discussed in detail. While we shall add more recent results we shall follow to a 
large extent the original article [37]. For derivations and details we refer the reader 
to this or the articles quoted below. 

5.1. The gauge on the initial slice and the blow-up at i 

The non-smoothness of the conformal data (4.14), (4.7), (4.15), (4.16), (4.29) at i 
arises from the presence of various factors p in the explicit expressions. To properly 
take care of the specific radial and angular behavior of the various fields it is natural 
to choose the frame field in the general conformal field equations such that the 
spatial vector fields Ca? « = 15 2,3, are tangent to the initial hypersurface S and 
one of them, 63 say, is radial. Since there is no preferred direction at z, this only 
makes sense if the frame is chosen on S such that it has direction dependent 
limits at z. This singular situation finds a well-organized description in terms of 
a smooth submanifold of the bundle of frames. To discuss the field equations in 
the spin frame formalism, we will consider in fact a submanifold Ce of the bundle 
of normalized spin frames over S near z. While the use of spinors leads to various 
simplifications, it should be mentioned that the construction could be carried out 
similarly in the standard frame formalism (cf. [38]). 

5.1.1. The construction of Ce. Consider now as a space-like Cauchy hypersurface 
of a 4-dimensional solution space-time (Ai,g) with induced metric h on S. Denote 
by SL{S) the set of spin frames 6 = {5a}a=o,i on S which are normalized with 
respect to the alternating form e, such that 



^{Sa,^b) = ^01 = 1 - 



(5.1) 
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The group 

*SL(2, C) = B ^ GT(2, C) I eAct^ d = ^bd}^ 

acts on SL{S) hy S S ‘ t = {<5^ b}b=o, 1 ’ The vector field r = v^eo, with eo 

the future directed unit normal of «S, defines a subbundle SU{S) of SL{S) which 
is given by the spin frames in SL{S) with 

g{r,6ASA') = = taa>- ( 5 . 2 ) 



It has structure group 

SU (2) = B ^ SL{2, C) I TAA't"^ Bt"^ B' = TbB'}- 

In any frame in SU(S) the vector r is given by . In the following we use the 
space spinor formalism in the notation of [36]. Using the van der Waerden symbols 
for space spinors 



AB 



{A ^,^B)A' 
A'T 5 



(y" AB =T(B^' A)A', C= 1,2,3, 



which satisfy 



hab = CTa AB(^b ® ^A' ^' = 7^ TaA'T^^' + O’” ApT^ A'T‘^‘^ <7a E 



^EB' 



where 

habO'^ ABO' CD = —^A{C^D)B = ^ABCD with hab = ~^abi 
the covering map onto the connected component 50(3) of the rotation group is 
given by 

SU (2) 3 B ^ b = AB ct^ D O’b € 50(3). 

The induced isomorphism of Lie algebras will be denoted by 

The covering morphism of SU{S) onto the bundle 0-f(5) of positively ori- 
ented orthonormal frames on S maps the frame 6 G SU{S) onto the frame with 
vectors Ca — ea{S) = Ca ^A tb ^B' such that h(ca, ^b) = hab- We use this map 
to pull back to SU{S) the h-Levi-Civita connection form on 0+(5). Combining 
this with the map ^7^, the connection is represented by an sw(2)-valued connec- 
tion form Co^ B on SU{S). Similarly, pulling back the R^-valued solder form on 
0+(5) and contracting with the van der Waerden symbols results in a 1-form 
on SU{S) which is referred to as solder form on SU{S). 

Let H denote the real horizontal vector field on SU (5) satisfying H) — 

^0 or, equivalently, 

TbC) H{S) = <5(0 Ti) ^'Sb' = ^{So So' - S, C), S e SU{S). (5.3) 
It follows that Tsti'E) H{6 1) = Ts{n) H{S) if and only if 

t e U{1) = {te SU{2)\t= e R}. 



The field H will essentially correspond to the ‘radial’ vector field mentioned above. 
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We consider again the normal coordinates satisfying (4.17) near set Be = 
{peu\ \x{p)\ < e} with e > 0 chosen such that the closure of Be in S is contained 
in U, and denote by {SU {Be),7r) the restriction of {SU (<S), tt) to Be- Let 5* be in the 
fiber 7T~^{i) C SU{Be) over i. The map SU{2) 3 t 6{t) = 6* • t £ 7 t~^(z) defines 
a smooth parametrization of 7r~^{i). We denote by ] — e, e[ 3 p — > S{p^ t) £ SU {Be) 
the integral curve of the vector field \/2H satisfying S{0,t) = 6{t) and set Ce = 
{6{p,t) £ SU{Be) I IpI < e, t G SU{2)}. This set defines a smooth submanifold of 
SU{Be) which is diffeomorphic to ] — e,e[x5/7(2). The restriction of tt to this set 
will be denoted by tt'. 

The symbol p, which has been introduced already in Section 4.1, is used here 
for the following reason. The integral curves of y/2 H through project onto 

geodesics through i with /i-unit tangent vector. Thus, the projection tt' maps Ce 
onto Be- The action of U{\) on SU{Be) induces an action on Ce- While iP = 
7 T“^(i) = {p = 0} is diffeomorphic to SU{2), the fiber tt ~^{p) C Ce over a point p 
in the punctured disk Be = Be\ {0 coincides with an orbit of U{1) in SU{Be) on 
which p = \x{p)\ and another one on which p = —\x{p)\. 

The map tt' factorizes as Ce ^ C'^ ^ Be with C' = Cel U{1) diffeomorphic to 
] — e, e[x5^. For p* with 0 < |p*| < e the subsets {p = p^^} of Cg are diffeomorphic 
to SU ( 2 ) and the restrictions of the map tti to these sets define Hopf fibrations of 
the form 

SU{2) 3 t V2a^ ABt^ ot^ 1 G 5^ C (5.4) 

The set ir ^^ iBe ) (resp. tt ~^{ Be )) consists of two components CJ ^ (resp. C ^) on 
which ±p > 0 respectively. Each of the sets CJ^ is mapped by 7 T 2 diffeomorphically 
onto the punctured disk. If Be is now identified via 7T2 with C^~^ the manifold Be is 
embedded into C' such that it acquires the set 'Ki{TP) == 7 r^^(i) as a boundary. The 
set iBg = Sg U 7T^^(i) — [0,e[x5^ is a smooth manifold with boundary. Viewing 
Be again as the subset of<S = <S\{i}, we get an extension S oi S which can be 
thought of as being obtained from S by blowing up the point i into a sphere. This 
is our desired extension of the physical initial manifold and the following discussion 
could be carried out in terms of the 3-dimensional manifold Be- 
lt turns out more convenient, however, to use the 4-dimensional U{1) bundle 
UX^ = {S £ Ce\ p(S) > 0 } [0, e[xSU ( 2 ). It is a manifold with boundary 

smoothly embedded into SU{Be), from which it inherits various structures. The 
set Ce is conveniently parametrized by p and the parallelizable group SU{2). The 
solder and the connection form on SU{Be) pull back to smooth 1 -forms on Ce- We 
denote the latter again by and Cb^ 5 respectively. Any smooth spinor field ^ on 
Be defines on Cg a smooth ‘spinor- valued function’ which is given at (5 G Cg by the 
components of ^ in the frame defined by 6 and denoted (in the case of a covariant 
field) by j- We shall refer to this function as to the ‘lift’ of 

The structure equations induce on Cg the equations 

da — —UJ E dF — U) £;A(J , 

B = —Cb^ E A Cb^ B + Bi 



(5.5) 

(5.6) 
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where 

^ . EF 

It B = BCDF(^ A (J 

denotes the curvature form determined by the curvature spinor vabcdff- If holds 

hABCF^ ^DF + ^2 ^^BDF — hABDF^ ^CF 

(5.7) 

where sabcd = S(^abcd) is the trace free part of the Ricci tensor of h and r its 
Ricci scalar. The curvature tensor of h is given by 



Vabcdff = I ^ ^abcf — ^ 



f'AGBHCDFF = ABC DFF^GH ~ 'f'GHC DFF^AB • 

and the Bianchi identity reads sabcd = Dcd^- 

We use t G SU{2,C) and = p as ‘coordinates’ on Cg. The vector field H 
tangent to Ce then takes the form \/2 H = dp. Consider now the basis 




0 i 

1 0 




0 -1 

1 0 



, U3 = 



1 

2 



i 0 

0 —i 



(5.8) 



of the Lie algebra su{2). Here us is the generator of the group 1/(1). We denote by 
Z ^. , i = 0, 1, 2, the Killing vector fields generated on SU {Be) by Ui and the action 
of SU{2). These fields are tangent to 2^. We set there 

= —{Zu2 + )^ X- = —{Zu2 ~ iZu^), X = —2i Zu2 ? 

and extend these fields smoothly to Ce by requiring 

[H,X]=0, [H,X±]=0. (5.9) 

The vector fields H, X, X_|_, X- constitute a frame field on Ce which satisfies 
besides (5.9) the commutation relations 

[X, X+] = 2X+, [X, X_] = -2X_, [X+, X_] = -X. (5.10) 

The vector field iX is tangent to the fibers defined by tti. The complex vector 
fields X-I-, X_ are complex conjugates of each other such that X_ / = X+ / for 
any real- valued function /. 

These vector fields are related to the 1-forms above by 

{a^^,X) = 0 on Ce, ( 5 . 11 ) 

(a^^,X+) = peo-'^eo^ +0{p^), {<r^^ , X-) = ~P^i^ ^ + 0{p'^), ( 5 . 12 ) 

b,H) =0, {(1)^ B,X) = eo^ €b° - on Ce, ( 5 . 13 ) 

{ui^ B, ^+) = Co eg ^ + O(p^), {Gj^ b, ^-) = cb *^ + 0{p^), ( 5 . 14 ) 

as p ^ 0. 

To transfer the tensor calculus on Be to Ce we define vector fields cab = C(^ab) 
on Ce \ 2^ by requiring 

{(J^^ ,Ccd) = ^{C ^ ^D) CcD = codp -f c“^ CD X^ -h C~ CD X-. ( 5 . 15 ) 
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The first condition implies that Ts{7t') cab — ^(a^b) ^ ^b' for 6 G Ce\T^ , while the 
second removes the freedom for the vector fields to pick up an arbitrary component 
in the direction of X. It follows that 

AB = XaB, AB = - ZaB + AB, C~ AB = ~ Vab + c~ ab, (5.16) 
p p 

with smooth functions which satisfy 

AB = 0{p), c" 01 = 0, a = l,+,— , 



and 



^AB — , Vab — y/2^^ 

The connection coefficients with respect to 

7CD ^ B ^ B, Ccd) = 



\ ZaB = 



Cab satisfy 

- 7cD ^ B + ICD ^ B 



(5.18) 



(5.19) 



with 

7* ABCD = ^{^ACXbD + €bdXac), 701CD = 0, ^ABCD = 0{p). 

The smoothness of the 1-forms and the vector fields H, X- implies that the 
vector fields pccD and the functions 

CD, pc^ CD, pc~ CD, PlCDAB, 



extend smoothly to all of Cg . 

A smooth function F on an open subset of Ce is said to have spin weight s if 

X{F) - 2sF (5.20) 

on this set with 2s an integer. Any spinor- valued function induced by a spinor field 
on Be has a well-defined spin weight, it holds, e.g., 

X (pABCD = 2(2 — A — B — C — D) 4>abcd- (5.21) 

It follows from the construction of Ce that this is also true for the functions con- 
sidered above, it turns out that 

XcAb = 2{1- A- B)c^ ab, X Cab = 2 {I- (±1) -A-B)C ab, 

X jABCD = 2(2 — A — B — C — D) ^ABCD for B^C^D = 0, 1. 

By our construction, equation (5.3), and the formula for Ca(S) given above 
the vectors Ts(tt') (y/2H(S)) = e^(6) are tangent to and the frame Ca(S(p,t)) is 
parallely propagated along the geodesics [— e,e[3 p 7r'(6(p^t)) through i. Thus 

we have constructed the type of frame field asked for in the beginning. Working 
on Ce has the advantage that p and y/2 H define smooth fields and the smoothness 
of the various fields considered above can easily be discussed. 

The transition from Be to C' respectively to C^ amounts to a new choice of 
differential structure at space-like infinity. This change is reflected in the drop of 
rank of the map tt' at the set It follows from (5.11), (5.12), that at points 
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over i the vectors X, X± project onto the zero vector while at points in tt ~^{p) 
the real and imaginary parts of H, X_^, X- have non- vanishing projections which 
span the tangent space TpBe if p G Be- The relations (5.11), (5.12), (5.13), (5.14) 
show that the behavior of the map tt' near is encoded in the behavior of the 
solder and the connection form. 

With the structures given above we can perform tensor calculations defined on 
Be now also on Ce\2P and they follow the ‘usual’ rules of the spin frame formalism. 
If F denotes the lift of a smooth function f on Be, the covariant differential Df is 
represented on Ce \T° by the invariant function Dab! = cab{F). In the following 
we shall use the same symbol for a function and its lift. If /j^ab is the invariant 
function induced by a spatial spinor field /i on Be its covariant differential is given 
on Ce \ by the expression 

DabPAD = Cab{P'Ad) — lAB ^ C P'ED ~ lAB ^ D P'CE- 
Analogous formulas hold for covariant differentials of spinor fields of higher valence. 

In terms of p and t = (^^ b) on Ce and the normal coordinates satisfying 
(4.17) on Be, the projection tt' has the local expression 

7t' : (p,t) x°'{p,t) = pV2a°- cdE oE i. (5.22) 

This can be used to pull back the functions fl, U, and W, which are related by 
(4.29), to functions of spin weight zero on Ce- The metric in (4.13) is built into 
our formalism and the second fundamental form lifts to a symmetric spinor- valued 
function Xabcd which vanishes everywhere. Using the fields 

c"^AB, ICDAB, SaBCD, U (5.23) 

given by (5.16), (5.19), and (5.7), one can determine 

Dab Dcd^, (5.24) 

on C^ and thus also the derived data (4.14), (4.15), (4.16). 

In particular, a detailed expression for the rescaled conformal Weyl spinor 
(pABCD is obtained on C^ by using (4.16) and (4.29). It takes the form 

(t>ABCD = 4^'abCD ^^BCD^ (5.25) 

where 

^ABCD — ^ ^ {D(ab Dcd) ^ F cr sabcd} (5.26) 

== ^ D(ab Dcd) (p^) - S pU D(^abP Dcd)U } 

^ Dcd) U - 6D(^abD Dcd)D — U‘^ sabcd} 
is derived from a = p^U~^ and thus from the local geometry near z, while 

<t>ABCD-^ {-(>UWD(abPDcd)P + UWD(abDcd){p^)] (5.27) 
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+ ^ (W Dcd)U — D(^abP Dcd)^) 

— - (^ D(^ab Dcd) W -\-W D(^ab Dcd) U — 6 D(^abU Dcd) W — UW sabcd) 

—2 W D(^ab Dcd) VF + 6 D(^ab^ Dqd) ^ sabcd, 

is the part of the rescaled conformal Weyl spinor which depends on the non-local 
information in W and which vanishes in the massless case. Observing that 

Dab P = xab, Dab Dcd (p^) = —^P^{ab ^ c Dab U = 0{p), 

one finds that 

^'abcd — ^^BCD = ^\bcd + (5.28) 

where we set c^bcd = ^{a ^b^ ^d) for jf = 0, . . . , 4. 

5.1.2. Normal expansions at and the functions Tm ^ k* To analyze in detail the 
behavior of the various fields near space-like infinity it is convenient to study a 
particular type of expansion. It will be discussed here for an unprimed spinor field, 
similar expansions hold for other fields. In terms of the normal coordinates on 
Be define the radial vector field V — Let S* = (5*(x^) be the smooth spin 

frame field on Be which satisfies Dy = 0 on Be and coincides with the spin 
frame at i chosen as the starting point for our construction of Cg. Denote by ^*AB 
the orthonormal frame associated with (5* and write V = ^ab’ 

Suppose ^ is a smooth spinor field on Be which is given in terms of the spin 
frame field (5* by ^Ai...Ai ~ ^Ai...Aii^^)- Then its Taylor expansion at i is of the 
form 

p=oo 

eA,...A,{xn = E 

p=0 

(5.29) 

To determine the lift ^Ai...Ai of this field to one has to observe its trans- 
formation behaviour ^Ai...Ai .Ai Ai • • • Ai under changes of the frame 

and the fact that the pull-back of the functions are given in view of (5.22) 

by 

(5.30) 

If the expansion coefficients DspCp • • ’ DbiCi^Ai...Ai{'^) ^Len decomposed into 
products of Cab’s and symmetric spinors at i, the essential components = 
0 < j < /, 0 < j < /, which are of spin weight s = ~ — j, are ob- 
tained as expansion of the form 

oo 

p=0 



(5.31) 
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where 



m=max{|/ — 2j|,Z — 2p} A:=0 



^ ^ ^j,p,m,k TfYi 



-+3 



(5.32) 



with complex coefficients ^j^p-m,k and functions Tm^ k oi t as discussed below. 

We refer to this type of expansion as to the normal expansion of ^ at . In 
the case considered above the lift of ^ to C+ has smooth limits at Corresponding 
expansions in terms of /c G Z, can also be obtained for fields such as (f)ABCD 
on which are given by algebraic expressions of regular fields but which become 
singular at 2^. 

The functions Tm ^ k , arise (apart from some normalizing factors) naturally by 
the procedure indicated above. They are matrix elements of unitary representations 



SU{2) 3 t -> Tm{t) = {Tm^ k(t)) G SU(m + 1), 
which are given by 



^0 ^ o(^) = 1, ^ k 



{t) = 



m 



f{bl fbm)j 

^ ^ {ai • • arrx)k^ 



j, /c = 0, . . . , m, m = 1, 2, 3, . . . . 

The brackets with lower index now indicate symmetrization and taking ‘essen- 
tial components’. The expansions obtained above make sense under quite general 
assumptions; the functions \/m 3-lTm^ k{t) form a complete orthonormal set in 
the Hilbert space SU{2)) where fi denotes the normalized Haar measure on 

SU{2). 

Using the identification of 2^ with SU{2) built into our construction, we 
consider the Tm it as functions on 2^ and extend them as p-independent functions 
to Ce- The vector fields X±^ X then act as left invariant vector fields and it holds 

XT^^j = {m- 2j) (5.33) 



X+Trr 



A 



rn,j J-m j — li 



X^Trr 



-Am J+l Tm j+1 



(5.34) 



for Q < k,j < m, m = 0, 1, 2, . . ., with Amj = \/j {m- j + 1). It follows that 
functions / with spin weight s have expansions of the form 



/= X/ (5.35) 

m>\2s\ k=a 

where the m’s are even if s is an integer and odd if s is a half-integer. All functions 
considered in the following have integer spin weight. 
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5.2. The regularizing gauge for the evolution equations 

To obtain definite expressions for the expansions of the data at i and because 
the terms of lower order are then simplified, it has been assumed in [37] that the 
metric h is given in a cn-gauge near i. This will be assumed also here, though 
the discussion of the static case given below will show that this is not necessary 
for our construction. The coordinates p, t and the frame field constructed above 
depend on the choice of scaling of the metric h on S. Most important is the fact 
that Q. — O(p^) near it affects the definition of p in an essential way. 

In analyzing the evolution of our data in time it turns out convenient to use 
a different conformal factor 0 which is related to the conformal factor by 

0 rzr Q on Ce, (5.36) 

with a function 



i<i = pi<i' with /^' E C^(Ce), k:' > 0, X hi' = 0, k'\jo = 1. (5.37) 

The value of hi' on is chosen for convenience here, nothing is gained in the 

following by requiring a different (positive) boundary value for it. 

The change of the conformal factor implies a map E : 6 S which maps 

the set bijectively onto a smooth submanifold C* of the bundle of conformal 
spin frames over Be- We use the diffeomorphism S to carry the coordinates p and 
t and the vector fields 9p,X, to C*. The projection of C* onto Be will be 

denoted again by tt'. 

Assuming a conformal Gauss system for the evolution in time as described 
in Section 2.1, the evolution of the spin frames constituting C* defines in the the 
bundle of conformal frames over the space-time manifold A4 a smoothly embedded 
5-dimensional manifold M which is again a f/(l) bundle over the space-time and 
whose projection onto M we denote again by tt'. The manifold C* represents a 
smooth hypersurface of M. 

By pushing forward the coordinates p, t and the vector fields dp, X, X± with 
the flow of the conformal geodesics ruling these structures can be extended to 
JX such that i X generates the kernel of tt' . The parameter = r of the conformal 
geodesics defines a further independent coordinate with = r = 0 on C*, so that 
the tangent vector field of this congruence can be denoted by dr- 

The reduced field equations (2.38), (2.39), (2.40), (2.42) (the latter specializa- 
tion of (2.43) is chosen here for only definiteness) are now interpreted as equations 
on J\f by assuming that the caa' ^re vector fields on J\f which are defined at a 
spin frame (5 E A7 by the requirement that they project onto the frame defined by 
5 on M., i.e., Tstt' {caa') = ^a^A'^ and whose A-component is fixed by requiring 
an expansion of the form 



^AA' = TaA' dr — r A> ^AB, 

with ‘spatial vectors’ 

^AB — AB dr “h aB dp + aB Xa- + 6 AB X—. 



(5.38) 



(5.39) 
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The unknowns in the reduced field equations are then interpreted as spinor- valued 
functions on J\f. It can be shown that spin weights are preserved under the evolution 
by the reduced system. 

We have to express the initial data for the conformal field equations in terms 
of the new scaling. With /c, the fields (5.23), (5.24), and the associated covariant 
derivatives (carried over to C*, observing that the local expression of E in the given 
coordinates is the identity) one gets for the curvature fields 

(/>ABCD = ^ {D(^aB Dcd)^ T sabcd) , (5.40) 

QaA'CC' = f ^ ^ (^- 41 ) 



For the frame (5.38), one gets by (5.16) 

e^AB^O, ab = xab, (5.42) 

AB = zab -f /^c“^ ab, e~ ab = Vab + ab^ (5.43) 

For the conformal factor 0 we get 

0 = 0* = K-ij^= on C*. (5.44) 

We atssume that initial data for the 1-form /, which will be related in the end to 
/ by the relation f = f — Q~^ d&, satisfy 

if^dr) = 0, pull-back of f to C* = cIk. (5.45) 

It follows then that from (2.24) that 0 takes the form 

0 = 0* (l - ^) on V, (5.46) 

with a function cu which is given by 
2Q 

uj=—====p{U + pW){U^ + 2pUx^^DabU-p^D^^UDabU 

y/\DaO,D^ft\ (5.47) 

+2p^Ux^^DabW-2p^D^^UDabW-p^D^^WDabW}~^ onC*. 

Here the second member is given in the notation of Section 4.1 while the term on 
the right-hand side is given in the notation of Section 5.1.1. In (5.46) and in the 
following formulas the subscripts * are saying that the corresponding functions are 
constant along the conformal geodesics. 

For dAA' we get by (2.25) the explicit expression 
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where the dot denotes the derivative with respect to r and 



dAB = 2p 



u xab - P DabU - DabW 
{U + pWf 



(5.49) 



where the notation of Section 5.1.1 is used on the right-hand side. 

If one uses (5.42) and (5.43) to write for a given smooth function p on C* 

Pab = (e^ AB dp + e+ ab X+ + e~ ab 

one gets with the 1-form (5.45) and the spatial connection coefficients (5.19) the 
space-time connection coefficients in the form 

^AA'CD= (^-^Pi^AC ^'BD I^'ac) ~ P^' IABCD -^^AB f^CD^ A' • 

(5.50) 

Note that the Taa' bc in the reduced equations can be expressed by (2.37) in terms 
of the Taa'bc- 

Most important for us is the observation that the functions given by (5.40), 
(5.41), (5.42), (5.43), (5.46), (5.48), (5.50) have smooth limits as p Q and can 
in fact he smoothly extended into the coordinate range p < 0. For the unknowns in 
the new scaling we thus obtain normal expansion in terms of non-negative powers 
of p. In particular, one has 



4>ABCD — ^^{f^ABCD + 4>^BCd)^ 



(5.51) 



with (5.26), (5.27) on the right-hand side. Pushing the expansion (5.28) a bit 
further and using (5.36) one gets in the cn-gauge (in which hah = —dab + 0{p^)) 

<t>ABCD = 6 m e\scD (5.52) 



—p ^ 12 (X+ W\ ABCD 4- 3 Wi abcd — X- W\ e^ abcd) 



p^ 



2 





2-j 

3 




Ta ^ 

^4 J^ABCD’> 



+ o ( p ")- 

It is assumed here that W is an arbitrary solution to (A/^ — | r) FF = 0 on Sg. Its 
normal expansion takes in the cn-gauge the form 



with 



2 2 2p 

w = ^p»Wp + 0{p^) = T2p p) + 0(p3) 

p=0 p=0 k=0 



Wo;0,0 = W{i) = 



m 



Wl;2,fc 



2 

k 



\ 

2 






W2-,4,k = 




D{^ahDcd)A^*{i)- 
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In the case where k' is constant the right-hand side of (5.52) provides the terms of 
a normal expansion up to the quadrupole term. If k depends on p and t the terms 
given above need to be expanded further to obtain the normal expansion. 

The transition (5.36) to the conformal factor 0 corresponds to a transition 
h h' = h oi the metric on Be (assuming that k,' arise as a lift of a smooth 
positive function on Be with /c'(i) = 1) in the sense that then h = h = h' . 
The coordinate p is then not adapted to the geometry defined by the metric h'. 
To illustrate the situation assume that h is fiat. Then 

h' — —K p~~^ {dp^ -h p^ d(j^) = —K {dr^ + da^), (5.53) 

with r = — log p near i. With respect to the new coordinate r, which is adapted to 
the geometry of h\ the point i is shifted to infinity but the surface measure of any 
sphere around i remains finite and positively bounded from below. This behavior 
is refiected by the fact that the frame coefficient a b in (5.42) vanishes while the 
frame coefficients ab in (5.43) have finite and non- vanishing limits at We 
shall keep the coordinate p because it ensures the finite coordinate representation 
of the boundary 2^ as well as the smoothness of the data near . 

With the gauge defined above the functions 0 and dAA' in equations (2.39), 
(2.40) are given by (5.46) and (5.48) and the finite regular initial value problem 
near space-like infinity for the reduced field equations (2.38), (2.39), (2.40), (2.42) is 
completely determined. We write this system schematically as system of equations 
for the unknown u ^ {w,(j)) with 0 = {(/)abcd) and w = (eAAA^AA'BC.&AA'BB') 
or, alternatively, w = {caaa^ aa'bc^^aa'BB')- It takes the form 

drW = F{x, w, (^), d:r^ (f) = H {w) </), (5.54) 

where the x-dependence in the first equation comes in here via the functions © 
and dAA'- 

Important for the following is that with any choice of n satisfying (5.37) the 
functions 0 and dAA' take smooth limits as p 0 and can be extended smoothly 
into a range where p < 0. With the smooth extensibility of the initial data observed 
before, we find that the initial value problem for the reduced field equations with 
the data prescribed above can be extended smoothly into a range where p < Q so 
that the reduced equations form still a symmetric hyperbolic system. It may be 
noted finally that the congruence of conformal geodesics (considered as point sets) 
underlying our gauge does not depend on the choice of k, whereas the parameter 
r depends on it in an essential way. 



5.3. Specific properties of the regular finite initial value problem 
at space- like infinity 

The nature of the initial value problem formulated above is conveniently discussed 
by considering certain subsets ofM x M x SU (2) which are defined by the range 
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admitted for the coordinates We define 5-dimensional subsets 

at = {|r| <— , 0<p<e, t £ SU{2)}, 

Kj 

AT = {|r| <-, Q<p<e, te SU{2)}, 

Av 

where ^ is a function of p and t. It holds then 

M = jVuj- uj-^ ulul- 

with 4-dimensional submanifolds 

= {t = ±-, 0<p<e, te SU{2)}, X = {|rl <1, p = 0, te 5(7(2)}, 

K 

and 3-dimensional submanifolds 

s {|r| ± 1, p = 0, f € SU{2)}, = {r = 0, p = 0, te SU(2)}, 

where it has been observed that ^ ^ 1 as p ^ 0. We note that 

0 > 0 on AT, 0 = 0, d© ^ 0 on U U J, 0 = 0, d© - 0 on 

The set C* = {r = 0, 0 < p < e, t G SU{2)} defines a hypersurface of A/". Its 
closure in J\f is given by 

C={t = 0, 0<p<e, teSU{2)} = C^Ul^. 

Factoring out the group U{1) implies projections (denoted again by tt') onto 
subsets M X R X 5^ which are of one dimension lower than the sets above. In 
particular, A/* projects onto a set A4 which represents the ‘physical space-time’. 
For convenience we will usually work with the manifolds above and use for them 
the same words as for the projections, so that AT will be referred to as the ‘physical 
space-time’ etc. 

For suitable e > 0 consider a smooth extension of the data given on (7* to 
the set Cext = {'T" = 0, — c < p < e, t G SU{2)} and an extension of the functions 
0, d,AA' to the domain Afext = {kl < — e < p < e, t £ SU{2)}, so that 

the reduced conformal field equations (2.38), (2.39), (2.40), (2.42) still represent a 
symmetric hyperbolic system of the form (5.54). Then there exists a neighborhood 
V of Cext in JVext on which there exists a unique smooth solution caa'^ ^aa'bc 
(resp. Taa'bc)^ &aa'bb', (I^abcd to our extended initial value problem which 
satisfies the gauge conditions (2.36). 

It turns out, that the restriction of this solution to the set VnAT uniquely 
determined by the data on C* . The data on C* have a unique smooth extension to 
C and it follows from (5.38), (5.39), (5.42), and (5.43) that cc — ^ 0 as p — ^ 0. 
Equations (2.38) imply in particular 

^2dr cc = —^cc' BB''^^^ AA'‘ (5.55) 

It follows that cc' = 0 on V fl X and as a consequence that the matrices in 
(5.54) are such that 



= 0 on X, 



(5.56) 
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if the solution extends far enough. One can apply to the system (5.54) on subsets 
of V n A/" the standard method of deriving energy estimates. Without further 
information on the system the partial integration would yield contributions from 
boundary integrals over parts of VPlX. Because of (5.56) these boundary integrals 
vanish and one obtains energy estimates which allow one to show the asserted 
uniqueness property. The extension above has been considered to simplify the 
argument. Alternatively, the space-time M can be thought of as a solution of a 
very specific ‘maximally dissipative’ initial boundary value problem where initial 
data are prescribed on C and no data are prescribed on X because of (5.56) (cf. 
[42] and the existence theory in [48], [67]). 

In the present gauge the set X, which is generated from X^ by the extension 
and evolution process, can be considered as being obtained by performing limits of 
conformal geodesics. It represents a boundary of the space- time M which may be 
understood as a blow-up of the point i^. We refer to it as the cylinder at space-like 
infinity. 

Suppose that there exists on A7 a smooth solution eAA': Xaa'bc (resp. 
Xaa'bc)^ &aa'bba <I>abcd of the reduced conformal field equations (2.38), (2.39), 
(2.40), (2.42) which satisfies the gauge conditions (2.36) on A/* and coincides on the 
initial hypersurface C* = {r = 0}cA7 with the data given above. The projections 
Tn^eAA') then define a frame field on A4 for which exists a unique smooth metric 
g on M such that g{TTT' {eAA')^TTr' {eAA')) = ^ab ^A'B'- Denote by D' the domain 
of dependence in A4 with respect to g of the set and set D = n 

By the discussion above we can assume that the closure of D in JV contains the 
set X and the solution extends smoothly to X. It follows from the structure of 
the characteristics of the reduced equations, that the solution is determined on D 
uniquely by the data on C* and it follows from the discussion in [36] and the fact 
that the data satisfy the constraints that the complete set (2.29), (2.30), (2.31), 
(2.32) of conformal field equations is satisfied on D. Since 0 has spin weight zero 
it descends to a function on Ad and g = g satisfies the vacuum field equations. 

The restriction to D arises here because we only considered the data on C*. 
Observing that the latter were obtained by restricting the data given on the initial 
hypersurface S to Be it is reasonable to assume that the conformal field equations 
hold everywhere on A7 U X and g defines a solution to the vacuum field equations 
on Ad. 

Assume w is a solution of a (possibly non-linear) hyperbolic system of partial 
differential equations of first order on some manifold. A hypersurface of this mani- 
fold is then called a characteristic of that system (with respect to u)^ if the system 
implies for some components of u non-trivial interior differential equations on the 
hypersurface. These interior equations are called transport equations (cf. [22]). 

Because of (5.56) the set X is then a characteristic of the extended field 
equations. It is in fact of a very special type (i.e., a total characteristic)^ because 
the system (5.54) reduces on X to an interior symmetric hyperbolic system of 
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transport equations for the complete system of unknowns. Together with the data 
on 2^ it allows us to determine u = {v,(j)) on X. 

Suppose that the solution extends in a fashion to the sets . Since 
0 = 0 , d& 7 ^ 0 on the sets 7 t'(J 7^) form (part of) the conformal boundary at 
null infinity for the vacuum solution g. Since (j)ABCD is one finds Sachs peeling. 
Of course, it will be one of our main tasks to control under which assumptions the 
solutions will extend with a certain smoothness to the sets . 

As remarked before, we can expect the decision about the smoothness of the 
solution at null infinity to be made in the area where the latter ‘touches’ space-like 
infinity. This location has a precise meaning in the present setting. It is given by 
the critical sets which can be considered either as boundaries of or as 
the boundary components of X. The nature of these sets is elucidated by studying 
conformal Minkowski space in the present setting. 

We start with the line element given by (5.53) and choose k! = 1. Since 
u_= p by (7.1) it follows that = {|r| = dbl, 0 < p < e, t G 5/7(2)} and 
M = {\r\ <1, 0<p<e}x5^. It will be useful to express the frames considered 
in the following in terms of the specific frame 

VQ = df, vi^pdp, v±=X±. 

The complete solution to the conformal field equations then is given by 
e*AA' = ° ° + (1 + ^ €A' ^') Wo 

+ (£A°^A' ~^A^ f-A' Wi - CA°eA' V+ - €a^ ^A’ W_ | 

1 

^ AA'BC — ~ 2 

®\a'BB' = 0 , 

^\bcd — 0 - 

The conformal factor and the metric g implied by are given by 

T 1 — 

0* = p (1 — r^), p* = dr^ + 2 - dr dp ^ — dp^ — da^. 

p p^ 

With the coordinate transformation 

1 r 

P(1-t 2)’ ^ p(l_r2)’ 

one gets in fact the standard Minkowski metric g = 0“^ g* = dt^ — dr^ — da^ 
in spherical coordinates. The flat metric corresponding to (3.4) is given by ^*^g = 
g* = d{r pY — dp^ — p^ da^ with O* = p 0 * = p 2 _ {j p)'^. For this metric the 
curves with constant coordinates p, 0, and 4> are obviously conformal geodesics 
and because of their conformal invariance it follows that the corresponding curves 
for g* are conformal geodesics with parameter r. Equations (5.63) can be read as 
their parametrized version in Minkowski space. 



(5.57) 

(5.58) 

(5.59) 

(5.60) 

(5.61) 

(5.62) 

(5.63) 
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The metric g* given by (5.62) extends smoothly across null infinity but it has 
no reasonable limit at T. Its contravariant version 

gr*« = (1 - T'^)d^ + 2rdr (pdp) - (pdpf - 

does extend smoothly to X. While it drops rank in the limit, it does imply a smooth 
contravariant metric on X whose covariant version = (1— dr^ —da^ defines 
a smooth conformally flat Lorentz metric on X. The coordinate transformation 
r = sin ^ shows that this metric is not complete. The Killing fields of Minkowski 
space, which are conformal Killing fields for g*, extend smoothly to X such that 
they become tangent to X, vanish there in the case of the translational Killing 
fields, and act as non-trivial conformal Killing fields for the metric in the case 
of infinitesimal Lorentz transformations. 

The fields (5.58), (5.59), (5.60) extend smoothly to all of M.. The property 
(5.56) results from the fact that the fields Cqq,, e\y become linear dependent on 
X. Since they do not vanish there, this degeneracy does not cause any difficulties 
in the field equations. On X+ and X~ however, the field and e\y respectively 
vanishes. This strong degeneracy has important consequences for the (extended) 
conformal field equations. To see this, we solve the transport equations on X to 
determine the matrices on X in the general case. Extending the data (5.40), 
(5.41), (5.42), (5.43), (5.50), one finds that they agree on X^, irrespective of the 
choice of k' satisfying conditions of (5.37), with the implied Minkowski data. Since 
the extensions of the functions 0 and dAA' vanish on X, the transport equations for 
the frame, connection, and Ricci tensor coefficients are independent of the choice 
of initial data. It follows that the restrictions of these coefficients to X agree with 
those of the Minkowski data given above. It follows in particular that = 0 

on X. Applying formally the operator dp to equation (5.55) (which is part of the 
reduced field equations), restricting to X, and observing the data dpe^ aa'\x^', 
finds that dpC^ aa' = ^a^ ^a'^ — ^a^ ^A' ^ on X. Writing 

eAA' = aa' Vi with 1,+,-, 

and assuming the summation rule, we find that irrespective of the free datum h 
given on S and the choice of k' the fields caa', "^aa'BC, ^aa'BB' coincide at 
lowest order with the Minkowski fields above in the sense that &aa'BB' = 0{p) 
and 

AA' = aa' -T e" aa', ^ aa'bc = ^"aa'bc + ^ aa'bc, (5.64) 

with 

AA' = 0{p), Taa'bc = 0{p) p ^ 0. (5.65) 

Assuming h. = u in the general case, which by (5.47) is consistent with (5.37) if e is 
chosen small enough, the similarity with the Minkowski case becomes even closer. 
Then Q = f Q* with proportionality factor f = -^ which extends smoothly to A7 
such that / ^ 1 on X. The set is given as in the Minkowski case above. The 
discussion below shows, however, that this particular choice of k may not always 
be the most useful one. 
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X 



Figure 1. A Schwarzschild-Kruskal space-time in a conformal 
Gauss gauge. This is not a schematic picture but quantitatively 
correct. Each point in the figure corresponds to a 2-sphere. In 
Schwarzschild coordinates t and r the lower horizontal line, the 
initial hypersurface S ^ , corresponds for tt/ 2 < x < 'tt to 

the hypersurface {t — 0} of a Schwarzschild space-time. On S 
the coordinate x satisfies r = tan(x/2), takes the value 7t/2 
at the throat and the value tt at one of the asymptotically flat 
ends. The parameter r on the conformal geodesics vanishes on S. 

With = sin^x/2 (1 + sinx) the physical metric induced on S 
is h — duj‘^ with dcu^ the standard line element on S^. The 
initial conditions of Section 5.2 are satisfied with k = sinx so that 
0 = {1 — r^[cosx(2 + sinx)/2 (1 + sinx)]^}- In the given 

gauge the maps X ^ 'Tt— x and r —r are space- time symmetries. 

The rescaled space-time and the conformal Gauss gauge extend 
smoothly through null infinity, where 0 = 0. The expression for 0 
stops being meaningful when the conformal geodesics hit the sin- 
gularity. The behavior of the hypersurfaces of constant retarded 
and advanced time w and v shows that along curves which ap- 
proach the cylinder Z the null cones collapse. Along curves on 
which approach the critical set this behavior does not occur. 

This indicates a degeneracy at Z~^ of the set of characteristics. 

In the general case the first deviation from the Minkowski case is found in 
the value of the rescaled conformal Weyl spinor on Z. On Z^ it is given by (5.52). 
Restricting the Bianchi equation to Z and using the coefficients determined above 
one finds that 

4>abcd = on I. (5.66) 

The discussion above shows that the matrices are determined on Z by the 
Minkowski data and the structure of the characteristics of the evolution equations 
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for the rescaled conformal Weyl tensor agrees on X with that of the equations 
which are obtained by linearizing the Bianchi equation on Minkowski space. These 
(overdetermined) spin-2 equations take in the gauge above the form 

(1 + r) - P dp^]^ -h + (2 - /c) = 0, (5.67) 

(1 - r) + X_ + (1 - k) = 0, (5.68) 

where k = 0, 1,2,3 and the xjjj denote the essential components of the linearized 
conformal Weyl spinor. 

The most conspicuous feature of these equations is the factor (1 +r) in (5.67), 
which vanishes on U and the factor (1 — r) in (5.68), which vanishes on 
UT+. On these factors arise because the coordinate r is constant on 
and these sets are characteristics for the equations. By choosing k! differently, this 
degeneracy can be removed on (cf. [39]). At however, this degeneracy can- 
not be removed in the present setting. Any symmetric hyperbolic system extracted 
from these equations, like, e.g., 

(1 -fr)5r'0o - pdpijjQ -f == -2 '00, 

(4 -h 2r) 9^ 01 - 2p5p0i + A_0o + 3X+02 = -4 0i, 

6 dr 02 T 3 A— 01 + 3 A_(_03 = 0, 

(4 — 2 t) dr 03 2 p dp 'ips + 3 A_02 T A_|_04 = 4 03, 

(1 - r) dr 04 + p9p0o 4- A+01 = 2 04 . 

must contain such factors at least in the equations for 0o and 04. Writing this in 
the form dp^^p = H'lp, and writing ^r = {dr,0^ we 

find 

det(A^ = 24 (5^" (3 e + ) 

with 

9^'' = (1 - T^) e+2rp^r^,-p^ep-\ i^+ 

It follows that characteristics pertaining to the quadratic terms which start on 
X, stay on X and that those starting in the physical space-time never end on 
X UX~ UX^ but always run out to . Most importantly however, and this also 
holds true for the general system (5.54), the quadratic form degenerates 

at X^ and there is a loss of real characteristics (cf. Figure 1)^. This follows also 
directly from 

det(A"^) = 0 on X^ . (5.69) 

It appears that this loss of hyperholicity at the critical sets /^, is the key to the 
smoothness problem for the conformal structure at null infinity. 



am grateful to Anil Zenginoglu for doing the calculations and preparing the figure for me. 
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5.4. The s-jet at space-like infinity 

The relations (5.56) and (5.69) are the dominant features of the regular finite initial 
value problem at space-like infinity. The consequences of (5.69) are not deduced 
by the standard textbook analysis, we have to rely on the specific properties of our 
problem. It turns out that a considerable amount of information on the behavior 
of the solution near the critical sets can be obtained by exploiting (5.56). We know 
already that the solution is smooth in some neighborhood of C in TV” and that u 
can be calculated on J by solving intrinsic equations on T. It will be shown in the 
following that a full formal expansion of u in terms of p can be calculated on I by 
solving certain transport equations. 

The following notation will be convenient in the following. For p = 0, 1, 2, . . . 
and any sufficiently smooth (possibly vector- valued) function / defined on V U J 
we write /p for the restriction to I of the p-th radial derivative f. The set of 
functions , /p on T will be denoted by J|(/) and referred to as the jet of 

order p of f on I (and similarly with J replaced by J°.) If u = {w, <p) is a solution 
of equations (5.54) we refer to J^iu) (respectively Ji{<P)) as to the s-jet of 

u (resp. w, 4>) of order p and to the data J^o{u) (respectively Jjo{w), Jxo{4>)) on 
as to the d-jet of u (resp. w, (f) of order p. A s-jet J|(u) (respectively J|(u;), 
Jj {(/))) of order p will be called regular on 

T = X[JX~ 

(or simply regular) if the corresponding functions on X extend smoothly to the 
critical sets X^ . 

An initial data set on S will be called asymptotically static of order p, where 
p G N U {oo}, if its d-jet Jjo{u) coincides with the d-jet of order p of some static 
asymptotically flat data set deflned on some neighborhood of z in 5. It will be seen 
later that asymptotic staticity (of order p) is an important feature of initial data 
sets. 

Applying the operator formally to the first of equations (5.54) and re- 
stricting to T, one obtains for an equation of the form 

dr . . . , p = 1, 2, . . . , (5.70) 

where the right-hand side is an affine function of w^. The functions (j)^ do not 
appear here, because the rescaled conformal Weyl spinor occurs in the equations 
for the frame, connection, and Ricci coefficients with the factors © and which 
vanish on X. It follows that the s-jet can be determined by the integration 

of an (easily solvable) linear system of ODE’s, if the s-jet Jj ^{u) and the d-jet 
(w) are known. 

With the notation (5.64) the Bianchi equation can be written 

A' (j>BCDF = —(t>A'BCDi 

where 

(t>A'BCD = (f>A'{BCD) = A' Vi{(f)BCDF) “ 4 f ^ ^ (B 4>CDF)E’ (^-72) 




Smoothness at Null Infinity and the Structure of Initial Data 



175 



Then 

(\/2 A' 4>bcdfT ^ BCD’ (5.73) 

provides equations with left-hand sides given by 

(1 + r) dr + x+ + {2-j-p)4f; = ..., (5.74) 

{1 — r)dr 0^+1 + X_ + (1 - j -\-p) = . . . , (5.75) 

where j = 0, . . . , 3, and right-hand sides given by (cf. (5.65)) 

^^A'BCD ~ {^^B CD f) (5.76) 

i - - 

We note that these expressions depend on Jjiw) but only on Jj~^ {(/)). Thus, given 
these s-jets, the s-jet Jj{4>) can be obtained by solving a linear system of ODE’s, 
if J^o {(f>) is given. Because the system is singular at the critical sets it is not clear 
a priori that Jj{(j)) is regular, even if Jj{w) and are regular. 

To obtain more detailed information on the solutions, it is useful to consider 
a system system of second order. From (5.71) follows 

'^^EE' (f^ABCD = 2Va ^ E' (pBCDE = 2 Va ^ 4>E'BCD, 



which is equivalent to 

4 >ABCD = /aBCD = BCD), 

0 = 9 bc = ^ 4 >A'Abc- (5.78) 

While the right-hand side of 

(V^£, dABCor = Fabcd^ (5-79) 

depends again, similar to (5.76), on Jj{w) and JF^{<P), the left-hand side takes 
the decoupled form 

(l-r2)a2<AP + 2{(p-l)r-j + 2}a,<))P + C'<()P-p(p-l)</-P = ... (5.80) 



where the spin weight relations X (/)j = 2 {2 — j) (j)j and the Casimir operator 
C = - \ (X_|_ X- -t- X_ X_|_) -(- I X‘^ on SU{2) have been used to arrive at this 
expression. 

The fields (j)^ have expansions 



[^(p - j) 




, V' (kP-j 
') ^BCDF 



E 



(C 



B 



(B 



y 



CDF)E' 



9=|2-j| 



2q 

k=0 



with coefficients 



Since the Casimir operator satisfies 

C (T 2 C ,-2+i) - 9 (9 + 1) " 9-2+2, 
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equation (5.80) implies for ^ ODE’s of the form 

D{n,a,0) (P^q = (1 ~ T^) 0^,, + {/?-« ~ (a + /3 + 2) t} dr (p^^q (5.81) 

+n (n + a + /? + 1) (p^^^ = . . . 

with 

a = j — p — 2^ [3 = —j — p + 2, n = ni=p-\-q or n = n 2 =p — q—l. 

The equations above allow us to calculate recursively a formal expansion of 
the solution u = {w, (j)) to (5.54) in a series of the form 

oo 

« = (5-82) 

n=0 

on X (note the different meanings of the superscripts p) with coefficients = 
u^(r, t) G C^(X). In some neighborhood of in M this series represents in fact 
the Taylor series of smooth functions and it converges near XP if the datum h is 
real analytic. We shall try to deduce from it information on the behavior of u near 
the critical sets. 



5.5. Behavior of the s-jets near the critical sets 

Because Jxip) is regular, the integration gives a regular s-jet Jj(ic). The calcula- 
tion of Jx(^) gives (in the cn-gauge and with = 1) the regular solution 

4>\bcd = -{Wi 36 (1 - r^) + (18 - 3 r"} abcd (5.83) 

-12 (1 - rf X+ Wi el abcd + 12 (1 + rf Wi e^ abcd- 
Thus Jf(^) v^iii sigain be regular. It turns out that will not necessarily be 

regular. The integration (cn-gauge, = 1) gives 



4^ ABCD — 4abCD + 4^ ABCD + 4 ABCD 



W2 



with 

4\ABCD)o ~ 4>\aBCD)2 ~ ^ + C3(t) m^, 4>\abCD)^ ~ 

4\abcd)i — ^ 4\a^bcd)3 ~ —ci{—r)mX^Wi, 

where the Ci{r) are polynomials in r of order < 8, 



and 




(5.84) 



(5.85) 



ao(r) = 2 {I- r)^ K{-r) = -a 4 (-r), 
ai(r) =4(1- rf (1 + r) K{-t) - — ^ = -Q 3 (-t), 

1 — T 



with 
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a2{r) = V^{ 



2 — r 



(l + r)2 

K{t) = 1 - 3 / 



2(l-r)2(l+r)2iC(r)} = -a2(-r), 
ds 



(1 - 5 ) (1 + sY ’ 

While the first two terms extend smoothly to the third term has logarithmic 
singularities at the critical sets unless the regularity condition bABCoY) = 0 is 
satisfied (the quadrupole term W 2 , which looks so innocent here, reappears in 
obstructions to smoothness at higher order [71], [72]). 

It is thus clearly important to control the behavior of the s-jets at at all 
orders. Equations = 0 ^re well known from the theory of Jacobi poly- 

nomials and they have been used in [37] to derive a certain representation of the 
solutions in terms of polynomials built from the generalized Jacobi polynomials 
Pn^'^\r) ([68]). By the overdeterminedness of the system (5.74), (5.75) the prob- 
lem can be reduced to the integration of the functions The functions 

^>0 Calculated from them algebraically. 

One finds for p > 3 and q = p the representation 






(p+ l)(p + 2) 



4p 



i4>\ 



P _ AP ) [ 

0,p* I 

Jo 



dr' 



(1 (1 - t')p+^ 






(5.86) 



(5.87) 



(p + 1) (p + 2) ^p 

(*P0,p* *P4 



,.) r 



dr' 



Ap {I r')P-^ {I - ^ 

where the subscript * indicates initial data on XP . 

Denoting by the column vector formed from q^ obtains for 

p > 3 and 0 < g < p — 1 



Pp,,(r) = XpAr) £ XpAr')-^ Bp,,(r')dr'^ . (5. 



88 ) 



The functions Bp^q are derived from the right-hand sides of (5.73) and (5.79) and 
can thus be calculated from Jj{w) and Jj~^(0). The matrix- valued functions Xp^q 
are given by 



Xp^o — 



_ f (1 + r) 






P,1 



|P 2 (p -f- t) 






0 


(1 


- t) 


(1 + r)P-2 




0 


0 


(1 


- 



0 

P-2 (p 



r) 



X„ 



<3l;p,g('r) (-1)'^<33 ;p,,('t) 

(-1)‘'Q3;p.<j(-'t) Ql;p,q(-r) 



2 < g < p - 1, 
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with polynomials 
of degree rii = p q. 

The solutions to the transport equations can be calculated, order by order, 
explicitly. The only difficulty is the calculation of the functions 

Bp,, = Bp,, [j|(t«), 

which become more and more complicated at each step. 

The most conspicuous feature of these expressions is the occurrence of loga- 
rithmic singularities at Z^. The latter can arise, as a consequence of the evolution 
process and the structure of the data, even under the strongest smoothness as- 
sumptions on the conformal datum h. We will have to discuss to what extent the 
occurrence of such singularities can be related to the structure of the initial data 
and whether it can be avoided by a judicious choice of the latter. 

5.6. Regularity conditions 

Expanding the integrals in (5.86), (5.87) one finds 

0 Q p (1 — (1 + log(l — r) -h analytic in r as r — > 1 

and a similar behavior for ^4 ^ as r — 1 , unless the initial data on 2 ^ satisfy the 
condition 

(Note that the singularities get less severe with increasing p.) This raises the 
question whether data can be given which satisfy these conditions. By a lengthy 
recursion argument it can be shown ([37]) that for given integer p^ > 0 the fields 
(l)^p resulting from (5.86), (5.87) extend smoothly to for 2 < p < p^ 2 if and 
only if the free datum h satisfies the regularity condition 

■ • • DaiBi ^ABCD){i) = 0? g = 0, 1, 2, . . . ,p*. (5.89) 

By (4.46) these conditions are satisfied for static data with p^ = oo. This 
allows one to construct a large class of data satisfying (5.89) by gluing with a par- 
tition of unity an asymptotically fiat static end to a given time reflection symmetric 
data set and solving the Lichnerowicz equation. 

Condition (5.89) has been observed as a regularity condition before. In [34] 
has been derived under the strong assumption that the solution be massless (cf. 
(4.30)) a necessary and sufficient condition on h that space-like infinity can be 
represented by a regular point Y in a smooth conformal space-time extension 
(so that will be smooth near space-like infinity). This condition, referred to 
as radiativity condition^ implies (5.89). It has been shown in [37] that these two 
conditions are in fact equivalent. 
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The first term in (5.88) is polynomial and thus regular. The second term is not 
so easy to handle. If (5.89) is not assumed the corresponding log- terms will enter 
the integral in a non-linear way and the solution will have at polyhomogeneous 
expansions in terms of expressions (1 =p r)^ log-^(l =p r) with k,j G Nq. We shall 
assume therefore that (5.89) holds with = oo. 

Prom the expressions above it follows that the Wronskian det(Xp^g) has a 
factor (1 — The regularity of the integrals in (5.88) thus depends on the 

precise structure of the functions Bp^q{r), which get quite complicate with increas- 
ing p. It has been shown in [37] and [41] that Jj{u) is regular for p < 3 if (5.89) is 
satisfied with p* < 1. 

Because the functions Bp^q are getting increasingly complicated with p, 
J.A. Valiente-Kroon studied the case where h is conformallly flat on Be with the 
help of an algebraic computer program ([71]). In that case condition (5.89) is triv- 
ially satisfied but there still exists a large class of non-trivial data for which h is 
not conformally flat outside Be- In the conformal factor (5.44) one has U = 1 on Be 
but W will be a non-trivial solution to the conformally covariant Laplace equation 
with m = 2W{i) ^ 0. It turns out that Jj(u) is again regular. For Jj(u) however, 
logarithmic terms are observed. They come with certain coefficients which depend 
on the data. Choosing the data such that these coefficients vanish, still new log- 
arithmic terms are observed for Jjiu). Restricting to the axially symmetric case 
to keep the expressions manageable, new logarithmic terms crop up for p = 7 and 

p = 8. 

The form of the conditions obtained at these orders suggests a general for- 
mula which needs to be satisfied to excluded logarithmic terms at any given order 
p ([71]). If this formula is correct, all derivatives of W must vanish at i if the 
logarithmic terms are required to vanish at all orders. As a consequence the so- 
lution must become asymptotically Schwarzschild at i (cf. Lemma 4.1). Since W 
is governed on Be by an elliptic equation with analytic coefficients it would follow 
that the solution is precisely Schwarzschild near i. 

How seriously do we need to take the singularities at To answer this 
question one needs to control the evolution of the field in a full neighborhood of 
X \n M. This has not been achieved yet. However, the analysis of the linearized 
setting, which is given by the spin-2 equations (5.67), (5.68) on Minkowski space 
in the gauge (5.58), gives some insight ([39]). 

While the functions Bp^q vanish in that case, the singularities arising from 
(5.86), (5.87) do in general survive the linearization process. The analysis then 
shows that for prescribed integer j the function 

^ P^' on ^ 

p'=0 ^ 

extends to a function of class on A4, if one chooses p > ’ + 6 in the expansion 
above. Here , p' = 0, 1, . . . ,p — 1, are understood as p-independent functions 
on Ad UZ, which agree on Z with the s-jet Jj~ {'i/j) (defined by equations (5.67), 
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(5.68)). Note that the sum above provides the first terms of an asymptotic expan- 
sion of the solution at . 

It follows that the solution will extend smoothly to all of M if the linearized 
version of (5.89) is satisfied with p* = oo. If the condition is satisfied only with 
some finite p* > 2 but violated at p = p* + 1 , the solution will develop a logarithmic 
singularity at which will be transported along the null generators of so that 
the solution will be only in While it remains to be seen whether the 

solutions to the non-linear equations admit similar asymptotic expansions at , 
the discussion shows clearly that the regularity of the s-jets Jj{u) is a prerequisite 
for the smooth extensibility of the solutions to , 

If the solutions to the non-linear equations show a singular behavior on 
as indicated above, does it refer to something ‘real’ or to a failure of the gauge? 
If the underlying conformal structure where smooth at null infinity, the confor- 
mal geodesics should pass through where 0—^0 and the 1-form, the V- 
parallely transported frame, and therefore also the rescaled conformal Weyl spinor 
in that frame should be represented by smooth functions of r along the conformal 
geodesics because these as well as their natural parameter r depend only on the 
conformal structure. Singularities as indicated above therefore refer to intrinsic 
features of the underlying conformal structure. 

The results of ([71]) show first of all that the regularity condition (5.89) with 
p* = oo are not sufficient for the regularity of p = 0, 1,2, . . .. It appears 

that the Lichnerowicz equation, which breaks the conformal invariance by fixing 
the scaling of the physical metric h = h, does play a role in the smoothness 
of the conformal structure at null infinity. This is remarkable because it shows 
that besides the local condition (5.89) there are other conditions to be observed 
which are ‘not so local’. However, the Lichnerowicz equation is introduced only 
as a device to reduce the problem of solving the underdetermined elliptic system 
of constraints to an elliptic problem. The results of [16], [20], [21] exploit the 
underdeterminedness of the constraints in quite a different way. They teach us to 
be careful with the words ‘local’ and ‘global’ in the present context. 

The main purpose of calculating Jj(i^) for the first few p is to get an insight 
into (5.88) which would allow us to control the behavior of Jj(i^) near in 
dependence of the data given on S. One may speculate that the results above are 
telling us that asymptotic staticity, or more generally asymptotic stationarity, at 
space-like infinity is of more importance in the present context than expected so 
far. Recent generalizations of the calculations in ([71]) to non-conformally fiat data 
seem to support this view ([72]). 

This raises the question whether the setting proposed in [37] is for static 
solutions as smooth as one would expect. This is far from obvious because of the 
loss of hyperbolicity at the critical sets. Giving an answer to this question for 
general static solutions will be the purpose of the following chapters. 
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6. Conformal extensions of static vacuum space-times 

For static asymptotically flat vacuum solutions with positive ADM mass we shall 
construct in the following a conformal extension which will include null infinity 
and will also allow us to discuss the cylinder at space-like infinity. The extension 
will be defined in terms of explicitly given coordinates and conformal rescaling. In 
Section 7 will it be shown that it coincides with the extension (not the coordinates 
etc.) as defined in Section 5.3. 

Because one expects usually ‘not much to happen at space- like infinity’ for 
static asymptotically flat solutions, one may wonder why the detailed discussion 
of the fields near space- like infinity should be so complicated. An obvious reason is 
that a gauge which is chosen to discuss space-like and null infinity must introduce 
a ‘time dependence’, it cannot be adapted to a Killing field whose flow lines run 
out to time-like infinity. However, the main reason is that the static field equations 
play an important role in discussing the regularity of the field near the critical sets; 
we will have to make extensive use of them. 

The static vacuum solution is assumed in the form 

g = dt^ + h, 

with V = h = hah{x^) dx^ dx^ and a conformal factor where 

we assume h- normal coordinates x^ which satisfy (4.17) and the conformal gauge 
which achieves (4.31) on the set E x ZY, where U = {\x\ < p*} with a sufficiently 
small > 0. We set 

a 1 3 

T = |x| 2, e“ = ^ = |x|>0, 

Coordinates A = 2, 3, on the sphere = {|x| = 1} can be used to parametrize 
e" and we write then e® = and de^ = For convenience the coor- 

dinates will be assumed in the following to be real analytic. If x^ — pe‘^(^^), 
the metric h takes the form 

h — —d + p^ k, 

with (y^dependent) 2- metrics 

k = kAC d'lfj^ d = hac{p e^) de^ de^^ 

on the spheres p = const. > 0. For p — > 0 the metric k approaches the standard line 
element dcr^ = — A:(0, 'ip"^) on the 2-dimensional unit sphere in the coordinates 

We write now x^ = t and x^ = f, x^ = p, x^ = xp^ and consider the map 
^ : x^ x^{x^') defined by 

p 

= (6A) 

p(l-r) 
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It follows that the four differentials 



dx^ = {{1 — r) d p — pdr) p {1 — r) de^' , 



{v fl){pe^) (v Q)(p (1 — r) e") J ^ (^y ^){p (1 — t) e^) 



l = lAdxP^, I, 



p 

- / 

p(l-r) 



{vQ){se^)J 



are independent for 0 < f < 1 and 0 < p < p* and we can consider the as 
smooth coordinates on an open neighborhood of space-like infinity in {t > 0}. For 
s > 0 we set 

“* (!/(se«) + sf)»' 

To indicate the different arguments replacing s in this and other functions of 
s e“ or of s and we write out the argument replacing s explicitly but suppress 
the dependence on e" or Thus h{s) will be written for h{se^) and k{p) for 
k{p, etc. 

With this notation and the conformal factor 



a conformal representation of g is defined by 

g = ^*{K^g)=2 ^ ^ + p/i(p (1 - f)) df (6.6) 

^ (1 - ^)) +KpO--^))- 

The new coordinates do not refiect the symmetries of the underlying space- 
time, but they are sufficient to discuss the part of the space-time in the future of 
the initial hypersurface = 0}. We replace <S by the manifold with boundary S 
introduced in Section 5.1.1. The points of dS are thought of as ideal end points 
attached to the curves p — ^ x^{p) — pe^{\p^) in <S as p — > 0 for fixed value of 
'ip^. The coordinates p and 'ip^ extend (by definition) to analytic coordinates on 
S with p = 0 on dS. We set 

A^' = {0<f<l, 0<p}, M' = 

where it is understood that the unspecified coordinate systems 'ip'^ ‘cover’ the 
sphere 5^, and 

={f = l,p>0}, = 95 = {r = 0,p = 0}, 

J' = {0<f<l,p = 0}, = {f = l,p = 0}, 
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While the notation alludes to related sets introduced in Section 5.3, the prime 
should warn the reader that the sets defined above differ in various aspects from 
those considered in 5.3. The range of p should be also bounded from above in 
these definitions. We leave this bound unspecified because its specific value is 
unimportant here, we will be concerned only with the behavior of the metric in a 
neighborhood of X' in j\d'. 

Important for the following are the observations: 

(i) the function h{s as given by the right-hand side of (6.5) and considered 

as function of s and extends as a real analytic function into a domain where 

s < 0. This follows immediately from the values taken by U and its analyticity. 

(ii) similarly, the 1-form I given by (6.4) extends as a real analytic function into a 
domain where p < 0 and r > 1. This follows from 

fl\ ^ 1 2{U{s)-sm){U{s) + sf)\^ 



and (4.27) with = T. 

For the following it is convenient to slightly modify the frame (5.57) and set 
Vo = df, vi = pdp, VA = d^A , (6.7) 

= df, ^ d p, = dip^ , A,B = 2, 3. 

P 

One then gets g = gik a® with metric coefficients 

ffoo = 0, goi = ’ 9oa = ph{p{l - t))Ia, 



/i(p(l - 't)) 



2-(l 



KpiX-T)) 



giA = -{1-t)p h{p (1 - r)) ^1 - (1 - r) 

9ab = {p {I - f) h(p(l - f))}^ I A Ib + kABipC^ - r)). 

In terms of the new coordinates the metric given by (6.6) extends analytically 
through the set . The latter is a null hypersurface for the extended metric 
and represents future null infinity for the space- time defined by By contrast, 
the right-hand side of (6.6) does not extend smoothly to X'. However, the frame 
coefficients pik and their contravariant versions do extend analytically to all 
of A4\ It will be shown later how X' relates to (part of) the cylinder at space-like 
infinity denoted in 5.3 by X. 

One has pik = -h O(p^) with 



0 1 -h 2 m pr 

_ l + 2mpT — (1 — r) (1 -h r -h 4mpf^) 
~ 0 0 
0 0 



0 

0 

^22(0) 

^32(0) 



0 

0 

^23(0) 

^33(0) 
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so that det(p*^) < 0 for p > 0 , 0 < r < 1 and + O(p^) with 

(1-t) (l+T+4mpr^) 1 n rj 

(l+2mpr)^ 14-2mpr 

-- 0 0 0 

1+2 m pr 

0 0 e^{0) 

0 0 /c^^(O) k^^{0) 

Since the conformal factor A does not depend on t, the static Killing vector 
field represents a Killing field also for the metric g. In the new coordinates it takes 
the form 

K = — {(1 - f) + + pdp} ph{p){{l-f)vo + vi}, (6.10) 

and extends smoothly to all of A4'. 

Denote by V the Levi-Civita connection of g. Since the commutators of the 
frame fields Vk vanish, the connection coefficients defined by ViVj = Vy.Vj ~ 
'ji ^ j Vk are given by the formula 

'li'' j = \ 9^^ {vjiSu) + Vi{gij) - vi{gij)) . 

Again, the connection coefficients 7 ^ ^ j in the frame Vk extend analytically through 
{p = 0} and {r = 1 }. One finds 

7i j = ^ {vji9ii) + Vi(glj) - vi(g*j)) + O(p^), 

which implies 

7 + j = f + o {2<5° j) - (1 - +) (5^ j} - f 5'" j on {p = 0}. 

( 6 . 11 ) 

As a consequence of the behavior of gij and 7i ^ j the components of all tensor 
fields in the frame Vk which are derived by standard formulas from the metric and 
the connection coefficients, such as those of the Ricci tensor and the conformal 
Weyl tensor of p, extend analytically through and X', i.e., the metric g and 
its connection V imply in the frame Vi a smooth frame formalism on M.' . 

It follows that the coordinate expressions of these tensor fields, such as 
Rp'v'lg] = Rik p' u' ^ and, by the argument given in [60] (cf. also [38]), the 
rescaled conformal Weyl tensor u'\'p'[g] = u'X'p'ld] extend smoothly 

to . Unfortunately, this does not give us the needed details about the com- 
ponents Rjk and it does not tell us anything about the behavior of the frame 
components W'^ jki[g] of the rescaled conformal Weyl tensor on J' and the criti- 
cal set X+ . This requires detailed calculations. Only the analyticity of h near i 
is required to control the smoothness of the fields near . This follows from 
the ellipticity of the conformal static field equations near i. To deduce the desired 
behavior near J', however, one will have to invoke at least, as discussed in Sec- 
tion 5.6, the regularity condition (5.89) with = 00. The detailed form of the 
conformal static field equations will thus become much more important. 
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6.1. The Ricci tensor of g near X' 

The tensor 

L\§\p'v' = 2 ~ 0 ^[ 9 ] 9p'i^'^ ? 

is needed to integrate the conformal geodesic equations which define the setting 
introduced in Section 5. The purpose of this section is to demonstrate 

Lemma 6.1. The frame components Ljk = L[g\p>i^f j k extend as real analytic 
functions to X' with 

1 1 — 1 
Lok 2 2 — ’ 2 p 0. 

Proof Under the rescaling g g = A? g the tensor 

^[9\pv = 2 i^[9\pi^ ~ 0 ^[9]Qpi^ 5 

transforms into 

^\9\pi' — L[g\pu — Vp A + 2 j^2 ^ ^ 

Suppose g = dt^ -h is a static vacuum solution and g g = A? {v^ dt^ -Ph) = 
de + /i* with 

N = Av, h* = A^h = A^ h = hlf^(x^) dx^ dx^, 

p = p{x^), V = v{x^), O A == A(x"). 

In the following the gauge (4.31) and coordinates satisfying (4.17) will be assumed. 
The connection coefficients of the metric g in the coordinates t, x°' are given by 

Pa ^ c[g] = Ta^ c[h*] (the Levi-Civita connection of /i*), 

rt%[g]=0, Tt%[g\ = -Nh*^^DbN, %[5] = 0, 

Tb\[g] = o, rfeS[5] = rt%[g] = 

and L[g]pi, is given by 

V Q? v‘^ 

L[g]tt = -j^DaND-A+^DaAD-A, (6.12) 

L[g]ta = L[g]at = 0, 

L[g]ab = -jD:DlA + fj^DcAD<^A Kb, (6.13) 

where D and D* denote the h- and fi*-Levi-Civita connections respectively. With 
A = and the map $ defined by (6.1) one can determine from these 

formulas the frame coefficients 

Lik = {^*{L[A^g]y, Vi, Vk) = 

{{L[g]tt o^)dtdt+ {L[g]ab°^)dx'^ dx'^-, Vi, Vk). 
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With equations (4.36) and the relations 

Da^l = Cli Dacr = {1 + Da cr, 

1 _ „ 3 //X 1 



DaDb^ = 7— '3 DaDbO — - J — y ^ 

(1 + y/jiaY 2 V o- (1 + s/jr^Y 

which are implied by (4.35), one gets 

T £>“ AT A 

2s(l-2^^) {2-Z^)T-^D^TDaO 



Da a Db (T, 



(6.14) 

(6.15) 



=»'*{(Tr 



TD‘^ADaA = fl 



y^){l + ^Y 2(l-V^)(l + ^)3 U^l + ^) 

2s T-^D'^TDca 



a)4’ 



- s/J^Y } ’ 



(1 + ^Y (1 + VJ^Y (1 + 

T1/2 d* d* ■* Rab 3 DaCr Dbd 



(1 + 7m?)3 
Da DbT 



+ 



2 (1 + y/JTaY 



hab 



2U^l + ^Y u^{i + ^Y 

1 r-^D^TD, 



DcO-\ 

aY )’ 



u^i + ^Y 2{i + ^Y 

which allow us to obtain the following expressions for the Ljk- 

In the case of Loo there occurs a cancellation of the second terms in (6.12), 
(6.13) respectively, so that (with the understanding that e“ o 4> = e°'{Y‘^)) 



Loo 



2 / L[g]tt 






L[3]a6e“e*’^ o 



$ 



(6.16) 



-p^ {t A^ L»“ A + u fl Dl Dl A e“ e'’}^ o $, 



with 



= u fl 



TL»aArL>“A + uflT^/2 L»^ Ae“ Y’ 

(1 - 4 y//Ta + /x(t) (s + 2) cr{l — g,a) Rabe^^ Y 
(1 - Vm^) (1 + ^Y (1 + v^)3 

6y/jra 



+ 



(1 + ^Y 

jl-2^) 



1 D^TDaU ^^ 
U 2 C/2 



(1 - (1 + V^)3 



2-2C/2 
~~[P 



+ 



r-1 

D 



^TDaU]} 

c/3 J J • 



Since the term in curly brackets is of the order 0(T), the function Loo extends 
smoothly to {p = 0} with Loo ^ 0 as p ^ 0. 

It holds 



^01 



(ufl)(p) 



vCt J 



- (1 -r) Loo, 
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with 

{'^DaAD‘^A-DaND°-A) 

u Ufa 2 

/ 1 (1-3 s 

\2C/2(1 + (1 - (1 + 

1-2^/jra \2 D<^TDaU^\ 

“(1- V71^)(l + v^)3 [c/2 + C/3 JJ’ 

so that Loi extends smoothly to {p = 0} with Loi-^|as/9— >0. 



Lqa = P ( -^1^) oiblA- P^{1-t) {L[g]ab o $) e“ e^A , 



L[g]ab e“ e'^^^A 

, pU.^A 1 [ 1 , ^TD“TD„C/] 

-(1 y^)i?afce [[/4 +2 

SO that Loa extends smoothly to {p = 0} with Lqa ^ 0 as p ^ 0. 

/p2(t;J7)(p(l -f)) oP^l -I') I n ='l2r 

extends smoothly to {p = 0} with Ln as p — > 0. 

L\a 

= (fr45 - ^[5l« ° (1 - (i[5l- ° *) . 

extends smoothly to {p = 0} with L\a ^ 0 as p ^ 0. 

Lab = L[g]tt o ^ IaIb ~ iX ^[9]ah) o ^ 
extends smoothly to {p = 0} with Lab ^ab(O) as p — > 0. 



6.2. The rescaled conformal Weyl tensor of g near V 

In this section we shall make a few general observations concerning the rescaled 
conformal Weyl tensor and then specialize to the conformal static case. After a 
remark about the radiation field on we will analyze the smoothness of the 
rescaled conformal Weyl tensor near the set X'. 

Let p be a Lorentz metric and S a space-like hypersurface with unit normal h 
and induced metric — We set — n^hiy, e^^\p = e^j^xp, 

and denote by = C,^i,\p[g]n^h^ and c*^ = ^^lyXpid]'^^ (the star on the 
right-hand side indicating the dual) the n-electric and the n-magnetic part of 
the conformal Weyl tensor respectively. The latter are symmetric, trace- free, and 
spatial, i.e., c^p = 0, c*^ = 0. The conformal Weyl tensor of g is then given 

in terms of its electric and the magnetic part by (cf. [42]) 

CpyXp\p\ = 2 ^Pi/[A ~ ~ ^/o]<5 ^ pi^ ~ '^[p ^iy]S ^ 
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Suppose that ^ is a solution to the vacuum field equations. Then the first and 
second fundamental form hah and \ah induced by ^ on 5 satisfy the Gauss and 
the Codazzi equation (expressing the pull-back of spatial tensors to S in terms of 
spatial coordinates x^) 

Tab^\ = -Cab + Xc Xab - Xca Xb (6.18) 

DbXdiaCc)'”' = -Kc- (6-19) 

This allows us to express the conformal Weyl tensor in terms of hat and Xa6- If ^ Is 
a hypersurface of time refiection symmetry, so that Xab = 0, these equations imply 

rab[h] = -Cab, C*^ = 0, (6.20) 

and the Weyl tensor assumes the form 

C^auXpig] = 2 (Pt,[A Cpj^ - Pp[A Cp]^) = -(p 0 c)p^Ap, (6.21) 

where 0 denotes the bi-linear Kulkarni-Nomizu product of two symmetric 2- 
tensors (cf. [8]). 

If A is an arbitrary conformal factor, the rescaled conformal Weyl tensor of 
^ is given hy u\p[q] — i^\p[9]‘ In view of the behavior of the 

conformal Weyl tensor under conformal rescalings, one gets (observe the index 
positions) 

w^,xp[g]-l^C^^xp[gV (6.22) 

Its electric part with respect to the ^-unit vector A“^ n is then given by 

Wnv[g] = (6.23) 

With h — the gauge (4.31), the general transformation law 

rab[H = rab[h] + 0-1 £>„£>60 + hab (0“i - 2 0~2 D^O D=0), 

and the equation 2 0A/i0 = 3 DaO, one gets from (6.20) and (6.23) in the 

general time reflection symmetric case 

Wab[g] = -{^^y^iDaDb^-^habDcD^'Q + Qrabih]) on 5 = <Su{i}. (6.24) 

A conformal scaling which represents space-like infinity (with respect to the 
initial hypersurface S and with respect to the solution space-time) by a point is 
achieved by choosing A = ft on S. With this particular choice one has 

t^a6[g] = -0-2(D, Dfc O - 1 hab £>c O + O r„6[/l]) (6.25) 

= 0(T“^/^) as T ^ 0 unless m = 0. 

We note that in the massless case the precise behavior depends on the freely 
prescribed metric h on 5 near i. In the massless case one has ft = a and the 
comparison of the expression for Wab[g] with (4.36) shows that in the case where 
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h represents conformally static vacuum data one has 

Wab[g] = -IJ^Tabih], (6.26) 

i.e., the rescaled conformal Weyl tensor is smooth. 

We return to the case where A = With (6.14), (6.15) we get then 

\/r f 1 

'^ab[g] = I i^aDbcr - - Ahcrhab) (6.27) 



1 

2 



(3 Dacr DbO- 



Dc (J (T hab) + <T (1 4- 




m _ _ 

= — {3 Da cr Db a 

4 



DccrD'^ (7 hab) 



Tin 

-^U{l + ^)^rab[h] 



^2 M 

where we use Y^ab as defined by the right-hand side of (4.36) without assuming h 
to be conformally static. If h is conformally static the electric part of the rescaled 
conformal Weyl tensor on <S is given by the right-hand side of (6.27) with Yab = 0. 
In the present conformal gauge, defined by (4.31), one has 

S„b = 0(T3/2) near i, 

for any time refiection symmetric initial data h. 

If the solution is static and written again in the form g = dt^ h, then 
equations (6.17), (6.20) hold with fi = ^ dt and ^-independent fields for each slice 
S = {t = t^} with = const. The relations above then imply for all (^, x^) 

Wf,t.\p[g] = -T~'^{pQ)w)^^Xp (6.28) 



with 



P^v> — Dnja. 



With (g) denoting the tensor product, we write for arbitrary l-forms a, c 



a<S)sC = a(8)c + c(g)a, = a 



and note that the Kulkarni-Nomizu product is symmetric, i.e.. 



m0n = n0m, (6.29) 

for symmetric 2-tensors m, n, and satisfies for arbitrary 1-forms a, c, e 

(a (g) a) 0 (a 0^ c) = 0, (a 0^ e) 0 (a 0^ c) = -{a (g) a) 0 (c 0^ e). (6.30) 



We show how it follows in the present setting that the radiation field vanishes 
on . Since the extended Killing vector field K is tangent to the null generators 
of J'^ without vanishing there, the complete information on the radiation field is 
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contained in the field 

K-' KPW^,Xp[g]dx>^dx^ = -r-^ K'' KP{p0w)p^xpdx^dx^ 

= RPp^pWabdx^^dx’’ = -T-'^ {vn)^Wabdx^dx'^ 

= ^ 77— I^i 2 shab-^(X~^ DaaDbcr)dx‘^dx'' 

4 (l + y/pa)^ |_(7 

+ 1^(1 + rab[h]dx^dx^^ 

with 5 as given in (4.32). Because of the relation 

a~^Da<rDbCT = 4 U~^ {U^ e„ - ?7 DbU + ebDaU) +T D^U Db U) , 

(6.31) 

and the factor a in the second term it follows that 

K^K^W^j^Xp[g]dx^dx^-^—2mp^df^ as r — ^ 1, p > 0. (6.32) 

Thus, the pull-back of ^^iv\p[9] dx^ dx^ to which provides the radia- 

tion field up to a scaling, vanishes everywhere on . 

Lemma 6.2. The components Wijki [g] = A~^ C^'i/'A'/o' [q] i 3 k i of the 
rescaled conformal Weyl tensor of g in the frame Vk extend as analytic functions 
toT. 



Proof In the coordinates x^ given by (6.1) the rescaled conformal Weyl tensor is 
obtained as the product of 

-(Xo$)-i = -(p(l-f))- 2 , 

with the Nomizu-Kulkarni product of 

p' = {hab o^)dx'' dx^ - {{v Q) o dt‘^ = p[ +P 2 +Ps +P 4 ^ 

and w' = w[ -h + t /^4 + , where 

P'l = -2 ((1 -f)dp- pdff, 

P2 = {{l-f)dp- pdf)®s dp+ (^n)(p(l -f))/ 



Pz = - 



\ {v^){p) 

{vQ){p{l-f)) 



dp+ (vO)(/9(l - t))1 



)■ 






(vQ){p) 

p', = p^{l~ffk, 

5 = -({^t^(l + Vp^)^ rc,b[h] I o d a;“ (i x^, 



and 



+ ^2 + ^3 + ^4 = ~ ^ ~ ^ — 3 <j ^ Da (T Db (t)^ o d x^ d x^ , 
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with 

^ J +6C/-2)| 

= - ({y } °^) fc, 

((1 ~f)dp- pdf) ®sj, 

We used above the relation (6.31) and set 

j = {DaUo^)dx^. 

The desired result on the behavior of the rescaled conformal Weyl tensor near 
T is obtained now by showing that for arbitrary frame vector fields Vn one has 

ip' 0 w'] Vi, Vj, Vk, Vl,) = 0{p^ (1 - f)^). 

From (6.29) it follows that 

Pi 0 w[ = Pi (Z) = P2 (Z) w[ = 0. 

Observing (4.27) one finds by inspection 

(p'l; Vi, Vj) = 0{f), {p'm\ v^, Vj) = (1 - t)^), for M = 2,3,4, 

{w'^-, Vi, Vj) = Oip"^ {I - f)'^), {w'j,j-,Vi,Vj)= 0 {l), for AT = 2, 3, 5, 

and thus 

(p'm Vi, Vj, Vk, Vl) = 0{p'^ {1 - f)^) for M = 2,3,4, N = 2,Z,A,f>, 

{p'l 0 w'p, Vi, Vj, Vk, Vl) = 0{p'^ (1 - r)^). 

The remaining term is given by 

p'l 0 {w '2 + w/g) + (pa + P 4 ) 0 w'l = p[0m 



with 

m = u ;2 + u >5 - j (s +6C/“^)|o$^ {p '3 + p' 4 ) 

= - j ({i7 (3 s C/2 + 6)} o $) A: - t/ (1 + ,/p^)^ o dx^dx<^ 

+^{{su^ + 6u}o^) 

For the three summands to be considered here we get the following. From 3sU^ 
6 = 0(T) it follows that 

(p'l 0{{U{3sU^+ 6)} o $) k-, Vi, Vj, Vk, Vl) = 0{p^ (1 - r)2). 

Because of 

= p‘^ (1 — f)^ de^^ 0 de^^ 

~^Pi e"" + p(l - f) 05 ((1 - f) dp - pdf), 
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it follows by (6.30) that 

{Pi < 2 > (ly U {1 + rab[h]^ o dx°- Vi, vj, Vk, vi) 



It holds that s -h 6 17 



= 0(p^(l-r)^). 

0(1) and by inspection it follows that 



(p'i0 



(i;^^)(p(l - t)) (^n)(p(l-r)) 

p{l-f){vn){p) p ( i - t ) 



2 

; Vi, Vj, Vk, Vi) 



7. Static vacuum solutions near the cylinder at space-like infinity 

The conformal extension considered in the previous section relies on specific fea- 
tures of static fields. We use it to show that the construction of the cylinder at 
space-like infinity in Section 5, which is based on general concepts and applies to 
general solutions, is for static vacuum solutions as smooth as can be expected. 

Theorem 7.1. For static vacuum solutions which are asymptotically flat the con- 
struction of Section 5 is analytic in the sense that in the frame (5.57) all conformal 
fields, including the rescaled conformal Weyl tensor, extend to analytic fields on 
some neighborhood O of T in M . This statement does not depend on a particular 
choice of (analytic) scaling of the (analytic) free datum h on S. 

This result will be obtained as a consequence of Lemmas 7.2, 7.3, and 7.4 
below. 

The construction of Section 5 will be discussed here for static solutions in 
terms of the initial data h and Q. in the gauge given by (4.31), and the field g given 
on jM' in the coordinates defined by (6.1). The effect of a rescaling of h will be 
discussed separately because it is of interest in itself. 

The conformal factor 0 is assumed in the form (5.44), (5.46) with 

k = uj = 2Q. \DaO.D^Q\-^ = 2 O (1 + y/JTa)-^ >/2 |s| a. (7.1) 

It follows that uj = Ti/2 + 0(T) and 0=1/2 + 0(T) so that 

on S : lim lo~^ = lim w = lim 0 = 1. (7-2) 

p — )^0 p — +0 p — >0 

The metric h induced by ^ = 0^ ^ on 5 is given hy h. 

The main ingredient of the gauge for the evolution equations used in Section 
5.2 are the conformal geodesics generating the conformal Gauss system described 
in Section 2.1. We shall try to control their evolution on Sd' near X'. Following 
the prescription in Section 2.1, we assume that the tangent vectors x — dxj dr oi 
the conformal geodesics with parameter r satisfy 

X ± 5, 0^^(x,x) = 1 on S. 



(7.3) 
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With the frame (6.7) and the coordinates (6.1) this translates into the initial 
condition 

i = = — ^ (^’o + t*!) = Wj at r = 0, (7.4) 

P P 

with 

= + 0{p) as p ^ 0. 

For the following we need to observe besides g = g the relations 

g = U'^g = e^g, with n = A-i0. 

For the connections V, V, and V of g^ g, and g respectively we have relations 
V = V + S{f), V = V + S{f), V = V + S{f), 

V = V + 5(0-^d0),, V = V + S{A-^dA). 

The comparison gives f = f — Q~^dQ and f = f — A“^ dA which imply the 
relation 

/ = / + 0-id0-A-idA = / + n-^dn, (7.5) 

between the l-form / which is obtained if the conformal geodesic equations are 
written in terms of the metric g, the 1-form / which is supplied by the conformal 
geodesic equations written in terms of the metric g^ and the conformal factor which 
relates ^ to 

By the choices of Section 5.2 we have (/, x) =0 everywhere on the space-time 
and (d0,x) = 0 on <S. Since A has been chosen to be independent of t and dt is 
orthogonal <S, it follows that (dA,x) = 0 and thus (/, x) = 0 on 5. Observing the 
pull-back of / to given by (5.45) and the relation 

n = on S, (7.6) 

we find that the pull-back of / to <S is given by 1/2 dX. Prom this one gets 
in the frame (6.7) and the coordinates (6.1) with f = 0 

/ = (1/2 Da T) o $ dx" = /i with = on S. (7.7) 

The relation (/, x) = 0 and equation (7.5) imply the ODE 

n-n(/,x), (7.8) 

along the conformal geodesics, which, together with (7.6), will allow one to deter- 
mine n once (/, x) is known. 
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7.1. The extended conformal geodesic equation on I 

With respect to the metric (6.6) a solution to the conformal geodesic equations 
is given by a space-time curve x^(r) = (f(r), p(r), V^^(r)) and along that curve a 
vector field X (r) and a 1-form / (r) such that 



x = X, 



Vx X = -2{/, X)X + g{X, X) /#, 

Vx / = if, X)f - i g{f, f) X' + L(X, . ). 



With the expansions X = X'^Vi, f = g = = g^^vjVk, L = 

Ljk OL^ OL^ , Ck = kVi^ the equations above take in the domain where p > 0 the 
form 



d 



X 



d 



^ :^P = px\ = 

dr dr dr 

which is the equation = X^ i, relating the coordinate to the frame expres- 
sions, 



^ X* + 7 / fc X^ X^ = -2 fk x>^ X^ + gjk X^ X'= f fi, 
a T 

e fi = /i x7fe - ^ g‘^ fi fj gik X' + Ljk XL 

ar Z 

Note that the functions gjk^ Ij^ u Ljk entering these equations extend by 
analyticity through V into a domain where p < 0. Assuming such an extension, 
we get the extended conformal geodesic equations. Since also the data are analytic 
on S, it makes sense to consider these equations in a neighborhood of X'. 



Lemma 7.2. With the values of Ljk on X' found in Lemma 6.1, the initial data 
X = (0,0, and (cf. (7.4), .1)) X" = o + S\, fi = -S^ i + on X^' 

determine a solution x{r) , X{r), /(r) of the extended conformal geodesic equations 
with T = 0 onXP and 

x { t ) = (f(r),p(T),V’'^(r)) = 



By analyticity it extends as a solution into a domain 0<r<l + 2e for some 
€ > 0. The extension to X' of the conformal factor II which is determined by (7.6) 
and (7.8) takes the value II = 1 onX' . 



Proof. With the ansatz x{r) = (f(r), 0, X{r) = X^{t)vq + X^(r)ui, / = 
/o(r) -h /i(r) those of the extended conformal geodesic equations which are 
not identically satisfied because of (6.8), (6.9), (6.11) are given by 



A 

dr 



r = X^. 



Xx ^ + 2fX°X^-f{l-f‘^)X^X^ 

dr 

= -2 (/o x° + A xA x° + (2 x^ - (1 - f^)x^ xA ((1 - f 2 ) A + A), 



^X^ -rX^X^ = -2(/oX° + AXi)X^ + (2X°Xi - (1 ~ f‘^)X^ X^) fo, 

d T 




Smoothness at Null Infinity and the Structure of Initial Data 



195 



^fo-ffoX^= (/o + /i Xi) /o - i ((1 - f2) fofo + 2fofi)X^ + ^X\ 

^h-ffo {X° - (1 - f2) + ffiX^ = ifo + fiX^) /i 

((1 - f^) fofo + 2 /o /i) (X° - (1 - r^) ^1) + \x°- Xi. 



A calculation shows that the solution of this system for the prescribed initial 
is given by 

r = r, X° = l, X^ = -^, 7o = -^, /i = l. (7.9) 

1 + r 1 -f T 

This proves the first assertion. With the solution above equation (7.8) reads n = 0 
and we have II = 1 on 7^ by (7.2). This proves the second assertion. 

Remark: The ODE above is sufficiently complicated so that giving the solution 
explicitly deserves an explanation. In (5.62) is given the conformal factor and 
the conformal representation of Minkowski space which result from the general 
procedure of Section 5. In (5.63) is given the coordinate transformation which, 
together with the conformal factor, relates the conformal metric to the standard 
representation of Minkowski space in coordinates t and r. 

If the Minkowski values m = 0, 17 = 1, hat — -Sab are assumed in Section 6 
the metric g reduces by (6.8) to the metric with m = 0. One can consider 

this as the lowest order (in p) approximation of the general version of g. Tracing 
back how the functions r, p, A in Section 6 are related in the flat case to t and r, 
one finds 

= ^ ^ \ ^ 

^ p(l-r)’ P(l-r)’ ""“r- 

The conformal factors in the conformal representations thus agree but the coordi- 
nates are related by the transformation 



T = T, p = p(l-{-r 



(7.10) 



This implies 

2-^dr — (1 — r^) = dr^ + 2 r — dr — (1 — r^) — ^ —da^. (7.11) 

P \ P J P \ P J 



The left-hand side is the conformal Minkowski metric (6.8) with m = 0 while 
the right-hand side is the metric g^ given by (5.62). The conformal geodesics 
underlying (5.62) have tangent vector X = dr and 1-form f = ^, With (7.10) 
these transform into 



/ 



X = dr + 

dp 



1 -h r 
1 

1 + r 



- pdp = vo + 



1 + T 



3^1, 



dr = 



1 + r 



3 oo T oi , 



from which one can read off (7.9). 
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The hypersurfaces {p = p^ = const. >0} are in general time- like for the 
metric (6.6). The form of suggests that these hypersurfaces approximate null 
hypersurfaces in the limit as — > 0, but the conclusion is delicate because of 

the degeneracy of on X' . The discussion above shows that they do become null 

asymptotically in the sense that for the metric on the left-hand side of (7.11) the 
hypersurfaces {p = const.} are in fact null. To some extent this explains why the 
coordinates given by (6.1) had a chance to extend smoothly to and to provide 
a description of the cylinder at space-like infinity. 



7.2. The smoothness of the gauge of Section 5 for static asymptotically flat vacuum 
solution near X 

Let <Sext denote an analytic extension of S into a range where p < 0 so that p, 
extend to analytic coordinates. If the set <Sext \<5 is sufficiently small, the following 
statements make sense. The initial conditions (7.4), (7.7) extend analytically to 
vSext and determine near Sext an analytic congruence of solutions to the extended 
conformal geodesic equations. It therefore follows from Lemma 7.2 and well-known 
results on ODE’s that, with the e of Lemma 7.2, there exists a. > 0 such that 
for initial data f(0) = 0, p(0) = p' with |p'| < -0^(0) = and those implied 

at these points by (7.4), (7.7) the solution 



= X\r,p',rP^’), h = fk{T,p',^^'), 

of the extended conformal geodesic equations exists for the values 0 < r < 1 -h e 
of their natural parameter and the function 11 is positive in the given range of p' 
and r. 

Taking a derivative of the equation satisfied by p and observing (7.9) gives 



d ( dp \ \ f dp \ 1 



1 + r 



which implies by (7.9) 



0U=o) =l + r>l. 



It follows that the Jacobian of the analytic map 






! .!.A\ 



takes the value 1 + f on Z' and for sufficiently small p:^ > 0 the Jacobian does 
not vanish in the range 0 < r < 1 -f- e, |p| < p^. The relations A = 011“^, II > 0, 
and 0 == {uj~^ (l — r^) imply that the curves with p' > 0 cross for r = 1. 
It follows that r, p', and define an analytic coordinate system in a certain 
neighborhood O' of Z' in A4', such that (suppressing again the upper bounds for 
p') O' n = {t = 1, p' > 0}, Z' = {0 < r < 1, p' = 0}, Z+' = {r = 1, p' = 0}, 
and O' is ruled by conformal geodesics. 




Smoothness at Null Infinity and the Structure of Initial Data 



197 



The metric g — 11^ the connection coefficients of the connection V and the 
tensor fields (cf. (2.11)) 

= L^^[g] - /^ + /^ /^ - i fx P, 

f = f-n~Uu, w^,px[g\ = ^w^upx[g\. 
in the frame (6.7) extend in the new coordinates as analytic fields to O' . 

Given these structures and the conformal geodesics on (9', the construction 
of the manifold M as described in Section 5 poses no problems. With the given 
analytic initial data on S it only involves solving linear ODE’s corresponding to 
(2.21), such as 

^ e* fe + 7 / ; e' fe = -/( XUP- fi gji X^ e' fe g^^ P, (7.12) 

or its spinor analogue, along the conformal geodesics. This allows us to conclude 

Lemma 7.3. Starting with static asymptotically flat initial data in the gauge (4.31), 
the construction of Section 5 leads to a conformal representation of the static 
vacuum space- time which is real analytic in a neighborhood O of the set X in M . 



7.3. Changing the conformal gauge on the initial slice 

It will be shown now how the construction described in Section 5 depends for static 
vacuum solutions on rescalings 

h ^ h' — h, Q Q' = on <S, 



with analytic, positive conformal factors d. 

There are harmless consequences such as the change of the normal coordinates 
^ X ^ = X “(x^) with X "(0) = 0 and a related change Ca a of 

the frame vector fields tangent to S. Here a denotes an analytic function on S 
with values in 50(3) such that a a as p — > 0. These changes will simply be 
propagated along the new conformal geodesics. 

Critical is the transition from the congruence of conformal geodesics related 
to (the ft- congruence) to the new one related to ft' (the ft' -congruence). If the 
curves are considered as point sets, the two families of curves will be different if 
dft' - ft-^ dft = dd^O (cf. [40]). 

The rescaling above implies on 5 the transitions 



\\dft\\H-^\\dn'\\H^ =C\m\h. 



2ft 



2 ft' 



(jU S 



LO — 



UJ = 



IldOII;, “ \\dn% e’ 

0|_5 = w'l ^ e'l^ = w'-’ n' = ^ 0|g, 



with the function 






Ahft 2 Ahft 



which extends to 5 as an analytic function of p and 
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It follows from the initial conditions for the f^-congruence that 

x) = 1, (7.13) 

and for the transformed 1-form that 

{f,x) =0, fs~y f'g =J-'^duj' = + 

where the subscripts indicate the pull-back to S. These two lines give the initial 
data for the fl'-congruence if the conformal geodesic equations are expressed with 
respect to the rescaled metric g' and its connection V'. 

To compare the fl'-congruence with the fl-congruence we observe the con- 
formal invariance of conformal geodesics (cf. [38]) and express the equations for 
the O'-congruence in terms of g and its connection V. The space- time curves, 
including their parameter r', then remain unchanged. The 1-form is transformed 
because of ^ = (0©'“^)^^' according to /' /*_ = /' — (0© ~^)~^d(0© 

which implies (/*,:r) = 0, /J = (I'd on S . If this 1-form is expressed in 

terms of the ^-orthonormal frame with eo -L 5, one finds 

/* = (/*, eo)=0, f: = {f\ea)= fa +^~Hdd,ea) a = 1,2, (7.14) 
The fields x, are the initial data for the ^I'-congruence in terms of g, e^, 
and V. Since ^ ^ 1 and {(I'd, Ca) = 0{p) as p ^ 0, it follows that 

^^1, as p^O. 

As a consequence, the initial data for the fl'- and the fl-congruence have coinciding 
limits on 2^ and the corresponding curves are identical on X' . 

Assuming now the conditions of Section 7.2 and using arguments similar to 
the ones used there, we conclude that in a certain neighborhood O' of X' in A4' 
the gauge related to the fl'-congruence is as smooth and regular as the one related 
to the ri-congruence. Thus we have 

Lemma 7.4. In the case of static asymptotically flat space-times the construction 
of the set X' is independent of the choice of Q and the set X' introduced in Section 
6 coincides with the projection 7r'(X) of the cylinder at space-like infinity as defined 
in Section 5. 

We note that the comparison of the Q'- with the fl-congruence leads in the 
case where the solution is not static and thus not necessarily analytic still to similar 
results if the solution acquires a certain smoothness near UX^. In the case of 
low smoothness, however, the detailed behavior of the different congruences needs 
to be analyzed in the context of an existence theorem. 
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8. Concluding remarks 

Concerning the regularity conditions we have now the following situation. For static 
asymptotically fiat solutions with m ^ 0 the conformal extensions to X are smooth 
(in the sense discussed above) and their data satisfy the regularity condition (5.89) 
with p* = oo. In the massless case condition (5.89) with = oo is necessary and 
sufficient for space-like infinity to be represented by a regular point in a smooth 
conformal extension. In the general time reflection case with m ^ 0 conditions 
(5.89) are necessary but not sufficient for the s-jets Jj{u)^ p G N, to be regular 
at the critical sets Thus, the mass m = 2W{i) and also the derivatives of 
d^aW(i), a G N^, play a crucial role for the behavior of the Jj(u) at X^. The 
mechanism which decides on the smoothness remains to be understood. 

Only the d-jet Jjo{u) and the s-jets are needed to obtain Jj{u) by 

integrating the transport equations on X. Since the left-hand sides of the transport 
equations are universal in the sense that they do not depend on the data, it follows 
that Jj{u) is uniquely determined by Jjo{u) for p G N. In the static case the s-jets 
Jj{u) are regular. In [16] has been exhibited a class of data which are asymptot- 
ically static of order p for given p G N U {oc} and which are essentially arbitrary 
on given compact sets. It follows that for prescribed differentiability order p there 
exists a large class of data for which the s-jet Jj{u) is regular on X. 

We expect there to be a threshold in p beyond which the regularity of Jj{u) 
ensures peeling resp. asymptotic smoothness of a given order of differentiability 
and below which the singularity of Jj{u) implies a failure of peeling. This order is 
likely to be low enough such that the behavior of Jj{u) with q < p can be controlled 
by a direct, though tedious, calculation. However, if asymptotic staticity does play 
a role here, one should try to understand the underlying mechanism. It would be 
quite a remarkable feature of Einstein’s equations if asymptotic staticity could be 
deduced from asymptotic regularity at null infinity. 
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Status Quo and Open Problems in the 
Numerical Construction of Spacetimes 

Luis Lehner and Oscar Reula 



Abstract. The possibility of explicitly constructing solutions to the Einstein 
equations via computer simulations represents a relatively new, powerful ap- 
proach to investigate the theory. Numerical relativity is the branch of Gen- 
eral Relativity whose goal is to obtain such solutions. Unfortunately, despite 
several remarkable successes, the field has not yet reached the mature level 
required to successfully tackle a number of interesting problems. Several open 
issues slow down the progress in the field and their resolution will be key 
in realizing its full possibilities. This article presents a brief introduction to 
the discipline, placing special emphasis on some of the main open conceptual 
problems. 



1. Introduction 

Computer simulations are revolutionizing science in profound terms as they, in 
principle, allow one to treat problems which are too difficult to solve analytically. 
Einstein’s theory is described by arguably one of the most complicated partial 
differential equations systems, and this has prevented researchers from unravelling 
the full implications of this beautiful theory. Undoubtedly, considerable advances 
have been obtained in several regimes based on purely analytical considerations. 
However, these require diflFerent non-generic assumptions and it is safe to say that 
there are a number of issues we can not yet, at the analytical level, begin to under- 
stand; numerical simulations can open the door to these issues. Furthermore, there 
is no telling what surprises might be hidden in the intricacies of non linear behav- 
ior of the solutions. Perhaps the prime example of this is the discovery of Critical 
Phenomena in General Relativity by Choptuik[16] where simulations uncovered a 
rich and unexpected phenomena at the threshold of black hole formation. Not only 
does the mass of the (arbitrarily small) black hole respect a universal scaling rela- 
tion, the spacetime also exhibits a remarkable self-similar behavior. Furthermore, 
the numerical results provided enough insight in the solution structure to enable 
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analytical analysis to be carried out, which explained this behavior in terms of 
dynamical systems. 

The promise of unravelling what the theory has so far kept hidden is certainly 
more than enough incentive to pursue the numerical construction of spacetimes. 
Unfortunately, this is far from a straightforward enterprise as there are a number of 
obstacles in our path. The construction of a robust numerical implementation can 
be paralleled to building a ‘three-legged table’, as there are three crucial ingredients 
that need to be addressed for a successful simulation. First, there is an “analytical” 
leg where the properties of the system must be understood from an analytical 
point of view; in particular, the needed ingredients to present the problem in 
a well-posed way. Second, a “numerical” leg where the search for a convenient 
discrete approximation to the problem must be addressed, to produce a stable 
simulation which can reproduce fairly the systems of interest. Finally, the third 
leg refers to having sufficient computational resources (and their efficient usage) 
for a successful implementation, which might condition the number of available 
options. Unfortunately all three legs presently suffer from shortcomings. 

In the present article we review the status of mainly the first two, presenting 
in each case the latest advances which address some previously unresolved issues 
while commenting on those which are, for the most part, open. 

1.1. Setting the stage 

The present article intends to be a contribution for readers interested in learn- 
ing about the issues involved in the numerical construction of spacetimes. Special 
emphasis is placed in highlighting several new techniques which have not yet ap- 
peared in a review of the subject (see for instance [36, 4]) and so should be taken 
as complementary to these. Additionally, it hopes to reach out to the more mathe- 
matically oriented community and point out a number of conceptually open issues 
whose solutions will mean a significant contribution to the goal of achieving robust 
implementation of Einstein equations. 

In an oversimplified picture, one could state that most 3D simulations of 
Einstein equations display instabilities when pushed hard enough (i.e., in large 
curvature regions, in long simulations, etc.). These instabilities cause the imple- 
mentation to crash after some finite time; this sometimes being too short to extract 
sensible physical information from the phenomena under consideration. Unfortu- 
nately, it is hard to find the culprit of these instabilities as several factors are at 
play and interact with each other. Among these factors one finds: a bad choice of 
evolution system, use of unstable boundary conditions, an inconvenient foliation of 
the spacetime, constraint violations which are not kept under control, the presence 
of artificial shocks, an unfortunate choice of numerical algorithm, etc. 

The discrimination of what causes the observed instabilities is central for a 
healthier development of the subject. The initial step, of course, is to start with 
a system of equations with a well-understood initial boundary value problem. To 
date we have many systems with a well-known initial value problem but only one 
with fully understood initial boundary value problem (some others are beginning 
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to be grasped). The issues involved in assessing the well-posedness of an initial 
boundary value problem are involved enough that, to date, no 3D simulations (in 
the Cauchy approach) has been performed with the boundary problem well under- 
stood. While this problem is being studied one can address other possible sources 
of instabilities like numerical ones. For instance, the use of numerical methods 
which are proven stable for the linearized equations (off arbitrary backgrounds) 
sets the stage for diminishing the sources of numerical instabilities. Subsequently 
one is faced with a choice of gauge or coordinate conditions. This inescapable issue 
can by itself make the difference between having a chance to evolve the system 
under consideration or not. Ideally one would like to choose coordinates so as to 
simplify the dynamics of the variables which are compatible with well-posedness. 
Last one might need to worry about constraint violations. It these are grossly vio- 
lated, one is far away from a physical solution and thus no physical argument can 
be used to estimate its behavior. 

These different but related issues are discussed throughout the article paying 
particular attention on present strategies to address them and discuss their main 
open issues. To set the stage we mention here the main goals, 

• To have sharp growth estimates for Einstein equations in the Cauchy ap- 
proach. As discussed later, this can be exploited in the numerical implemen- 
tation and be useful to discern between solutions. 

• To understand the constraint behavior off the mass shell and whether it can be 
controlled with a different reformulation of the equations, or by interchanging 
(some of) the evolution equations by constraints. In generic simulations the 
constraints are seen to diverge exponentially. Since initial data is never in the 
mass shell (as they contain round-off errors at least), a bad behavior off the 
constraint surface is a bad sign for a numerical simulations. 

• To deal with the initial boundary value problem for Einstein’s equations in 
a well-posed way. Furthermore, to be able to prescribe physically motivated 
boundary conditions; for example no incoming radiation through the bound- 
aries. In most cases, to deal with a finite computational domain timelike 
boundaries are introduced. These are certainly artificial and its spurious in- 
fluence in the numerical solution should be minimized. 

• To find a viable way to handle the initial data problem for the conformal 
equations (beyond them being satisfied in the physical spacetime). 

• To assess the well-posedness of the characteristic initial value problem of 
General Relativity. 

In what follows we comment on reasons for considering these goals, some partial 
answers and their role in the numerical efforts. 



2. Einstein’s equations in the computer. ^Tormal considerations” 

Einstein’s equations in their basic form. Gab = SnTab, are not well adapted for a 
numerical treatment, for it requires setting up an initial value problem (IVP). The 
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work of Choquet-Bruhat half a century ago provided a Cauchy-type formulation. 
This became the launching platform for a large number of reformulations of Ein- 
stein equations, providing different expressions for the I VP. At the basic level, an 
IVP requires that a notion of ‘time’ evolution be defined which is done through a 
particular foliation of the spacetime (Ai^gab)- The character of this foliation de- 
fines the type of IVP under consideration. For instance, with spacelike foliations a 
Cauchy IVP is obtained, while null foliations give a characteristic IVP. Naturally 
one can define more generic foliations, but the prevalent options in the numerical 
implementations are the two mentioned. 

There is another possibility to be considered when attempting to numerically 
construct a spacetime. Namely, one can opt to solve for a conformally related 
spacetime (A4,ft^gab) first, where A4 C A4. Then, the spacetime of interest is 
recovered a posteriori. 

(Note: throughout this work we will restrict to vacuum scenarios.) 

1. Cauchy approach 

In this approach, a foliation of the spacetime is introduced whose leaves (para- 
metrized by t) are spacelike. Each hypersurface is endowed with an Euclidean 
metric jij and its embedding in A4 is described by the second fundamental form 
Kij (i = 1 .. .3). The normal to each hypersurface can be used to relate the time 
difference between the freely specifiable spacelike hypersur faces. This freedom is 
encoded in the lapse function^ a, defined so as to give the proper time along the 
normal direction. Additionally, points on each hypersurface are given labels 
Since points’ labels need not be equally assigned on each hypersurface, three more 
functions, encoded in the so-called shift vector (3^ are used to ‘measure’ the shift 
coordinates at a given point on the hypersurface , have with respect to those in 
Yjt-\-dt- With this convention, the metric of the spacetime can be written ais: 

ds^ = —a^dt^ -1- 'jij{dx'^ -h P^dt){dx^ -h dt) . (1) 

Before commenting on the equations themselves, let us mention an important 
point. A convenient choice of {o,/9} can greatly simplify the description of the 
spacetime, and exploiting this freedom has proved extremely valuable in the ana- 
lytical arena. In the numerical one, this choice is crucial to simplify the numerical 
treatment (and even make it possible!). Unfortunately, little is known on how to ex- 
ploit this freedom for numerical purposes (aside from some cases [1, 27, 7, 28, 60]). 
The prescription of appropriate coordinates for generic simulations is quite an 
open problem. 

A common way of writing Einstein equations is obtained from the different 
projections of the equations Rab ~ S7r{Tab — lf2gabT) = 0 {Rab being the Ricci 
tensor of gab)^ These projections yield equations that are quite different in nature. 
Namely, the full projections onto Et provide “essentially” hyperbolic equations 
for Kij, while the definition of Kij in terms of derivatives normal to the foliation 
gives an evolution equation for jij. These equations are called, in the numerical 
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relativity community, the ADM evolution equations (in a slight abuse of notation 
as Kij is not the canonical conjugate to 7 ij): 

{dt - = 2aKij ; 

{dt - Cp)Kij = V^Vja + a{R^j + KK^j - 2K^mKJ^) - ( 2 ) 

(with Cf 3 the Lie derivative along (3^). The equations resulting from the projection 
orthogonal to the hypersurface (either one or both indices) contain neither deriva- 
tives with respect to t nor do they involve a or (3^. These latter equations are indeed 
the Gauss-Codacci equations describing the embedding of the three-dimensional 
hypersurface onto the higher-dimensional one: 

+ K‘^ - = 0 , 

= 0 (3) 

(with ^R the Ricci scalar of Jij). Note that this system of equations, called the 
‘constraint system’ is unique (up to linear combinations), while the evolution sys- 
tem is not, as one can arbitrarily add the constraints to them to obtain different 
looking evolution equations [25, 49]. A solution to the first system would also be 
a solution to the second system, as long as the constraint equations are also sat- 
isfied. Thus all these different systems of evolution equations are equivalent “on 
the mass shelF, i.e., on the constraint submanifold of the manifold of solutions to 
the evolution equations^. Outside it, the evolution equation systems can be very 
different; some might have too many solutions and some too few. Additionally, 
these solutions may or may not depend continuously on the initial data given. As 
we will discuss later, these differences can have a strong impact on a numerical 
implement at ion . 

This fact has been recognized in the last decade and considerable effort has 
been made in finding ‘‘good” evolution systems. By good evolution systems we 
refer to those whose (unique) solutions exhibit continuous dependence on initial 
data. Note that this is a necessary condition to have robust numerical implementa- 
tions; however, as we shall discuss later, it is not sufficient to guarantee it. Systems 
with these properties are called strongly hyperbolic, and they are characterized by 
certain algebraic properties of the equations. To be more explicit, consider a sys- 
tem of equations in a space-time (M,gab) of the form: 

where the Greek index of (f)^ is used to denote a set of tensor fields in the space- 
time^, and are tensor fields in space-time. The latter might also depend 

on 4)^ (but not on their derivatives) in which case we say that the system is quasi- 
linear. If the tensor field is symmetric in the Greek indices, and if for some ria, 
M^^Ua is positive definite we say that the system is symmetric hyperbolic. Causal 



^In fact this bigger subspace is not unique, it depends on the form of the evolution equations 
one is choosing. 

^For a more general setting see the article of Geroch in this volume. 
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systems, in the sense normally used in general relativity, requires furthermore that 
positivity holds for all ria that are time-like. 

For the I VP it is well known that symmetric hyperbolicity implies the exis- 
tence of a norm in space such that given any solution of the above system, 
with initial data ID := {(t>o}, and any time T for which (j)^ exists, then there is 
a neighborhood of ID such that any solution with data in that neighborhood is 
bounded by its initial data during the whole time interval; i.e., 

m\\<c{T)m\\. 

It is clear then that the solution depends continuously on the initial data under this 
norm. Many evolution systems in general relativity are symmetric hyperbolic, or 
more generally, strongly hyperbolic (a generalization of symmetric hyperbolicity, 
see for instance [49] for the convention commonly followed in Numerical Relativ- 
ity). However many are not. It should be noted that it is in general not necessary 
to turn the evolution system into an explicit first order system to study its well- 
posedness properties, more general tools to explore this have been developed and 
applied to study directly well-posedness of modifications of the ADM system, and 
those called BSSN, see for instance [35, 43]. 

Considerable efforts have been made to classify the possible reformulations of 
Einstein equations into a single class motivated by the following questions: Among 
the class of all evolution systems, can one find all those with good properties? 
or in algebraic terms. Among the class of all evolution systems, which ones are 
strongly, or better yet, symmetric hyperbolic?. To date we know of a large number 
of different systems with good evolution properties (even after considering two 
evolution systems equivalent if they differ by a field transformation). Yet, these 
families are likely not exhaustive and thus we still do not have a complete answer 
to these questions. In particular, we do not yet have full control over the freedom to 
construct possible systems and how to exploit the gauge freedom to our advantage 
(see, for instance, the review article [25]). 

II. Characteristic Approach 

In this approach [6, 50], the foliation is composed of null hypersurfaces, labeled 
in this case say by u. These hypersurfaces emanate from a central timelike or null 
worldtube (or geodesic). By choosing to label the null rays on each hypersurface, 
the (degenerate) metric on the initial null hypersurface Afu=uo is given by Hab- 
To complete the metric for the full spacetime, we assign a coordinate r that gives 
some notion of distance on each ray (here we choose it to be areal). The metric 
can then be written as: 

ds^ = —^^{yir^dv? + r^hAB{dx"^ — lD^du){dx^ — U^du) — 2e^^dudr . (4) 

Immediate inspection of the above line element at an r = const surface provides 
an analogy of combinations of f3, V and with the lapse and shift functions pre- 
viously discussed (see [5]). However, in this case the equations themselves restrict 
these functions. Namely, components of the projection of Rat give two ‘evolution 
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equations’ for Hab, while the four remaining ones are essentially ODE’s equations 
for V, j3 and This reflects the fact that the coordinate freedom in this approach 
is more restricted to remain consistent with a null foliation. Einstein’s equations, 
in this formulation, have a radically different nature from that found in the Cauchy 
case. Baisically they reduce to 

{hAB),ur = FAB{hcD,V,(3,U‘^), 

0,r = FAhco) , 

uX = F^iff,hcD), 

Vr = Fv(U^,/3,hcD); (5) 

where the F's denote functions of the specified variables and some of their deriva- 
tives in the spatial directions (for the full expressions see [5]). These equations are 
obtained from the completely orthogonal projection to the direction ria = VaU. 
The remaining ones, having at least one projected component onto Ua, are pre- 
served by the above equations if they are satisfied at a given r = const surface. 
Note that contrary to the Cauchy case, the equations for the intrinsic metric to the 
hypersurface are explicitly first order in time. Another important difference is that 
data on a single null hypersurface does not suffice to determine the solution at a 
point p to the future of it, irrespective of how close p is to the surface. The reason 
for this is that the domain of dependence of p will be finite only if data is also 
given at another surface: timelike, null or spacelike intersecting the initial one. In 
the first two cases one is forced to consider the proper setting of initial and bound- 
ary data to asses well-posedness of a given problem. Unfortunately, the theory for 
such a task is considerably less developed than in the Cauchy case, especially when 
the other surface is timelike. Indeed, only recently has the well-posedness of the 
timelike-null version of Maxwell’s [3] equations been established. Despite the lack 
of stronger rigorous mathematical background, numerical implementations within 
the characteristic framework have shown remarkable robustness. This behavior 
can be explained in part by the fact that at least one of the boundaries (the one 
placed at future null infinity) is a causal boundary, and signals reaching it abandon 
the computational domain. An unfortunate shortcoming of this approach is that 
caustics render the coordinates singular, the coordinates are tied to null rays. 
Hence, a straightforward application of this approach can only be performed in 
caustic/crossover free scenarios. More generic cases require considerable further 
care in the application. 

Numerical simulations are, for the most part, restricted to the no caustic case 
though a few proposals have been presented to go around this difficulty [26, 37]. 

Note. The equations corresponding to the conformal approach to Einstein’s equa- 
tions are discussed elsewhere in this volume by Friedrich. In this article we will 
make some brief remarks of this approach, especially when further developments in 
either the standard Cauchy or characteristic approaches will benefit the conformal 
one as well. 
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Figure 1 . Schematic representation of the three approaches be- 
ing considered in numerical relativity. In the left figure, the “phys- 
ical” sector of Schwarzschild’s spacetime is presented showing two 
leaves of possible foliations corresponding to the standard Cauchy 
approach (solid line) and characteristic approaches (dashed lines). 

In the right figure we show two leaves of a possible foliation in the 
conformal (Cauchy-type) approach to Einstein equations. 

2.1. Initial data 

In the standard Cauchy approach to GR, consistent initial data must satisfy the 
constraint equations^. These equations are ‘essentially’ elliptic in nature and pro- 
vide a way to solve for four variables if the remaining eight are somehow de- 
fined. A problem that arises here as in what variables to solve for (as there cer- 
tainly are no preferred ones!) One way to approach this problem, which at the 
same time renders the system of equations explicitly elliptic, was presented by 
Lichnerowicz[38] and later extended by York[59]. Basically one gives two symmet- 
ric tensors on the initial surface, {^ij Aij} and then express and 

Kij = F{'^){Aij) + G{'^){^ijK) + 2V(iXj) — 2l3^ijV^X^ (with Va the covariant 
derivative compatible and K = Kij). Thus, replacing and Kij in the 
constraints with these expressions, one obtains (after appropriate cancellations) 
elliptic equations for ^ and the vector X^. The well-posedness of this problem has 
been the subject of intense research for more than half a century (see the article 
of Bartnik and Isenberg in this volume). Under many circumstances this problem 
can be solved if appropriate boundary conditions are provided^. 

Among the interesting scenarios one would like to consider are black hole 
spacetimes. This poses the interesting challenge of dealing with the singularity 
present inside each black hole. There are, roughly, two alternatives to deal with this 
issue. The first one relies on knowing the analytical behavior of the variables at the 
singularity, and ‘extracting’ it via a ‘regularization’ procedure[9]. The second one, 
which is more generic, reduces to defining an inner boundary either at or inside the 
black hole (whose location is estimated by the apparent horizon or other trapped 

3 This is not the case in the characteristic approach as the initial hypersurface is itself 
characteristic. 

There is a rather complete theory about the solvability of this system, but the discussion of this 
exceeds the scope of this work. 
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surfaces). Here, appropriate boundary data is obtained by identifications with 
other isometric space- times, or by a suitable ansatz read-off from single black hole 
analytical solutions [40] (Note, in the latter case no rigorous result exists supporting 
this strategy, rather the justification of this method has so far relied on being 
able to solve the equations numerically.) Boundary data at large distances (outer 
boundary) are traditionally defined by certain boundary conditions prescribing 
specific fall-off conditions for the field based on asymptotically flat assumptions [20, 
18, 42, 21]. An alternate (but complementary) way has been presented recently 
where the construction of initial data can be done such that outside some large 
radius the solution can be made to agree exactly with that of a Kerr black hole [19]. 
This approach has not yet been implemented numerically. 

The generation of initial data in the Cauchy approach to the conformal equa- 
tions is considerably less developed. There are necessarily more equations that con- 
sistent initial data must satisfy (as there are more variables). Unfortunately, be- 
yond one-dimensional scenarios, it is not known how to present these equations in 
a way where standard numerical techniques can directly be applied to solve them. 
An alternative, indirect, way to obtain consistent initial data was presented in[2], 
where the constraint equations are solved restricted to the physical spacetime and 
then extended to the unphysical one (in that case solutions for some of the fields 
automatically give solutions for the rest of the system). An unfortunate feature of 
this construction, particularly from the numerical point of view, is that the equa- 
tions exhibit 0/0 behavior at future null infinity which is delicate to deal with[23]. 
Aside from this technical difficulty, the resulting equations are quite similar to 
those solved by well-known numerical techniques in the standard Cauchy approach. 

Consistent initial data for the characteristic formulation is straightforward 
to provide. The initial hypersurface is characteristic and initial data corresponds 
to the (freely specifiable) intrinsic metric on the whole hypersurface; the rest of 
the metric functions are obtained via radial integrations (if their values are given 
at either the origin or the intersection of the initial hypersur faces). 

Irrespective of the above considerations, the main open question when posing 
initial data is how it conforms to the physical situation in mind. Here, the prob- 
lem lies in the difficulty of controlling spurious amounts of gravitational radiation 
(which can be present even in vacuum scenarios). There is a fundamental obstacle 
in trying to do this since at a given point, interior to the spacetime, it is generically 
impossible to distinguish between incoming and outgoing radiation. This can only 
be done for spacetimes which are asymptotically flat at future null infinity. Such 
setting is used by some authors as the definition of a situation with purely outgo- 
ing radiation. Naturally, this is impossible to asses in a Cauchy approach (in the 
standard picture) where hypersurfaces never reach . In the characteristic and 
conformal approaches, although it is at least possible to calculate the amount of 
outgoing gravitational radiation on the initial hypersurface, one cannot estimate 
the incoming amount. Therefore the task is left to the simulations to recognize 
this via comparison of the evolution of different initial data. 
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2.2. Particulars: Outer Boundaries 

The simplest boundary treatment can be found in the characteristic formulation 
of GR as the outer boundary is usually set to correspond to X“*". This boundary 
is indeed the causal boundary of the initial data, therefore one is restricting the 
simulation to the domain of dependence of the initial hypersurface and so it should 
be a well-posed problem. Furthermore, the interpretation of the solutions obtained 
is simplified by the fact that at gravitational radiation can be given a rigorous 
physical meaning by constructing the Bondi news function. 

In the case of the conformal equations the physically relevant region of space 
time is inside the domain of dependence of the initial surface; hence, in principle, 
no boundary condition is needed to evolve the fields in just the physically rele- 
vant region. Unfortunately, as seen from the unphysical spacetime, the problem 
has boundaries; therefore one also deals with an initial boundary value problem. 
However, the outer boundary conditions in this case need not be physically mo- 
tivated as they cannot influence the solution in the physical spacetime (which is 
‘shielded’ by J+). 

The picture in the standard Cauchy formulation, i.e., that restricted to the 
physical spacetime, is considerably more complicated. In the standard approach, 
all hypersurfaces meet at where the equations become singular. This reason, 
coupled to the (always) limited computational resources, generically prompts the 
introduction of an outer boundary which is usually chosen to be timelike so as not 
to loose resolution and be able to evolve for long times. Therefore, one is forced 
to deal with an initial-boundary value problem.^ 

Hence, implementations of the standard Cauchy approach must handle these 
boundaries appropriately (i.e., in a well-posed way) and for the standard (non- 
conformal) approach boundary data must be physically relevant. Unfortunately, 
the well-posed handling of the boundaries in hyperbolic systems is still under 
development, both analytic and numerically, and for the case of general relativity 
is very much in its infancy. Even in a linear theory specification of boundary 
values is a complicated task. No analytical theory exists which covers the general 
relativistic case, except for the case of the Priedrich-Nagy frame system, where 
such a specification has been found and proven to be well posed [24]. For the type 
of systems most used in numerical computations the problem is very much open. 

For definiteness consider a boundary value problem for linear symmetric hy- 
perbolic systems with smooth coefficients. 

= ia. 

Let T be a time- like hyper-surface, with unit normal (outer) na, and let be a time 
like unit vector tangent to T. Defining (3 ~ (3Ua = we 

can compute the eigenvectors and eigenvalues of this linear map; since is 

^In the conformal approach it is possible, in principle, to extend the integration region beyond 
the physically relevant region and modify the data (in a way which would no longer satisfy the 
constraints outside that domain) in such a way as to consider a periodic problem, for which the 
mathematical theory is much better known. 
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symmetric and M^^ta positive definite it has a complete set of eigenvectors and 
its eigenvalues are all real. Eigenvectors corresponding to positive eigenvalues are 
called incoming modes, since small perturbations with values in these modes prop- 
agate from the boundary towards the inside of the integration region. Eigenvectors 
corresponding to negative eigenvalues are called outgoing modes for their linear 
perturbation travel away from the integration region. Eigenvectors correspond- 
ing to zero eigenvalues are called zero modes, and they propagate tangent to the 
boundary. To prescribe values to the outgoing or zero modes at boundary points 
is clearly physically incorrect, and therefore also mathematically. For we know the 
values those fields take there are already determined from the interior (or bound- 
ary) propagation. On the other hand, incoming modes can be specified arbitrarily 
as if they were initial data. They can even be given as functions depending on 
the outgoing fields, for example to have a mirror type boundary condition. In this 
generality the existence theory for solutions to the boundary value problem is only 
for weak solutions, but it is simple. At each point on the boundary one can choose 
any subspace with the following two properties: i) For any vector G i/“^, 
> 0, and ii) The dimension of is maximal; that is, there is no 
larger subspace with the same property. 

Thus we have a distribution of subspaces at each point of T. We shall assume 
that such a distribution is piece-wise smooth. The choice of the subspaces 
corresponds, in the usual language to a choice of matrix 5 in a boundary condition 
of the form — SV~ = 0 where represent the vector of coefficients of 

the positive (negative) eigenvalues of the eigenvector decomposition of 0 |t- (Note 
that there is no-condition on the zero eigenvalue eigenvector coefficients.) One can 
show that [10] given any smooth field pQ at the boundary there exists a unique 
solution (f)^ G such that ^ (The proof of this statement is a 

generalization of the one given in [33] using Riesz’s representation theorem.) 

This theorem can be extended to the case of an initial boundary value prob- 
lem. In this case, as Ua points downwards at the initial surface, M^^ria is negative 
definite and so contains just the zero element, thus (/)^\t — (/>o == 0 there and 
the solution at the initial surface coincides with the data given. At the final time, 
on the other hand, H~^ is just the whole space and so the above condition is empty; 
thus, no data can be prescribed there. 

If no zero modes are present (in the literature boundaries allowing zero modes 
are called “characteristic” ) then one can also estimate the norms of all deriva- 
tives and so, using Sobolev embedding Lemma obtain classical regularity estimates. 
Furthermore this allows generalize some results to the non-linear case, where the 
above assertion on the linear problem is used in an iterative procedure. The pres- 
ence of zero modes prevents estimating normal derivatives at boundary points 
and the theory beyond becomes cumbersome, in particular for nonlinear equa- 
tions [29]. 

It should be mentioned that most physical systems do have zero modes and 
so their boundary value theory is not simple. Fortunately those theories also have 
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constraints, and it is the information contained in their constraints which allows 
one to complete the normal derivative estimates. Unfortunately, a general enough 
theory about these cases is not at hand. 

Note that constraints also make, in many cases, the problem considerably 
more difficult; this is particularly true in the case of Einstein equations. In the ini- 
tial value formulation, the constraints equations are differential relations between 
the fields at each given time foliation. If these relations are satisfied at the initial 
hypersurface, they are then satisfied at later times. This is so because it can be 
shown (case- by-case) that the constraint equations, thought of not as equations 
but as the values these relations take, also satisfy evolution equations, and their 
character is the same as that of the original evolution system. That is, if the evo- 
lution system is strongly hyperbolic then the constraint system is also strongly 
hyperbolic^. Furthermore, in all known cases the characteristic cone of the con- 
straint propagation equations is a subset of the characteristic cone of the evolution 
equations. Uniqueness of solutions to symmetric hyperbolic equations imply that 
if initially satisfied, the constraint equations are satisfied on the whole domain 
of dependence of the evolution system (note that it might not coincide with the 
domain of dependence of the metric solution of the system, for there are evolution 
systems whose propagation velocities are larger that the speed of light). 

When dealing with a boundary value problem this is no longer the case, for in 
general the domain of dependence of the IB VP does not coincide with the domain 
of dependence of the initial surface. Thus, unless the constraint propagation equa- 
tions have appropriate boundary data so as to guarantee that the only possible 
solution to the constraint equation is the trivial one, the constraints would not re- 
main satisfied. This uniqueness requirement is necessary; however, in many cases it 
is in general not a differential relation among the incoming modes of the evolution 
system since it also contains outgoing and zero modes. Thus, it is not even clear 
how to solve for the constraints there. The equations that result from requiring 
such uniqueness do not result in a well-posed boundary value problem for most 
Einstein’s evolution systems. Among all of the ones examined so far there is a sin- 
gle one where we can correctly specify non-incoming boundary conditions for the 
physical modes and still preserve constraint propagation [24] . For all other systems 
examined [54, 55, 13], the known freedom to specify boundary data for Einstein’s 
equations is not enough for imposing non-incoming radiation conditions. More ana- 
lytical work is urgently needed in this area in order to fully understand the problem. 

2.3. Particulars: Inner boundaries 

Among the most interesting problems in G.R. are those where regions of strong 
gravity and extreme dynamics are considered. These systems usually have black 
holes, or will likely form them, during the evolution. One is then faced with the 

® There is no general proof to this fact, but it is observed in all known cases where it has been 
computed. Furthermore, it is observed that the characteristic cone of the constraint system is a 
subset of the characteristic cone of the evolution system, so constraint quantities propagate at 
some of the same speeds as the evolution fields. 
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need to handle the singularities contained in these black holes or the simulation 
will break. The prevalent way to treat this problem relies on the assumption that 
cosmic censorship holds, and consequently the dynamics inside the black hole is 
hidden from the outside world. This property can, in principle, be exploited by 
placing an inner boundary inside the event horizon which effectively excises the 
singularities from the computational domain. However, by placing an artificial in- 
ner boundary in the spacetime under consideration, special care must be taken to 
maintain both the well-posedness of the problem and the stability of the implemen- 
tation. Fortunately, the causal structure inside the event horizon can be exploited 
to satisfy the former condition. Namely, the inner boundary can be chosen carefully 
so as to ensure it is of ‘inflow’ type; i.e., all characteristic propagate towards this 
boundary. Hence, no boundary data is required there as these are determined by 
the equations themselves. Satisfying the ‘inflow- boundary’ requirement restricts 
the type and size of boundary one must consider. To give an idea of the nature 
of the problem, if one wishes to use a cubical excision region in a Schwarzschild 
spacetime (in Painleve-Gulstrand or Kerr-Schild coordinates), that cube can not 
have sides larger than about 0.7M^. The reason for this, is that surfaces inside 
the black hole are not necessarily spacelike. The spacelike condition ensures the 
boundary is of ‘inflow’ type when employing a formulation of Einstein equations 
with physical characteristic speeds. Note that even when this requirement is sat- 
isfied, numerical diffusion might still lead to the interior of the black hole actually 
influencing the outside of it. (Note that in practice the dynamics in that region is 
so strong, that numerical modes propagating at very large speeds are generated 
and the influence of the interior calculation is felt outside. It is expected that with 
better numerical resolution such problems would be minimized, but at present, 
and for several years of expected computer power increase, this will not be the 
case, and extra care must be given to this problem.) 

Here we must make an observation, that the previous statement is applicable 
when considering ‘free evolution schemes’ systems where only hyperbolic equations 
are involved in updating the held variables. On the other hand, if a ‘constrained 
evolution’ is considered, that is, where some variables are obtained after solving 
(perhaps some of) the constraint equations, boundary conditions must be provided 
for these. It might seem that we have encountered a stumbling block; however, one 
could use a ‘free scheme’ to update the boundary values and once this is performed 
use them in the constraint equations. This procedure would need to be iterated. 
Little is known on the formal side of this strategy, but preliminary numerical 
investigations are certainly encouraging [17]. 



^One could consider larger cubes and give some (stable) boundary data at the regions of the 
faces which have outgoing modes, unfortunately there is no theory for boundary regions where 
the number of incoming modes changes along it. So we fall in trial and error without any guiding 
principle. Alternatively, one can consider excision boundaries which are more complicated than 
cubes, for instances hexagons or even spheres (with a superimposed spherical grid) this way the 
code becomes considerably more complicated, but at least for those cases a bit more of theoretical 
understanding of the numerics is known. 
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3. Einstein equations in the computer. ^^Practical considerations” 

In numerically solving the evolution equations one would ideally like to apply 
standard integration schemes for which, at least when applied to simpler related 
systems, a well-understood convergence and stability theory exists. If that is the 
case one can with some confidence concentrate on the analytical aspects of the 
problem and discard schemes with possible numerical instabilities. Furthermore, 
one not only worries about the stability of the obtained solution, but also on 
obtaining (small) reliable error bounds. This is not straightforward and requires 
further considerations at the implementation level. It is important to point out 
that the numerical treatment of hyperbolic systems of equations has only recently 
reached a certain maturity level. Indeed, even today there is a considerable body 
of works dealing with rather basic problems on areas such as boundary conditions, 
phase accuracy, constraint propagation, etc. In what follows we shall discuss some 
topics which are currently under scrutiny. 

3.1. Reduction/ formulation: Is there a preferred one? 

As mentioned, Einstein’s equations have constraints. This implies that even after 
imposing gauge conditions the evolution equations are not uniquely defined: given a 
set of evolution equations one can find another by just adding constraint equations 
to them. Thus, when referring to Einstein evolution equations one is really implying 
a large family of equations. Some of these have nice properties but, surprisingly, 
some have undesirable properties, such as admitting solutions that do not depend 
continuously on the initial data. Naturally, the latter class of equations can not 
be solved for numerically. One must, therefore, restrict attention to systems with 
nice properties. Unfortunately, as stated earlier, a complete classification of these 
systems is still incomplete. 

Even when restricting to ‘nice’ systems, having an evolution system with con- 
tinuous dependence on the initial data is not good enough in the numerical arena. 
Here one further needs systems to be stable in a very “practical” numerical sense, 
namely systems without exponential growth (if none is expected) on time scales 
comparable to those of the physical phenomena under study. Clearly, although 
well-posedness is not sufficient for numerical purposes, it is certainly the necessary 
starting point in the search for good systems®. 

®If a system is not well posed then no consistent numerical method can converge, for if it were, 
any numerical solution would converge to the analytical one in the same norm as the initial 
data of one would to the other. Hence via the numerical solution we would conclude that the 
analytical one depends continuously on the initial data, which is not the case. An interesting case 
is that of weakly hyperbolic systems. Some of these systems have continuous dependence on the 
initial data, but on different norms. Typically one needs to control a larger number derivatives 
of the initial data than the ones included in the norm for the solution. The problem is that these 
systems are not structurally stable, and a change on the lower order terms of the system can 
render these systems unstable. In general relativity, where the number of lower order terms is very 
large, weakly hyperbolic systems should be avoided. For instance, it has been recently shown that 
some numerical simulations of the ADM equations, a weakly hyperbolic system, exhibit weak 
numerical instabilities [11]. 
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After a choice of evolution equations has been made one can ask whether the 
rest of Einstein’s equations, namely the constraints equations, would be satisfied. 
Via the Bianchi identities and the evolution equations, it is usually the case that 
the constraints will be satisfied at later times in the domain of dependence of the 
initial data when dealing with ‘nice’ systems. However, no result is known when 
dealing with weakly hyperbolic evolution equations. Furthermore, in the presence 
of boundaries this is in fact an open problem and very limited boundary conditions 
are known which preserve the constraints. 

Suppose now one deals with a system that, at the analytical level, preserves 
the constraints. Here again, in translating to the numerical arena, this will gener- 
ically not be the case. In fact, there is always the risk that the system will depart 
exponentially fast from the constraint surface, rendering the numerical solution of 
little use soon after^. As mentioned, the search for a reformulation of the equa- 
tions with nice properties that exhibits good solution and constraint behavior at 
the numerical level is a very active field of research. Different efforts have made use 
of the freedom in the choice of evolutions equations to search for better behaved 
simulations. For instance, in[34], a code implementing Einstein equations with the 
addition of constraints premultiplied by constants was run for different values of 
these constants. It was observed that depending on the choice of parameters, accu- 
rate evolutions were obtained lasting long times while for other values only lasted 
considerable shorter times. Note that the system of equations used was symmetric 
hyperbolic, with physical characteristic speeds, in all cases considered. In these 
tests, the principal part of the system remained unchanged (via a redefinition of 
variables) and the change in parameters only affected lower order terms. The mes- 
sage from these and other efforts is that there is an urgent need for a way to analyze 
the system at hand which takes into account the influence of the lower order terms 
and yield sharp growth estimates. To reiterate, in a numerical implementation, 
knowledge of the well-posedness of a problem is not enough. Preliminary attempts 
to obtain a priori estimates of more convenient choice of parameters are under 
investigation. Formally, a bound for the growth-rate of allowed solutions is pro- 
vided by the standard energy estimates used when proving well-posedness. This 
provides an estimate for the growth of the energy of the system. Unfortunately, as 
the evaluation of this requires knowledge of the solution (since it depends on the 
boundaries) it cannot be evaluated directly. In [39], a method to produce some 
rough estimate was presented where a bound for the growth rate is obtained by 
projecting the whole term inside the energy estimate to those satisfying no in- 
coming modes. Thus, an expression is obtained which can be integrated as it only 
involves the initial data. Unfortunately, it is difficult to assess whether this is a 
sharp estimate since in order to evaluate the integral further structure needs to be 



^Note that if this happens in a region of space time where there is no physical reason to have 
large curvatures, then this growth must be due to gauge. Constraint quantities are not scalars, 
they are just pieces of a four-dimensional tensor, and thus subject to gauge transformations. 
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introduced, like an ansatz for the expected gradients of the variables under con- 
sideration. It should be noted however, that in cases tried numerically, the bound 
obtained by this method seems to agree reasonably well with the behavior of the 
solution under the few cases examined. It is thus interesting to investigate whether 
this method is indeed robust or the agreement is coincidence. 

Another option being developed relies on analyzing the growth behavior of 
useful quantities (like constraints and/or suitably defined geometric scalars) during 
the evolution and choosing parameters which minimize their growth. The rationale 
behind this strategy is that it is generically impossible to determine whether any 
growth observed in the solutions is itself the true behavior or not. For instance, in 
the case of where constraints are monitored, as they are supposed to remain zero 
they can be used to determine the quality of the evolution and adjust ‘on the fly’ 
the free parameters accordingly [5 7]. 

Clearly, the proposed methods have their shortcomings and there is an urgent 
need for more robust ones. The ideal method would be to study the system at the 
analytical level, and predict sharp growth estimates which can then be exploited 
at the numerical level. However this is quite a complicated task which is not only 
initial data but also gauge dependent. 

3.2. Boundary values specification 

Let us briefly summarize what was said in Section II. 1. Specification of boundary 
values in a non linear theory is always a complicated task. No analytical theory 
exists which would cover the general relativistic case, except for the case of the 
Priedrich-Nagy[24] frame system, where such a specification has been found and 
proven to be well posed. As mentioned, for the type of systems most used in nu- 
merical computations the problem is very much open. If the system is symmetric 
hyperbolic then necessary and sufficient conditions for well-posedness are known 
from the linear theory: incoming modes can be freely prescribed while nothing 
should be done with the outgoing ones. In General Relativity we face the addi- 
tional problem of dealing with a constrained system, which prevents one from just 
providing data to all incoming modes. The constraint equations imply the incom- 
ing modes are not all independent; some need to be chosen so that the constraints 
will be preserved. 

The complications found in this problem prompted the use of approximate 
boundary conditions which, at the very core, were inspired by wave propagation 
analysis. However, these conditions are applied to all (or most) variables, which 
is generically inconsistent. Problems observed at the boundaries are dealt with 
numerical dissipation and placing the boundaries as far as possible from the region 
of interest to minimize their influence. Assuming these inconsistencies are not 
responsible for crashing the code, this strategy would be a way to go around a 
series of conceptual problems. However, in most applications this is hardly the 
case as computational resources quickly become scarce and boundaries are too 
close. 
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A road towards achieving well-behaved implementations in the presence of 
boundaries can be designed starting at the continuum limit and constructing the 
implementation so as to reproduce desired analytical properties [12, 44]. To fix 
ideas, we will restrict to first order symmetric hyperbolic systems (as higher order 
ones can be reduced to these), which can be schematically expressed as: 

( 6 ) 

As we asserted before, these systems have an “energy norm” on the solution which 
is bounded in time by some function of time and the energy norm of the initial 
data. From there we get the analytical well-posedness of the Cauchy problem, 
and in some cases the well-posedness of the IBVP. The strategy now is to try to 
reproduce (as close as possible) the basic ingredients required for assessing the 
well-posedness of the system at the analytical level and translate them into the 
numerical arena. To that goal one can adopt algorithms containing the following 
ingredients: 

• A discrete analogue of integration by parts 

• A consistent boundary treatment 

• A combination of variables yielding at the numerical level a growth estimate 
which approaches the one expected at the continuum. 

• A conveniently chosen time integration operator. 

The above-mentioned ingredients are naturally motivated by the goal of repro- 
ducing, at the discrete level, what is expected from the analysis at the contin- 
uum level. The choice of algorithms is therefore delicate. One way to assessing 
whether the algorithms adopted do satisfy the desired goal is to consider them in 
a global sense. That is, consider the full discretization problem (which combines 
the boundary treatment and the discretization of the equations in the interior) and 
analyze the obtained system. This strategy is what is entailed in the Gustaffson- 
Kreiss-Sundrum method [30]. Another way relies on considering separately the 
semidiscrete problem, including the boundary treatment while regarding time as 
continuous) and finally adopting a convenient time integrator. The former is more 
involved and requires a case by case analysis. The latter is naturally related to the 
use of the method of lines, which consists first in discretizing space so as to regard 
the systems as a collection of coupled ordinary differential equations. One then 
shows how to produce discrete energy estimates, and when discretizing in time, a 
stable numerical method is obtained via the use of an appropriate numerical time 
integrator [56]. 

In what follows, we briefly describe each of these properties and their rele- 
vance in achieving a robust implementation of hyperbolic system of equations. We 
here concentrate on the case of finite difference techniques. 

Finite difference analogue of integration by parts: Summation by parts. A way of 
constructing difference operators that yield a stable semidiscrete problem is via 
the use of difference operators satisfying summation by parts (SBP). This is the 
discrete version of the integration by parts (a main ingredient when getting the 
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energy estimate at the continuum). Employing difference operators satisfying SBP 
and having a well-posed initial-boundary value problem at the continuum provides 
a semidiscrete energy estimate and numerical stability follows. 

In practice, the idea behind schemes respecting SBP is to reproduce, at the 
discrete level, the equality 



i: 



{uv^x 4- vu^x) dx = u{a)v{a) — u{b)v{b) 



(7) 



When using finite difference schemes (with grid functions centered at points 
a -f {i){b — a)/N, i = 0 .. . TV), satisfying SBP at the discrete levels implies 



f 



{uv^x + VU^x) dx 






2 = 0 ^ 



i{uiDv\i -h ViDu\i)5x = u{N)v{N) - u(0)i;(0) , (8) 



where ai is a weighting factor, for instance, for a scalar grid product that is second 
order accurate one has ao = crjsj = 1/2, = 1 i = 1 . . . N — 1. Preserving this 

condition forces the discrete derivative operator D to be defined in a specific way 
(depending, naturally, on the order of accuracy of the scheme). A straightforward 
path to achieving this condition is to employ standard centered discrete derivative 
operators at interior points but modifying them near boundaries appropriately so 
that the condition holds. More accurate discrete derivative operators than the one 
above mentioned have been found, see for instance [32, 52, 30]. Many of them 
can be directly generalized to higher-dimensional rectangular domains. In more 
complicated computational domains, especially those with inner boundaries the 
operators need to be modified properly. Derivative operators satisfying this prop- 
erty were constructed by Engquist [22] for some 2D domains and recently extended 
to 3D domains with inner cubic boundaries [12, 44]. 

Consistent boundary treatment. Writing the continuum equations as dt(t)^ = 
and solving the semidiscrete problem -f with 

schemes satisfying SBP does not suffice to correctly pose the problem, because 
boundary conditions must still be consistently implemented. Namely, given any 
boundary (which could be physical or artificially placed when using domain de- 
composition, mesh refinement etc.), a hyperbolic system will exhibit characteristic 
modes propagating from, towards, or parallel to the boundary. At the continuum 
level, a consistent treatment requires data be given only to modes propagating 
from the boundary inwards, while modes propagating parallel or outwards should 
be left alone for their values are defined via the evolution equations. Naturally, 
this construction must be respected at the numerical level or inconsistencies will 
be introduced which, at the very least, will lead to spurious solutions. It might 
seem surprising that most simulations do not make this distinction and instead 
boundary data is provided to all variables. The reason for the widespread use 
of such simplistic boundary treatments lies not only in the complications found 
in some systems to find out which ones are the outgoing modes, but also, when 
modes are identified, in the difficulties of implementing this analytically motivated 
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strategy at the numerical level. Fortunately, recent developments in applied math- 
ematics are paving the way to finally handling the boundary data specification 
consistently. Of course, one would like to impose boundary conditions without 
spoiling the SBP property, crucial for the discrete energy estimate. Consider a 
boundary condition of the form, La(f>^ = 0 (equivalent to 0 G H~^). This is just 
a way of writing = SV~ , where and V~ are eigenmodes of the boundary 
matrix A'^rii (with the normal to the boundary). The treatment for inhomoge- 
neous boundary conditions follows along similar lines once the fields are redefined 
to absorb the inhomogeneous term. 

Following Olsson [46, 47], one can consistently implement the boundary con- 
ditions at the discrete level as orthogonal projections. That is, at boundary points 
one introduces an operator P defined as, 

P = I-L^{LL^)-^L (9) 

and, for homogeneous boundary conditions, solves the system, 

dt(l> = P{A^D,(l>Pj), (10) 

This method provides a natural, and efficient, way to deal with such boundary 
conditions and have yielded excellent results in many applications. This is not 
surprising, for its main property is that together with SBP gives the required 
discrete energy estimates. A related approach to impose the boundary conditions 
has been proposed by Carpenter et al. [15], known as “simultaneous approximation 
term” (SAT). Its applicability and efficiency has not yet been tried out in numerical 
relativity, but its applications in simpler settings yielded excellent results [53, 31, 
14]). 

These techniques are certainly a powerful way to handle boundaries in a stable 
way. However, the implementation of boundary conditions in numerical relativity 
is complicated by two facts. First, the constraint conditions on the boundary data 
imply that further evolution equations along the boundary be satisfied for some 
of the fields [24, 55, 13]. Second, the projection operators depend on the metric, 
which itself is being evolved. 

3.3. Sharp growth estimates 

Usually one wants not only the scheme to be stable (i.e., bounded by the initial 
data multiplied by an exponential in time), but also that the numerical solution, 
at fixed resolution, be as close as possible to the continuum one. This is a cru- 
cial ingredient for a numerical implementation to reproduce what the analytical 
expectation is and avoid weak solutions which might diverge grossly from the 
sought-after long evolutions. In 3D, even when there were no spurious solutions, 
the very low resolution practically available requires a careful choice of discretiza- 
tion. A way to achieve this is to re-express the system of equations in terms of 
another one (obtained by a suitable combination of variables) which behaves bet- 
ter at the numerical level. A possible way to approach this problem is to follow 
a ‘pseudo-analytical’ way to obtain better behaved systems: it relies on the use 




224 



L. Lehner and O. Reula 



of schemes satisfying SBP and reproducing at the discrete level the continuous 
energy estimates. The basic strategy behind this method is to study the discrete 
energy estimates given by the same analytical system but under different combi- 
nation of variables or discretizations. It can be seen then that the expected growth 
of the associated ‘discrete energy’ can be very different. The underlying reason for 
this is the fact that the Leibniz rule is only satisfied approximately in a numerical 
implementation (i.e., D{u^) = 2uD{u) + where A is a measure of 

the grid spacing and n is given by the accuracy of the scheme employed) . This in 
turn can give rise to discrete energy estimates which do not imply conservation (in 
the case the analytical system had such conservation) or whose bound is far too 
large (at a fixed A) compared to the discrete one. The analysis of which option is 
preferable can be done a priori. To illustrate this, consider the following example: 



u^t — "2.vu^x + uv^x 

= {uv)^x + ^U^x ■> 



( 11 ) 

( 12 ) 



where v = v{x) is a given smooth function. At the continuum level both ways of 
writing the equations are of course equivalent. But the straightforward discretiza- 
tions of them (namely the direct substitution di Di) are not. We shall see that 
the discretized version of (12) is more convenient [44]. Consider the (conserved) 
energy of the system {E = u^dx) and take its time derivative. Then substitute 
by each right-hand side, and replace dx by the discrete approximation Dx to 
obtain an expression for what is expected from the numerical evolution (thought 
still as continuum in the time variable). We shall analyze each case separately. 
First, for (11) we have 



fb 

1 u {2vDu + uDv) dx 
J a 

nb pb 


(13) 


—2 / uD{uv)dx -f 2B — / D{u^)v + B 


(14) 


nb 




B + / eA’^udx ; 
J a 


(15) 



with B = v?v\i . Thus, the estimate contains a non- negligible contribution, at a 
fixed resolution, given by the last term of equation (15). This term can be written 
as the integral of {Dv){/SP'v?). Therefore, the energy estimate obtained for system 
(11) contains an additional term which although can be controlled by the energy, 
at a given resolution, the energy of the system is not necessarily conserved at the 
discrete level. On the other hand, for system (12) 



E^t — f u {D{uv) + vDu) dx 
J a 

= — J D{u)uvdx + B + J uvDudx = B . 



(16) 

(17) 




Numerical Construction of Spacetimes 



225 



Hence its growth is only governed, just as at the continuum level, by bound- 
ary conditions. We thus see that system (12) reproduces the continuous estimate 
and its energy decreases or is conserved according to the boundary conditions 
imposed on the system. (This is confirmed by numerical experiments.) A semi- 
discrete system whose energy growth estimate reproduces that of the continuum 
equation, in a suitable norm, is said to be strictly stable. Note the technique pre- 
sented here not only applies to cases where the energy is conserved. Indeed, it 
can be seen that given a system defined by u^t = re-expressing it in the 

form u^t = {f'^),x + /^,x — uf,x gives rise to a discrete energy reproducing the 
continuous one (when SBP is respected). As mentioned, an attractive feature of 
this technique is that it can be used to first study the system at the pre-coding 
level and obtain sharp growth estimates which could then be used as a measure 
for which reformulation of equations to use. At first, it might seem that for com- 
plicated systems, like general relativity, this procedure is hopeless, but experience 
with simpler systems indicate that indeed this procedure imposes a better, perhaps 
more physical, choice of variables and grouping of them [12, 44]. It is important to 
remind the reader here that in General Relativity, unfortunately, we do not have 
a useful physical notion of energy which could be exploited at the numerical level 
as explained above. An energy can indeed be defined for the system by choosing 
an appropriate norm for the solution but this will not be a physical one and offers 
only partial guidance for the numerical implementation. 

3.4. Initial data 

Although consistent initial data exists, in most cases, it is unclear how physically 
realistic these are. A main reason behind this is that in a single hypersurface one 
can not elucidate the amount of spurious radiation present in the initial data. In 
the standard Cauchy approach, the hypersurfaces do not even reach future null 
infinity, and therefore it is much more difficult to make sense of radiation. In the 
case of the conformal Einstein equations, the hypersurfaces indeed cross future null 
infinity making the problem clearer. In the characteristic approach, an alternative 
often pursued is to provide data that satisfies (in the NP notation[45j) = 0. 
This choice is motivated by the fact that at large distances, gives an indication 
of the amount of incoming radiation crossing the initial null hypersurface. 

Although the two latter cases give somehow better control on the radiation 
content at large distances, it is safe to say that no approach can gauge the physical 
relevance of the data used based solely on the initial value problem setting (unless 
data is given at X~). The ultimate resolution of this problem requires obtaining 
at least a partial history of the spacetime and analyzing the outcome. It should be 
noted here that this can either be done with the evolution equations, i.e., evolving 
the equations under different initial data sets, or dealing with an alternative way 
of describing the system that (i) covers the spacetime at times earlier than the 
initial hypersurface chosen for the numerical evolution and (ii) describes correctly 
the physics of the system. An example of this in the case of binary neutron stars 
is the use of Post Newtonian orbits when the stars are far enough apart. This 




226 



L. Lehner and O. Reula 



strategy would extract information from the ‘pre- numerical epoch’ and use it to 
seed the initial data setting appropriately. There are still a number of unresolved 
issues in this strategy, like how to match the typical ‘orbital information’ found 
in these approaches to the seed metric variables for the full relativistic problem. 
Work in different fronts is underway to study these issues. 

4. Final words 

For most of this work, we have restricted our attention to open problems in numer- 
ical relativity and to highlight useful and robust techniques which can play a major 
role in future developments in the field. These novel techniques provide a system- 
atic way to treat Einstein’s evolution systems based on recently obtained rigorous 
results which can aid tremendously in achieving a stable implementation, or at the 
very least rule out basic possible sources of instability. In the past, the search for 
robust schemes relied on experience and trial and error. Such methods for search- 
ing for appropriate schemes is a viable strategy in lower-dimensional settings as 
the turn-around for each test is quite acceptable. Prime examples of achievements 
obtained this way are the discovery of critical phenomena [16]; the resolution of the 
fate of the Cauchy horizon in charged black hole spacetimes [48, 8]; the head-on 
collision of black holes [41]; etc. 

Unfortunately, in higher-dimensional scenarios the ‘experimental’ search for 
convenient schemes requires even more ‘heroic’ efforts where only a limited search 
can be performed. In some particular 3D systems (with little dynamics and based 
on stationary spacetimes, or slight departures off these) techniques have been re- 
cently presented [58, 1, 51] which improve the treatment of these systems. However, 
it is unclear that these schemes will perform as well when generic settings are con- 
sidered and long enough evolutions are sought after. The techniques mentioned 
here should prove very useful in this enterprise. Coupled to advances in our un- 
derstanding of boundary treatments; coordinate conditions and improved compu- 
tational power (including a more efficient use of it via, for instance, adaptive mesh 
refinement and multigrid techniques) the future construction of numerical space- 
times promises to be an ideal tool to investigate the theory and to be fundamental 
in practical applications in astrophysics and gravitational wave phenomena. 
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Abstract. Rigorous results on solutions of the Einstein- Vlasov system are sur- 
veyed. After an introduction to this system of equations and the reasons for 
studying it, a general discussion of various classes of solutions is given. The 
emphasis is on presenting important conceptual ideas, while avoiding entering 
into technical details. Topics covered include spatially homogeneous models, 
static solutions, spherically symmetric collapse and isotropic singularities. 



1. Introduction 

The basic equations of general relativity are the Einstein equations coupled to some 
other partial differential equations describing the matter content of spacetime. 
There are many choices of matter model which are of physical interest and Yvonne 
Choquet-Bruhat has published fundamental results on the Cauchy problem for the 
Einstein equations coupled to a wide variety of matter models. One of these is colli- 
sionless matter described by the Vlasov equation. It is the subject of these lectures. 

The Vlasov equation arises in kinetic theory. It gives a statistical description 
of a collection of particles. It is distinguished from other equations of kinetic theory 
by the fact that there is no direct interaction between particles. In particular, 
no collisions are included in the model. Each particle is acted on only by fields 
which are generated collectively by all particles together. The fields which are 
taken into account depend on the physical situation being modelled. In plasma 
physics, where this equation is very important, the interaction is electromagnetic 
and the fields are described either by the Maxwell equations or, in a quasi-static 
approximation, by the Poisson equation [32]. In gravitational physics, which is the 
subject of the following, the fields are described by the Einstein equations or, in 
the Newtonian approximation, by the Poisson equation. (There is a sign difference 
in the Poisson equation in comparison with the electromagnetic case due to the 
replacement of a repulsive by an attractive force.) The best-known applications of 
the Vlasov equation to self-gravitating systems are to stellar dynamics [3]. It can 
also be applied to cosmology. In the first case the systems considered are galaxies 
or parts of galaxies where there is not too much dust or gas which would require a 
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hydrodynamical treatment. Possible applications are to globular clusters, elliptical 
galaxies and the central bulge of spiral galaxies. The ‘particles’ in all these cases are 
stars. In the cosmological case they might be galaxies or even clusters of galaxies. 
The fact that they are modelled as particles reflects the fact that their internal 
structure is believed to be irrelevant for the dynamics of the system as a whole. 
The Vlasov equation is also used in cosmology to model non-baryonic dark matter 
([4], p. 323). In that case the ‘particles’ are elementary particles. 

These lectures are concerned not with the above physical applications but 
with some basic mathematical aspects of the Einstein- Vlasov system. First the 
deflnition and general mathematical properties of this system of partial differential 
equations are discussed and then the Cauchy problem for the system is formulated. 
The central theme in what follows is the global Cauchy problem, where ‘global’ 
means global in time. The known results on this and related problems are surveyed 
and important methods used are highlighted. Further information on kinetic theory 
in general relativity may be found in [7]. 

Let {M^g^is) be a spacetime, i.e., M is a four-dimensional manifold and goti 3 
is a metric of Lorentz signature (-,-(-,+,-1-). Note that gaf 3 denotes a geomet- 
ric object here and not the components of the geometric object in a particular 
coordinate system. In other words the indices are abstract indices. (See [34] , Sec- 
tion 2.4 for a discussion of this notation.) It is always assumed that the metric 
is time-orient able, i.e., that the two halves of the light cone at each point of M 
can be labelled past and future in a way which varies continuously from point 
to point. With this global direction of time, it is possible to distinguish between 
future-pointing and past-pointing timelike vectors. The worldline of a particle of 
non-zero rest mass m is a timelike curve in spacetime. The unit future-pointing 
tangent vector to this curve is the 4- velocity of the particle. Its 4- momentum 

is given by mv ^ . There are different variants of the Vlasov equation depending 
on the assumptions made. Here it is assumed that all particles have the same mass 
m but it would also be possible to allow a continuous range of masses. When all 
the masses are equal, units can be chosen so that m = 1 and no distinction need 
be made between 4- velocity and 4- momentum. There is also the possibility of con- 
sidering massless particles, whose wordlines are null curves. In the case m = 1 the 
possible values of the four- momentum are precisely all future-pointing unit timelike 
vectors. These form a hypersurface P in the tangent bundle TM called the mass 
shell. The distribution function /, which represents the density of particles with 
given spacetime position and four-momentum, is a non-negative real- valued func- 
tion on P. A basic postulate in general relativity is that a free particle travels along 
a geodesic. Consider a future-directed timelike geodesic parametrized by proper 
time. Then its tangent vector at any time is future-pointing unit timelike. Thus 
this geodesic has a natural lift to a curve on P, by taking its position and tangent 
vector together. This deflnes a flow on P. Denote the vector held which generates 
this flow by X. (This vector held is what is sometimes called the geodesic spray 
in the mathematics literature.) The condition that / represents the distribution of 
a collection of particles moving freely in the given spacetime is that it should be 
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constant along the flow, i.e., that Xf = 0. This equation is the Vlasov equation, 
sometimes also known as the Liouville or collisionless Boltzmann equation. 

To get an explicit expression for the Vlasov equation, it is necessary to intro- 
duce local coordinates on the mass shell. In the following local coordinates on 
spacetime are always chosen such that the hypersurfaces x^=const. are spacelike. 
(Greek and Latin indices take the values 0, 1,2,3 and 1,2,3 respectively.) Intu- 
itively this means that which may also be denoted by t, is a time coordinate 
and that the are spatial coordinates. A timelike vector is future-pointing if and 
only if its zero component in a coordinate system of this type is positive. It is not 
assumed that the vector djdx^ is timelike. One way of defining local coordinates 
on P is to take the spacetime coordinates x^ together with the spatial compo- 
nents p" of the four-momentum in these coordinates. Then the explicit form of the 
Vlasov equation is: 

df jdt + {p°- lp°)df !dx°- - {T^fi^p^p^ !p^)df /dp°- = 0 (1) 

where are the Christoffel symbols associated to the metric Qcyf^. Here it is 
understood that is to be expressed in terms of and the metric using the 
relation Qcx( 3 P^P^ = — 1- An alternative form of the Vlasov equation which is often 
useful is obtained by coordinatizing the mass shell using the components of the 
four-momentum in an orthonormal frame instead of the coordinate components. 

The Vlasov equation can be coupled to the Einstein equations as follows, 
giving rise to the Einstein- Vlasov system. The unknowns are a 4-manifold M, a 
(time orientable) Lorentz metric on M and a non-negative real- valued function 
/ on the mass shell defined by The field equations consist of the Vlasov 
equation defined by the metric gaf 3 for / and the Einstein equation = STTP^fs. 
(Units are chosen here so that the speed of light and the gravitational constant 
both have the numerical value unity.) To obtain a complete system of equations 
it remains to define in terms of / and g^f^. It is defined as an integral over 
the part of the mass shell over a given spacetime point with respect to a measure 
which will now be defined. The metric at a given point of spacetime defines in a 
tautological way a metric on the tangent space at that point. The part of the mass 
shell over that point is a submanifold of the tangent space and a^ such has an 
induced metric, which is Riemannian. The associated measure is the one which we 
are seeking. It is evidently invariant under Lorentz transformations of the tangent 
space, a fact which may be used to simplify computations in concrete situations. In 
the coordinates (x^,p“) on P the explicit form of the energy- momentum tensor is: 

Tap = - J fpaPp\g\^^‘^/podp^dp"^dp^ ( 2 ) 

A simple computation in normal coordinates based at a given point shows that 
Taf 3 defined by (2) is divergence- free, independently of the Einstein equations 
being satisfied. This is of course a necessary compatibility condition in order for 
the Einstein- Vlasov system to be a reasonable set of equations. Another important 
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quantity is the particle current density, defined by: 

= - J fp°\g\^^ypodp^dp^dp^ (3) 

A computation in normal coordinates shows that Vc^TV^ = 0. This equation is an 
expression of the conservation of the number of particles. There are some inequal- 
ities which follow immediately from the definitions (2) and (3). Firstly < 0 

for any future-pointing timelike or null vector with equality only if / = 0 
at the given point. Hence unless there are no particles at some point, the vector 
is future-pointing timelike. Next, if and are any two future-pointing 
timelike vectors then TafsV^W^ > 0. This is the dominant energy condition ([9], 
p. 91). Finally, if is a spacelike vector then > 0. This is the non- 

negative pressures condition. This condition, the dominant energy condition and 
the Einstein equations together imply that the Ricci tensor satisfies the inequal- 
ity Rapy^V^ > 0 for any timelike vector V^. The last inequality is called the 
strong energy condition. These inequalities constitute one of the reasons which 
mean that the Vlasov equation defines a well-behaved matter model in general 
relativity. However this is not the only reason. A perfect fluid with a reasonable 
equation of state or matter described by the Boltzmann equation also have energy- 
momentum tensors which satisfy these inequalities. 

The Vlasov equation in a fixed spacetime is a linear hyperbolic equation for 
a scalar function and hence solving it is equivalent to solving the equations for its 
characteristics. In coordinate components these are: 

dX^/ds = P^, 

(4) 

dP^/ds = -r'^^pdp-^ ^ ’ 

Let A"(s, P“(5, be the unique solution of (4) with initial conditions 

— x" and P"(t, = p". Then the solution of the Vlasov equation 

can be written as: 



- /o(V"(0,x",p"),P"(0,x^p")) (5) 

where /o is the restriction of / to the hypersurface ^ = 0. This function /o serves 
as initial datum for the Vlasov equation. It follows immediately from this that 
if /o is bounded by some constant C, the same is true of /. This obvious but 
important property of the solutions of the Vlasov equation is used frequently 
without comment in the study of this equation. 

The above calculations involving Tocp and were only formal. In order that 
they have a precise meaning it is necessary to impose some fall-off in the momen- 
tum variables on / so that the integrals occurring exist. The simplest condition to 
impose is that / has compact support for each fixed t. This property holds if the 
initial datum /o has compact support and if each hypersurface t = to is a Cauchy 
hypersurface. For by the definition of a Cauchy hypersurface, each timelike curve 
which starts at t = 0 hits the hypersurface t = to dit a unique point. Hence the 
geodesic flow defines a continuous mapping from the part of the mass shell over the 
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initial hypersurface ^ = 0 to the part over the hypersurface ^ ^o- The support of 

f{to), the restriction of / to the hypersurface t = to is the image of the support of 
fo under this continuous mapping and so is compact. Let P{t) be the supremum of 
the values of \p°'\ attained on the support of f{t). It turns out that in many cases 
controlling the solution of the Vlasov equation coupled to some field equation in 
the case of compactly supported initial data for the distribution function can be 
reduced to obtaining a bound for P{t). An example of this is given below. 

The data in the Cauchy problem for the Einstein equations coupled to any 
matter source consist of the induced metric gab on the initial hypersurface, the 
second fundamental form kab of this hypersurface and some matter data. In fact 
these objects should be thought of as objects on an abstract 3-dimensional manifold 
S. Thus the data consist of a Riemannian metric gab, a symmetric tensor kab and 
appropriate matter data, all defined intrinsically on S. The nature of the initial 
data for the matter will now be examined in the case of the Einstein- Vlasov system. 
It is not quite obvious what to do, since the distribution function / is defined on 
the mass shell and so the obvious choice of initial data, namely the restriction 
of / to the initial hypersurface, is not appropriate. For it is defined on the part 
of the mass shell over the initial hypersurface and this is not intrinsic to S. This 
difficulty can be overcome as follows. Let 0 be the mapping which sends a point 
of the mass shell over the initial hypersurface to its orthogonal projection onto 
the tangent space to the initial hypersurface. The map </> is a diffeomorphism. The 
abstract initial datum fo for / is taken to be a function on the tangent bundle 
of 5. The initial condition imposed is that the restriction of / to the part of the 
mass shell over the initial hypersurface should be equal to fo composed with (f). 

An initial data set for the Einstein equations must satisfy the constraints and in 

order that the definition of an abstract initial data set for the Einstein equations 
be adequate it is necessary that the constraints be expressible purely in terms of 
the abstract initial data. The constraint equations are: 

R — kabk^^ -h (trk)^ = IdTvp (6) 

Va/c," - Vbitrk) = Snjb (7) 

Here R denotes the scalar curvature of the metric gab^ If denotes the future- 
pointing unit normal vector to the initial hypersurface and = g^^ -|- is 

the orthogonal projection onto the tangent space to the initial hypersurface then 
p = Tocpn^n^ and The vector satisfies = 0 and so can 

be naturally identified with a vector intrinsic to the initial hypersurface, denoted 
here by What needs to be done is to express p and ja in terms of the intrinsic 
initial data. They are given by the following expressions: 

P = y /o(p“)p“Pa/(l (8) 

ja = j fo{p°')Pa{^^^9f^‘^dp^dp^dp^ 



( 9 ) 
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If a three-dimensional manifold on which an initial data set for the Einstein- 
Vlasov system is defined is mapped into a spacetime by an embedding then 
the embedding is said to induce the given initial data on S if the induced metric 
and second fundamental form of '0(5) coincide with the results of transporting gab 
and kab with '0 and the relation / = /o o 0 holds, as above. A form of the local 
existence and uniqueness theorem can now be stated. This will only be done for 
the case of smooth (i.e., infinitely differentiable) initial data although versions of 
the theorem exist for data of finite differentiability. 

Theorem 1.1 Let S be a 3 -dimensional manifold, gab cl smooth Riemannian met- 
ric on S, kab CL smooth symmetric tensor on S and fo a smooth non-negative 
function of compact support on the tangent bundle TS of S. Suppose further that 
these objects satisfy the constraint equations. Then there exists a smooth spacetime 
{M,goc^), a smooth distribution function f on the mass shell of this spacetime and 
a smooth embedding 'tp of S into M which induces the given initial data on S such 
that gct {3 and f satisfy the Einstein- Vlasov system and 0(5) is a Cauchy hypersur- 
face. Moreover, given any other spacetime {M',g'^^), distribution function /' and 
embedding 0' satisfying these conditions, there exists a diffeomorphism \ from an 
open neighborhood of ip {S) in M to an open neighborhood of ip' {S) in M' which 
satisfies x o 0 = 0' and carries g^/s and f to g'^^ and /' respectively. 

The formal statement of this theorem is rather complicated, but its essential mean- 
ing is as follows. Given an initial data set (satisfying the constraints) there exists 
a corresponding solution of the Einstein- Vlasov system and this solution is locally 
unique up to diffeomorphism. There also exists a global uniqueness statement 
which uses the notion of the maximal Cauchy development of an initial data set, 
but this is not required in the following. The first proof of a theorem of the above 
kind for the Einstein- Vlasov system was given by Yvonne Choquet-Bruhat in [5]. 

The problem of extending this local theorem to one which is in some sense 
global is a very difficult one. In fact with presently available mathematical tech- 
niques it is too difficult. One way of making some progress in understanding the 
general problem is to study the simplified cases obtained by imposing various sym- 
metries on the solutions. Note that if a symmetry is imposed on the initial data 
for the Cauchy problem this is inherited by the corresponding solutions. (See [8], 
Section 5.6 for a discussion of this.) This ensures the consistency of restricting the 
problem to a particular symmetry class. 

In the following different symmetry classes will be considered in turn, pro- 
ceeding from the strongest to the weakest assumptions. First spatially homoge- 
neous solutions are discussed. These are simple enough that it is possible to make 
statements about the Einstein equations coupled to a general class of matter mod- 
els. After this has been done, further results which can be obtained in the particular 
case where the matter is described by the Vlasov equation are presented. The first 
inhomogeneous solutions to be discussed are those which are static and spherically 
symmetric. Apart from their intrinsic interest these are of relevance for the study of 
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spherically symmetric collapse which is discussed next. Brief comments are made 
on dynamical cosmological solutions before concentrating on one question where 
there are results on solutions of the Einstein- Vlasov system without any symmetry 
assumptions being required. This concerns the construction of solutions with an 
isotropic singularity. 



2. Spatially homogeneous solutions I: general matter models 

A solution of the Einstein equations coupled to some matter equations is said to 
be symmetric under the action of a Lie group G ii G acts by isometries of the met- 
ric which also leave the matter fields invariant. A solution of the Einstein-matter 
equations is called spatially homogeneous if it is symmetric under the action of a 
Lie group whose orbits are spacelike hyper surfaces. If we think of these as hyper- 
surfaces of constant time then the metric only depends on time and the Einstein 
equations reduce to ordinary differential equations, an enormous simplification. 
The equations of motion of matter fields which are defined on spacetime also re- 
duce to ode’s. Since the Vlasov equation is defined on the ma^s shell it in general 
still contains derivatives with respect to the momenta and thus remains a partial 
differential equation in the spatially homogeneous case. 

The spatially homogeneous spacetimes can be classified into various types 
according to the Lie group involved. The conventional terminology is that there 
are nine Bianchi types I-IX and one additional type, the K ant owski- Sachs models. 
The latter will not be discussed further here. We might like to use spatially ho- 
mogeneous spacetimes as cosmological models. Since there is in a sense no spatial 
dependence we do need to worry about spatial boundary conditions. Eventually, 
however, we would like to consider more realistic cosmological models which are 
inhomogeneous perturbations of the Bianchi spacetimes, and then boundary con- 
ditions become important. One simple condition to pose is that the spacetimes 
involved should contain a compact Cauchy surface. Then there is no danger of 
extra information coming in from infinity. Supposing that it is desired to impose 
this condition of spatial compactness the question arises if all Bianchi types are 
compatible with it. Unfortunately this is not the case. In fact the only ones which 
are are types I and IX. 

A larger class of spatially compact spacetimes where the Einstein equations 
reduce to ODE’s are the locally spatially homogeneous ones, as defined in [23]. The 
idea is to require that the spacetime itself be spatially compact while its universal 
cover is spatially homogeneous. For details see [23]. This allows a much bigger class 
of Bianchi types to be included. 

The idea now is to consider solutions of the Einstein-matter equations which 
are spatially compact and locally spatially homogeneous only assuming some gen- 
eral conditions on the matter model. These conditions are satisfied in the case 
of the Vlasov equation but also, for example, in the case of the Euler equation 
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describing a perfect fluid with a physically reasonable equation of state. This gen- 
erality is a luxury we can only afford due to the assumption of (local) spatial 
homogeneity. In general solutions of the Euler equations can be expected to form 
shocks which leads to a breakdown of the solution of the evolution equations. In 
the homogeneous case this possibility does not arise. It is the absence of shock 
formation which makes the Vlasov equation particularly convenient to work with 
when studying inhomogeneous spacetimes. 

The matter models to be considered will be defined in terms of some general 
properties. As usual denotes the energy- momentum tensor. When a specific 
matter model has been chosen will be a functional of some matter variables, 
denoted collectively by F, and the spacetime metric ^a/3- In the following another 
quantity (called the particle current density) will be required. It is also assumed 
to be a functional of F and Now various properties which will be assumed at 
appropriate points will be listed. 

T^f^Vo^W /3 > 0 for all future-pointing timelike vectors and (dominant 
energy condition) 

(2) T^^{gctj 3 -h VaV/s) ^ 0 for all unit timelike vectors (non- negative sum 

pressures condition) 

(3) for any F and the conditions = 0 and = 0 are satisfied 

(conservation conditions) 

(4) for any F and gaf 3 the vector is future-pointing timelike or zero 

(5) for any constant C\ > 0 there exists a positive constant C 2 such that for 
any F and gotp with —N^N^ < C± and any timelike vector the following 
inequality holds: 

> C2{N‘^Vcf 

(6) for any constant Ci > 0 there exists a positive constant C 2 < I such that for 
any F and g^/s with —N^Na < Ci and any unit timelike vector 

{9a0 + 

(7) if a solution with the given symmetry of the Einstein equations coupled to the 
given matter model is such that the time coordinate defined above takes all 
values in the interval (^ 1 ,^ 2 ), If h is not possible to extend the spacetime so as 
to make this interval longer and if or t 2 is finite then trk{t) is unbounded 
in a neighborhood of or t 2 respectively. 

(8) for any constant Ci > 0 there exists a constant C 2 > 0 such that < 

Cl implies —N^N^ < C 2 

Some comments will now be made concerning the physical motivation of some 
of these conditions. If a given type of matter can be considered as being made up 
of particles then a particle current density is defined. If the particles have 
positive rest mass then this vector is future pointing timelike or zero as required 
by condition (4). If the particles are massless then this condition is still satisfied 
except for very special types of matter where might be null. If particles cannot 
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be created or destroyed then is divergenceless as required in condition (3). 
It is not easy to give an intuitive interpretation of conditions (5) and ( 6 ). The 
meaning of (5) is roughly as follows. If matter is observed from a boosted frame 
then the particle density is multiplied by a 7 -factor arising from the effect of 
Lorentz contraction on the volume element. The observed energy density is also 
affected in this way but picks up an additional 7 -factor. Hence when a given matter 
distribution is considered from a boosted frame the multiplicative factor in the 
observed energy density behaves like the square of that in the observed particle 
density. As for condition ( 6 ), for a perfect fluid it is related to the condition 
that the speed of sound should be bounded away from the speed of light. The 
given symmetry referred to in condition (7) will be the Bianchi symmetry being 
considered. 

In a spatially compact spacetime an interesting quantity is the volume of the 
hypersurfaces of constant time. The Friedman-Robertson- Walker (FRW) models 
generally used in cosmology have the property that this volume either increases 
at all times (open models) or increases to maximum after which it decreases again 
(closed models). The possibility that it always decreases, a case which is allowed 
mathematically, is usually ignored since we know that our universe is expanding at 
the present time. In any case these models can be obtained from those where the 
volume is always increasing by reversing the direction of time. Thus they present 
no essentially new mathematical phenomena. 

In local spatially homogeneous spatially compact spacetimes with reasonable 
matter the same pattern is found. It can be proved that they also share some 
other significant physical properties with the FRW models. These spacetimes can 
be parametrized by a Gaussian time coordinate based on a (locally) homogeneous 
hypersurface. Suppose that the solution is maximal in the sense that it cannot be 
extended to a larger interval of Gaussian time. Then we would like to know two 
things. Firstly, if the volume is always increasing then the time of existence in the 
future is infinite and the spacetime is future geodesically complete. Secondly, if 
the volume is increasing at some time then the time of existence in the past is 
finite and as the time of breakdown is approached some geometrical invariant of 
the spacetime geometry diverges. This rules out the possibility of extending the 
spacetime in some way which is not globally hyperbolic. This is desirable from the 
point of view of the strong cosmic censorship hypothesis. 

In [23] theorems of the desired type were proved. The first says that if condi- 
tions (1), (2) and (7) above are satisfied by some matter model then inextendible 
locally spatially homogeneous spatially compact solutions of the Einstein-matter 
equations where the volume is always increasing satisfy the first conclusion men- 
tioned above. In particular, they are future geodesically complete. The second says 
that if (l)-( 8 ) are satisfied and the spacetime is not vacuum then the curvature 
invariant diverges as the finite past limit of the domain of existence is 

approached. The fundamental intuitive reason for this is that a finite amount of 
matter is being squeezed to zero volume as the singularity is approached. 
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These theorems apply to the Einstein- Vlasov system since in that case, as 
will now be discussed, conditions (l)-(8) are satisfied. In that case and 
have been defined above. It has also been stated that (1) and (3) hold. Condition 
(2) is a consequence of the non-negative pressures condition mentioned above. 
To check condition (4) it is merely necessary to observe that if is a future- 
pointing timelike vector then < 0 unless = 0 at a given spacetime 

point. Condition (7) is an existence theorem which says, roughly speaking, that as 
long as the geometry does not break down too badly, the solution of the matter 
equations (in this case the Vlasov equation) cannot break down in finite time. Here 
the mean curvature tvk plays the role of a controlling quantity whose boundedness 
ensures the continued existence of the solution. It remains to check conditions 
(5), (6) and (8) and to do this we may choose a frame whose timelike member 
is in order to do the calculation. Then the inequalities of (5) and (6) become 
^00 ^ S^^Tij < 3C2T^^. (The hats here indicate the use of indices 

associated to an orthonormal frame.) 



-N^N^ = 



> 



(^J f{p°')Pa/p°dp^dp^dp^^ (^J f{q°')q°‘ /q°dq^dq^d(p 



- J J f{p’")f{q'")P°‘qa/{p^q^)dp^dp^dp^dq^dq^dq^ 
J J f{p'^)f{q'')/{P°q°)dp^dp‘^dp^dq^dq'^dq^ 



f(p'")/p°dp^dp‘^dp^ 



2 



Hence 






= j f{p'^)dp^dp^dp^ 

< (/ f{p‘^)p^dpHpHp^'^ ' (^J 



dp^dp^ 



1/2 



This shows that (5) holds. It follows directly from the definitions that the inequality 
of (6) holds with C 2 = 1/3 even without restricting to be bounded. Finally 

f{p°')pa.Pi3/p^dp^dp^dp^'^ f{q°-)q°‘qd /q^dq^dq^dq^^ 

= J J f{p‘')f{q‘'){p°'qaf/{p°q°)dp^dp‘^dp^dq^dq‘^dq^ 

-NaN°‘ 



> 
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Thus the general theorems apply to give results on the dynamics of locally spatially 
homogeneous solutions of the Einstein- Vlasov system. It is known that Bianchi 
type IX solutions cannot expand forever, while models of the other types force the 
volume to be monotone. Thus we can say the following about inextendible non- 
vacuum spatially compact solutions of the Einstein- Vlasov system with Bianchi 
symmetry. If the Bianchi type is IX they have curvature singularities after finite 
proper time both in the past and in the future. For all other Bianchi types models 
which are expanding at some time have a curvature singularity at a finite time 
in the past and are future geodesically complete. The statement about geodesic 
completeness also holds in the vacuum case. The statement about curvature sin- 
gularities, however, does not. In some cases there is a Cauchy horizon. This has 
been discussed in detail in [6]. See also [30]. 



3. Spatially homogeneous solutions II: 
application of dynamical systems 

We have now obtained a crude picture of the dynamics of spatially homogeneous 
cosmological models of the Einstein-matter equations for a variety of matter mod- 
els. It is reasonable to hope that in the case of the Vlasov equation this can be 
considerably refined, in order to get a detailed picture of the asymptotics of the 
models near an initial singularity or in a phase of unlimited expansion. This has 
not yet been achieved in general but for certain cases results were obtained in 
[28]. These extended theorems concerning the simpler case of massless particles 
obtained in [27]. The models considered were of the simplest Bianchi types I, II 
and III. It was assumed that a further symmetry is present so that the spacetimes 
have a total of four Killing vectors. These are the so-called LRS models (locally 
rotationally symmetric). The reason for making this assumption is that then the 
Vlasov equation can be solved explicitly and only the Einstein equations remain 
to be handled. The equations can be reduced to a system of ODE’s in contrast to 
the general case, although the coefficients of the system involve one function which 
is not known explicitly. Fortunately it suffices to know certain qualitative features 
of this function in order to determine the asymptotic behavior of the solutions of 
the ODE’s at early and late times. In fact to do this analysis it was also necessary 
to assume invariance under certain reflections, a piece of information which will 
be suppressed in the following for simplicity. 

To describe the results it is useful to introduce the generalized Kasner expo- 
nents Pi. Each of the homogeneous hypersurfaces has an induced metric pat and 
a second fundamental form kab- Let denote the eigenvalues of the second fun- 
damental form with respect to the metric. By definition this means that they are 
the solutions of the eigenvalue equation det {kab ~ ^9ab) = 0. Suppose now that trk 
is non-zero. Then we can define pi = Aj ). The quantities pi are functions 

of t and their sum is equal to one. The Kasner solution of the vacuum Einstein 
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equations is given by 



ds^ = -dt^ + t‘^P^dx‘^ + t^^P^dy^ + 

for the Kasner exponents which are constants satisfying pj = 1 and ^2j p] — 
1. These equations are called the first and second Kasner relations. In this case 
the generalized Kasner exponents are equal to the quantities pi in this metric form 
and this explains their name. 

Consider a solution of the Einstein- Vlasov system of Bianchi type I which 
is LRS. Choose the time of the initial singularity to be t = 0. The following 
statements hold. For each i the quantity Pi{t) converges to 1/3 as t oo. This 
is the value of the generalized Kasner exponents in a spatially fiat FRW model. 
This means that the spacetime isotropizes at late times. At early times there are 
three possibilities. The first is that the pi are identically equal to 1/3 at all times. 
This is the FRW case. The second is that they have limits (1/2, 1/2,0). The third, 
which is the generic case, is that they have the limits (2/3, 2/3, —1/3). In this last 
case the second Kasner relation is satisfied asymptotically and so, in a certain 
sense, the solution with matter is approximated near the singularity by a vacuum 
solution. 

In type III the initial singularity is similar to that in type I but in type II it is 
oscillatory. As ^ > 0 the generalized Kasner exponents approach both the values 

(2/3, 2/3, —1/3) and (0,0,1) as closely as desired in any neighborhood oi t = 0. 
In the expanding direction the type II solution approaches an explicitly known 
self-similar dust spacetime whose generalized Kasner exponents have the values 
(3/8, 3/8, 1/4). In type III the generalized Kasner exponents approach (0,0, 1) in 
the expanding direction. It is possible to get more detailed information about the 
asymptotics of these models in the limits t ^ 0 and t oo. The proofs of all 
these statements make use of the fact that for ODE’s the highly developed theory 
of dynamical systems is available. Getting out the finer features of the expanding 
phase of Bianchi III models is more delicate than the other cases just discussed 
and was carried out using centre manifold theory in [25]. 

A key aspect of the work on the asymptotics of types I, II and III was writing 
the dynamical system in cleverly chosen variables. As we go to a singularity or to 
infinity in a phase of unlimited expansion the most obvious variables go to zero 
or infinity. If dimensionless variables can be found which, at least for some of the 
solutions, converge to finite non-zero limits in these regimes then this is a great 
help in analyzing the asymptotics. Often the original dynamical system can be 
extended to a smooth dynamical system on a compact region. This avoids the 
problem, found with many choices of variables, that the solutions expressed in the 
given variables run off to infinity in a way which is hard to control. The strategy 
of dimensionless variables and compactification has been carried much further in 
the case of spatially homogeneous solutions of the Einstein-Euler system. For an 
account of this see [33]. 
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4. Static solutions 

This section is concerned with static spherically symmetric solutions of the Ein- 
stein- Vlasov system. These may play a role in describing the long-time behavior 
of solutions of the full dynamical equations and so they have a natural place in 
these lectures. Before coming to the Einstein- Vlasov system it is worth spending 
a little time thinking about the corresponding non- relativistic problem, where a 
lot more is known. In that case the gravitational potential U satisfies the Poisson 
equation /SU = Anp where 

Pit,x) = J f{t,x,v)dv (11) 

and the Vlasov equation is 

df/dt -h v^dfldx^ - V^Udfldv^ = 0 (12) 

These equations together constitute the Vlasov- Poisson system. There are results 
on static solutions of the Vlasov- Poisson system which are not spherically symmet- 
ric and stationary solutions which are not static [16]. Nothing comparable has yet 
been done in the case of the Einstein- Vlasov system. This is a gap which should be 
filled. From now on we restrict consideration to the static spherically symmetric 
case. 

There are two methods which have been used to construct static spherically 
symmetric solutions of the Vlasov- Poisson system. The first may be called the 
ODE method. In a spherically symmetric static spacetime there are two constants 
of motion of the particles, namely the energy E = {l/2)\v\‘^ -h U and the modulus 
L of the angular momentum defined by — {x • v)‘^, which are useful in 

constructing solutions of the Vlasov equation. In fact E and L, like any quantity 
conserved along geodesics, are solutions of the Vlasov equation. The same is true 
of any function L) of these quantities. In other words a function / of the 

form 

f{x, v) = <^{E{x, v), L{x, v)) (13) 

is a time-independent solution of the Vlasov equation with the potential U. Jeans’ 
theorem says that conversely in a spherically symmetric static solution of the 
Vlasov- Poisson system the distribution function is a function of E and L. Thus a 
natural procedure is to make an ansatz for the distribution function by choosing a 
particular function 4>. The Einstein equations then reduce to a system of integro- 
differential equations for the metric coefficients as functions of a radial coordinate. 
What remains to be done is to analyze the global properties of solutions of this 
system. 

The second method is a variational one. The Vlasov-Poisson system can be 
expressed as an infinite-dimensional Hamiltonian system. (Cf. [10].) It is degen- 
erate in the sense that instead of a symplectic structure there is only a Poisson 
structure. This leads to a large class of conserved quantities known as Casimir 
invariants. In a Hamiltonian system a minimum of the Hamiltonian is a time- 
independent solution of the equations of motion. This suggests a variational route 
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to finding static solutions. When Casimir invariants are present there are more 
general possibilities. If C is a Casimir invariant then a minimum of i/ + C is a 
time- independent solution of the equations of motion. An advantage of this method 
is that apart from giving results on the existence of static solutions it can also pro- 
vide information on the stability of the solutions obtained. This method has been 
applied extensively to the Vlasov-Poisson system by Guo and Rein (see [17] and 
references therein). 

Returning to the Einstein- Vlasov system, there is a paper [35] where the 
energy- Casimir method has been applied but it seems to be much harder than the 
Vlasov-Poisson case and the results are much more limited. More straightforward 
is the ODE method. One cautionary note is in order. The direct analogue of Jeans’ 
theorem is not true in the case of the Einstein- Vlasov system. Counterexamples 
were constructed by Schaeffer [31]. Nevertheless we can still assume a distribution 
function of the form 4>(£', L) and proceed from there. A theorem on global existence 
in the radial coordinate for a rather general choice of $ was obtained in [14]. There 
is a difficulty concerning the physical relevance of these solutions. If we would like 
to use them to model globular clusters, for instance, then we would like to obtain 
configurations of finite total mass. The easiest way to prove this is if the spatial 
density has compact support. The general existence theorem does not give any 
information on this. In fact whether it is true or not depends on the choice of the 
function $ in quite a delicate way. A criterion for the finiteness of the mass in a 
large class of functions was given in [19]. 

All known static solutions of the Einstein- Euler system with a physically rea- 
sonable equation of state are spherically symmetric and the density is a monotone 
decreasing function of the radius. In the case of the Einstein- Vlasov system an- 
other kind of configuration is possible where the support of the density is a thick 
shell, i.e., the region between two concentric spheres. In order to achieve this the 
function must depend on the angular momentum. If it only depends on the 
energy then the system is equivalent to a solution of the Einstein- Euler system 
with an equation of state which is in general not explicitly known. The existence 
of shell solutions was proved in [15]. 



5. Spherically symmetric collapse 

An interesting situation to consider is that of an isolated system consisting of 
matter undergoing gravitational collapse. The traditional model for this, following 
Oppenheimer and Snyder, is the collapse of a homogeneous spherical cloud of 
dust. Unfortunately when inhomogeneities are introduced into the Oppenheimer- 
Snyder model they often lead to pathologies such as shell-crossing singularities. 
The advantage of using collisionless matter is that it avoids some of (and perhaps 
all) the problems associated with dust. 

A natural first step towards understanding spherical collapse is to fully un- 
derstand the case where there is no collapse. If we have only a small amount of 
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matter then it is to be expected that its self-gravitation will not suffice to keep 
it together and that it will spread out and disperse to infinity. For collisionless 
matter this has been proved, as described in more detail later. For dust it is not 
true since even small amounts of matter can develop shell-crossing singularities. 
Even dust without gravitation can do so and so this effect has nothing to do with 
gravity at all. 

Consider initial data for the Einstein- Vlasov system which are spherically 
symmetric and asymptotically fiat. In a suitable coordinate system only data for 
the distribution function need be given since the metric can then be determined by 
solving equations on the hypersurfaces of constant time. This is a reflection of the 
familiar statement that there is no gravitational radiation in spherical symmetry. 
Now let us make the initial data small in the following sense. In the presence of 
fixed bounds on the extent of the support of the initial data for / in position and 
velocity space we require the maximum of / to be small. For small data it can 
be shown that the solution exists globally in a suitable time coordinate and, more 
importantly, that it is geodesically complete. Moreover, various quantities such as 
the energy density of the matter decay to zero as t ^ oo [18]. Thus it can be seen 
that for small data the solution disperses and the situation is completely under 
control. 

What happens for large data? It is known that for large data a trapped surface 
(and presumably a black hole) can form [22]. We might nevertheless get global 
existence in a singularity- avoiding time slicing like maximal or polar slicing. The 
latter is also sometimes called a Schwarzschild time coordinate. There is a theorem 
[20] which says that if a singularity forms in a solution of the spherically symmetric 
Einstein- Vlasov system then the first singularity (as measured in Schwarzschild 
time) occurs at the centre of symmetry. Note that the shell-crossing singularities 
of dust occur away from the centre. A corresponding result for maximal slicing 
has been proved in [24]. 

A general mathematical result on the behavior of spherically symmetric 
asymptotically flat solutions of the Einstein- Vlasov system has not yet been ob- 
tained. In the absence of further analytical progress, attempts have been made to 
study the problem numerically. One theme which plays an important role is that 
of critical collapse. Suppose that we have a family of data depending on a param- 
eter A for the spherically symmetric Einstein- Vlasov system which interpolates 
between weak and strong data, with A = 0 corresponding to data for flat space. 
For A sufficiently small the theorem already mentioned tells us that the matter 
disperses. For A sufficiently large we might expect collapse to a black hole and 
this is indeed seen numerically. More precisely, it is seen that for A smaller than 
a certain value A* the matter disperses while for A > A* it collapses to a black 
hole. In general some of the matter falls into the black hole while some escapes. 
Let M(A) be the mass of the black hole formed when the initial data corresponds 
to the parameter value A. If no black hole is formed M(A) is defined to be zero. 
One of the questions which comes up in the study of critical collapse is whether 
the function M(A) is continuous at A„< or not. 
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In [21] numerical evidence was presented that M(A) is not continuous. In 
other words, the limit of M(A) as A A* from above is strictly positive. This is 
different from what is found for some other matter models, such as the massless 
scalar field. Olabarrieta and Choptuik [13] confirmed this finding and were able to 
present a more detailed picture of what happens. It is convenient for the numerical 
calculations to take initial data where there are no particles at the centre and no 
particles on purely radial orbits. In that case as long as the solution remains regular 
no particle can reach the centre due to conservation of angular momentum. Thus 
we have a dynamical configuration of matter with a hole in the middle. This allows 
difficulties with the singularity of polar coordinates at r = 0 to be avoided. It is 
found in [13] that the solution evolves towards an unstable static shell solution 
before turning away again and dispersing or collapsing. The mass of the shell 
solution sets the mass gap in the graph of M(A). The connection between the shell 
solutions observed numerically in collapse calculations and those whose existence 
has been shown rigorously is not clear. 



6. Isotropic singularities and Fuchsian methods 

In the last section results for certain asymptotically flat solutions of the Einstein- 
Vlasov system were described. These are spherically symmetric and hence have 
three Killing vectors. There seem to be no other symmetry assumptions on asymp- 
totically flat spacetimes which can be usefully studied at the present time. The 
obvious symmetry class which comes to mind is axial symmetry. In that case, how- 
ever, there is only one Killing vector, which is very little, and even that has fixed 
points, which leads to singularities of the equations obtained when the symmetry 
is factored out. At the moment it seems to offer no advantage over the general 
case. In the case of spacetimes evolving from data on a compact Cauchy surface 
(cosmological spacetimes) there is a variety of interesting symmetry types with 
two or three Killing vectors and a number of papers on solutions of the Einstein- 
Vlasov system with these symmetries. They will not be reviewed here since some 
choices had to be made in order to limit the volume of the lectures. A good point 
of entry into the literature is [1]. 

There is one mathematical result on the Einstein- Vlasov system which does 
not require any symmetry assumptions and it will be the subject of the remainder 
of this section. It concerns solutions of the Einstein- Vlasov system with massless 
particles and it would be interesting to know if analogous results hold for massive 
particles. The idea is to construct large classes of solutions of the equations whose 
singularities have a particular structure, the isotropic singularities. 

Given a spacetime with a foliation by spacelike hypersurfaces we can define 
the generalized Kasner exponents as in Section 3 in terms of the eigenvalues of 
the second fundamental form. In the inhomogeneous case these are functions pi 
on spacetime which in general depend on both the time and space coordinates. 
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The condition for an isotropic singularity (at least intuitively) is that all general- 
ized Kasner exponents should tend to 1/3 as the singularity is approached. Thus 
the solution looks like an isotropic FRW model near the singularity. The actual 
definition used in the theorem is a different one. A spatially flat FRW model is 
conformally flat. In the definition of an isotropic singularity it is assumed that the 
given metric is conformal to a metric which is smooth at the singularity. 

The requirement of an isotropic singularity is a restriction on the spacetimes 
considered but it has been proved by Anguige [2] that there is a very large class 
of solutions of the Einstein- Vlasov system with isotropic singularities. In partic- 
ular, he does not have to make any symmetry assumptions. The solutions can 
be parametrized by certain data on the singularity which can be given freely. The 
method of proving this is to use Fuchsian methods (although Anguige does not use 
this terminology). This technique is of wider importance in studying singularities 
of solutions of the Einstein-matter equations and will now be discussed in a more 
general context. 

Let a system of partial differential equations with smooth coefficients be 
given and suppose we would like to investigate the existence of solutions which 
become singular on a certain hypersurface. For simplicity assume that this is the 
coordinate hypersurface t = 0. Suppose that in some way it was possible to guess 
the asymptotic behavior of the solutions in the approach to the singularity. This 
might be done by studying explicit solutions or by using trial and error to get 
a formally consistent asymptotic expansion. Then express the solution u to be 
constructed in terms of an explicit function uq having the expected asymptotics 
near the singularity and a remainder v which is expected to be regular and vanish 
at ^ = 0. Now rewrite the original equation for the unknown u as an equation for v 
whose coefficients depend on uq. Since uq is singular it is to be expected that the 
equation for v is singular at t = 0. Thus the problem of finding a singular solution 
of a regular equation has been replaced by that of finding a regular solution of a 
singular equation. 

In favorable cases the singular equation obtained by this method is a Fuchsian 
equation of the form 

tdtv -h N{x)v = tf{t, X, V, Vx) (14) 

where the matrix- valued function N has some positivity property. There are theo- 
rems which guarantee that an equation of this kind has a unique solution v which 
is regular and vanishes at t = 0. One theorem of this kind was proved in [12], where 
it was applied to study singularities in Gowdy spacetimes. Since then there have 
been a number of other applications. (See [26], Section 6.2, for more information 
on this.) Unfortunately the Einstein- Vlasov system does not fit into the framework 
of this theorem due to the fact that it is an integrodifferential equation rather than 
a differential equation. For this reason Anguige had to prove his theorem by doing 
a direct iteration. 

In general the reduction of a given system to Fuchsian form requires a con- 
siderable amount of algebraic manipulation. In particular, if the original system 
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includes second-order equations they must be reduced to first-order by introduc- 
ing additional variables. A detailed exposition of the procedure is given in [11]. 
Examples related to the Einstein equations are discussed in [29] 



7. Outlook 

In these lectures a selection of work on the Einstein- Vlasov system has been sur- 
veyed. Although the results were only discussed on a very general level, without 
getting into details, it was still necessary to leave out a lot of interesting topics. 
Some of them were mentioned briefly, some not at all. It should be clear that this 
is an area of research where there are many open problems and many promising 
directions to be explored. The references given here should provide a good starting 
point for those wanting to follow this road. 
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Future Complete U(l) Symmetric Einsteinian 
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1. Introduction 

In this paper I generalize the non linear stability theorem obtained in collaboration 
with V. Moncrief (CB-Ml, CB-M2) for vacuum Einsteinian 4-manifolds g) 

where V = M x R with M a circle bundle over a compact, orientable surface E of 
genus greater than 1 . The Lorentzian metric admits a Killing symmetry along 
the (spacelike) circular fibers . I remove the so-called polarization condition, i.e., 
the orthogonality of the fibers to quotient 3-manifolds. The reduced field equations 
take now the form of a wave map equation, instead of a linear wave equation in 
the polarized case, coupled to 2 + 1 gravity. I use results on wave maps from 
curved manifolds obtained in CBl, CB2. Like in CB-M2 we do not restrict the 
conformal geometry of S to avoid those regions of Teichmuller space for which the 
lowest positive eigenvalues of the scalar Laplacian lie, in our normalization, in the 
gap (0, |]. A consequence is that the asymptotic behavior of the wave map field 
does not exhibit a universal rate of decay but instead develops a decay rate which 
depends upon the asymptotic values of the lowest eigenvalue. 

Under the Kaluza- Klein reduction which one carries out in the presence of 
the assumed spacelike Killing field one is first led to field equations of the type of 
an Einstein-Maxwell- Jordan system on the 3-manifold E x i?. To transform this 
to a more convenient Einstein-wave map system one needs a further topological 
restriction on the fields allowed. The need for this arises from considering the 
constraint equation for the effective 2 -h 1 -dimensional electric type field density 
e = which reads = 0. On a higher genus surface E the general solution 

of this equation (which results from a Hodge decomposition of one- forms on E) 
takes the form e" = +^ 6 ) where h^dx^ is a harmonic one- form on E. A 

consistent simplification results from setting this harmonic contribution to zero so 
that becomes expressible purely in terms of the so-called twist potential uj. 

Taken together with the norm of the (U(l) generating) Killing field K, conveniently 
expressed via Y Y = the twist potential uj and the function 7 provide a map 
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from TiX R to R^. When expressed in terms of the pair ( 7 , 0 ;) Einstein’s equations 
take the form of a wave map from a 2 + 1 Lorentzian manifold (S x g) into 
the Poincare plane with its standard metric 2 o? 7 ^ the metric 

satisfies the 2 -h 1 Einstein equations on E x with source the wave map. These 
2 -f- 1 Einstein equations, supplemented by suitable coordinate conditions to fix 
the gauge, reduce to an elliptic system on each slice of S x i? for the lapse, the 
shift, and the conformal factor of a 2 -dimensional metric, together with an ordinary 
differential system for the Teichmiiller parameters which determine the conformal 
geometry. The wave map field and the Teichmiiller parameters represent therefore 
the true propagating gravitational degrees of freedom of the original problem. 

The basic methods we use to prove existence for an infinite proper time in- 
volve the construction of higher-order energies to control the Sobolev norms of the 
wave map and the solution of the differential system^ satisfied by the Teichmiiller 
parameters degrees of freedom. A subtlety is that the most obvious definition of 
wave map energies does not lead to a well-defined rate of decay so that suitable 
corrected energies must be developed which exploit information about the lowest 
eigenvalues of the spatial Laplacian which appears in the relevant wave operators. 
The eigenvalues vary with position in Teichmiiller space and thus evolve along 
with Teichmiiller parameters. If the lowest (non-trivial) eigenvalue asymptotically 
avoids a well-known gap in the spectrum (the gap ( 0 , |] in our normalization which 
has the more familiar form (0, |] if one instead normalizes the Gauss curvature on 
the higher genus surface) then we obtain a universal rate of decay for the energies 
asymptotically. If the lowest eigenvalue however drifts into this gap and remains 
there asymptotically then the rate of decay of the energies will depend upon the 
asymptotic value of this lowest eigenvalue and will no longer be universal. We need 
slightly different forms for the corrected energies to handle these different eventu- 
alities (universal versus non universal rates of decay). In all cases the conformal 
geometry of our circle bundles undergoes a kind of Cheeger- Gromov collapse in 
which the circular fibers (after a conformal rescaling needed to take out the overall 
expansion) collapse to zero length asymptotically while only the conformal 2 - ge- 
ometry remains well behaved. In our set up the Sobolev constants depend only on 
the conformal 2-geometry (i.e., upon the Teichmiiller parameters) and, so long as 
the evolution remains in a compact subspace of Teichmiiller space, these constants 
remain under control. 

The sense in which our solutions are global in the expanding direction is that 
they exhaust the maximal range allowed for the mean curvature function on a 
manifold of negative Yamabe type, for which a zero mean curvature cannot be 
achieved but only asymptotically approached. In addition however our estimates 
prove that the normal trajectories to our spatial slices all have infinite future proper 
time length, and allow us to establish, using [CB-C], causal geodesic completeness 
in the expanding direction. 



^We use here directly this system, instead of introducing the Dirichlet energy as in CB-M 1 and 
CB-M 2. 
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If the harmonic one-form H discussed above were allowed to be non zero it 
would disturb the pure wave map character of the reduced field equations. On the 
other hand it seems plausible that energy arguments could still be made to work in 
the presence of H , Alternatively one might simply refrain from trying to force the 
reduced field equations into a wave map framework and instead develop energy 
arguments for the Einstein-Maxwell-Jordan type system itself which require no 
splitting of e into twist potential and harmonic contributions. I shall not however 
pursue either of these possibilities here but leave them for further study. 

I need as in CB-Ml and CB-M2 a smallness condition on suitably defined 
energies which control the norms of the evolving (here wave map) field and for 
this reason I continue to restrict my attention to trivial bundles over E (i.e., 
to those for which M = x E). The reason for this is that the curvature of the 
U{\) connection and its assumed (f/(l)-generating) Killing field has a quantized 
integral over E and, in the case of a non trivial bundle when this integral is not 
zero, cannot be adjusted to satisfy the smallness condition needed for the energy 
argument. It seems plausible that one could probably substract off this unavoidable 
topological contribution to curvature and work with suitable energies defined for 
the substracted fields to handle the case of non-trivial bundles but I shall not 
attempt to do so here. 

Another approach (suggested by V. Moncrief) to treating solutions on non- 
trivial bundles involves applying a well-known action of SL{2, R) (the isometry 
group of the Poincare plane which plays the role of target for our wave map fields) 
to the fields defined on the base manifold E x In certain cases this group action 
can be used to transform solutions which lift to the trivial bundle over E x 
to other solutions which lift instead to another, non-trivial bundle. There is an 
obstruction to obtaining such solutions in this way since a certain Casimir invariant 
(which is of course preserved under the group action) is necessarily positive for 
solutions which lift to the trivial bundle (it can be negative for a subset of solutions 
which lift to non-trivial bundles) . This formulation has so far only been developed 
for the case of circle bundles over x R but can most likely be generalized to the 
cases of bundles over 'E x R where E is either a torus or a higher genus surface. 
That possibility is left for further study. 

The small data future global existence theorem for solutions of Einstein’s 
equations of Andersson and Moncrief, this volume, makes no symmetry assumption 
whatsoever, but treats a different class of spatial 3-manifolds which are taken 
to be compact hyperbolic. The results of their analysis show that the standard 
hyperbolic (i.e., constant negative curvature) metric on such a manifold serves 
as an attractor for the conformal geometry under the (future) Einstein flow. In 
other words the evolving conformal geometry has a well-behaved limit in that 
problem. This fact plays a crucial role in their analysis since various Sobolev 
“constants” (which are in fact functionals of the geometry) which are needed in 
the associated energy estimates are asymptotically under control since they are 
tending toward their (regular) limiting values for the hyperbolic metric. Thus 
the difficulty of degenerating Sobolev constants, avoided by the introduction of a 
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conformal 2 metric in the case of our U{1) symmetry assumption, never arises in 
the Andersson-Moncrief work. 

Besides the fact that the U{1) symmetric case is not included in the no sym- 
metry case treated by Andersson and Moncrief, an interest of the U(l) case is that 
in our problem the number of effective spatial dimensions is two, and also that 
there is no known “physical” reason why large data solutions should develop sin- 
gularities in the direction of cosmological expansion. Black hole formation seems 
to be suppressed by the topological character of the assumed Killing symmetry 
(which is of translational rather than rotational type and excludes the appearance 
of an axis of symmetry) and the big bang singularity is avoided by considering 
the future evolution from an initially expanding Cauchy hypersurface. Any pos- 
sible big crunch is excluded by our requirement that the spatial manifold M is 
of negative Yamabe type (which is true of all circle bundles over higher genus 
manifolds). Such manifolds are incompatible (in the vacuum and electrovacuum 
cases for example) with the development of a maximal hypersurface which would 
be a necessary prelude to the “recollapse” of an expanding universe towards a hy- 
pothetical big crunch singularity. At a maximal hypersurface the scalar curvature 
of M would have to be everywhere positive - an impossibility on any manifold 
of negative Yamabe type. Thus it is conceivable that for large data future global 
existence holds for our problem. Up to now the only large data global results re- 
quire simplifying assumptions so stringent that they effectively reduce the number 
of spatial dimensions to one (e.g., Gowdy models and their generalizations, plane 
symmetric gravitational waves, spherically symmetric matter coupled with grav- 
ity) or zero (e.g., Bianchi models, 2 + 1 gravity). Unfortunately we have at present 
no way of proving this global existence, even in the polarized case for which the 
wave map equation reduces to a wave equation for a scalar function, because the 
reduced field equations are non local in character. The “background” spacetime 
on which the scalar field evolves is not given a priori but is instead a certain func- 
tional (obtained by solution of elliptic equations) of the evolving field (and the 
Teichmiiller parameters) itself. In the unpolarized case, the problem of global exis- 
tence of strong solutions for wave maps on a fixed background in 2 + 1 dimensions 
is still unsolved. However there is a proof [M-S] of global existence of a weak solu- 
tion (with no uniqueness) for wave maps from Minkowski spacetime. Any progress 
on the large data global existence, even of weak solutions, for the f/(l)-symmetric 
problem would represent a “quantum jump” forward in our understanding of long 
time existence problems for Einstein’s equations. 

It is worth mentioning here that, again with suitable topological restrictions, 
using the reduction obtained by V. Moncrief [M2], an analogous Einstein- wave 
map form of the reduced field equations can be obtained even when one begins 
with the full Einstein-Maxwell system in 3 + 1 dimensions. 

Some steps of the proof given here have been obtained independently, using 
other notations, by V. Moncrief. I thank him for communicating his manuscript 
to me, and for numerous conversations on the subject. 
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2. invariant Einsteinian universes 

2.1. Definition. 

The spacetime manifold E is a principal fiber bundle with Lie group and base 
E X i?, with E a smooth orientable 2-dimensional manifold which we suppose here 
to be compact and of genus greater than one. 

The spacetime metric is invariant under the action of 5^, the orbits are 
the fibers of V and are supposed to be space like. We write it in the form adapted 
to the bundle structure^: 

where 7 and can be identified respectively with a scalar function and a 
Lorentzian metric on the base manifold E x In coordinates (x^, adapted to 
a local trivialization of the bundle, with a coordinate on (i.e., with = 0 
and x^ = 27 t identified) and (x^) = (x^, ^), a = 1, 2 coordinates on E x i?, it holds 
that: 

= —N^dt^ + gab{dx^ -h u^dt){dx^ + y^dt) 
equivalently, in terms of a moving frame 

e^ = dt, =dx^ + y^dt 

where N and u are respectively the lapse and shift of ^^^g, and 

g = gabdx^dx^ 

is a Riemannian metric on E, depending on t. The 1-form connection on the 
fiber bundle E, is represented by 

0 = dx^ + Aadx^ . 

The 1 -form A = A^dx'^ depends on the trivialization of V, it is only a locally 
defined 1-form on E x if the bundle is not trivial. 

2.2. Twist potential 

2.2.1. Definition. The curvature of the connection locally represented by ^ is a 
2- form E on E X R, given by, if the equations ^"^^Rq,3=0 are satisfied, 

Fap = (ll2)e-^'^r,a0xE^ 

with g the volume form of the metric ^^^g, and E an arbitrary closed 1-form. Hence 
if E is compact 

E = duj H 

where a; is a scalar function on V, called the twist potential, and H a representative 
of the 1-cohomology class of E x i?, for instance defined by a 1-form on E, harmonic 
for some given Riemannian metric m. For simplicity we take H = 0. 



^See for instance CB-DM Kaluza Klein theories p. 286. The Lorentzian metric on the base 
manifold S x is weighted by in order to obtain equations which split in a nice hyperbolic- 

elliptic coupled form (see Ml, CB-M3). 
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2.2.2. Construction of A. The connection 1-form 0 can be constructed, when F 
is known if the following integrability condition is satisfied (see [Ml], [CB-M3]) 

I F = - f Fabdx^ A dx^ ~ ~~ I ^~^douj/j.g = 27rn, (2.1) 

where n is the Chern number of the bundle over H x R. 

We will suppose here that this bundle is trivial, i.e., n = 0; this value of n 
is the only one compatible with the smallness aissumptions on the energy that we 
will make. The 1-form A ~ Ao,dx^ is then defined globally on E x It satisfies 
the equation 

dA = F. ( 2 . 2 ) 

We denote by A and F the t dependent 1-form and 2-form on E given by 

A ~ Aadx^ , F = ^Fabdx*^ A dx^ . (2.3) 

Equation 2.2 splits into 

dA = F, i.e., daAb - dbAa = Fab (2.4) 

and, denoting by the 1-form Ftadx^ : 

dtAa - daAt = Fta, i-c., dtA- dAt = Fi^t)- (2.5) 

We solve 2.4 by introducing a smooth metric m on E. We denote by 6m and 
= 6 md dSm the codifferential and the de Rham-Laplace operator in this 

metric. If we suppose that A satisfies the Coulomb gauge condition: 

SmA = 0. (2.6) 

Equations 2.4 and 2.6 imply that 

= 6mF. (2.7) 

The general solution of this equation is the sum of the unique solution A which 
is L^(m)-orthogonal to the elements of a basis of harmonic 1-forms, and an 
arbitrary harmonic 1-form, that is: 

^ (A, = 0 (2.8) 

i 

where the Ci are ^-dependent numbers. The solution A satisfies a Sobolev inequality 

\\A\\H,irn) < Cm\\S,nF\\L2^m), ||<5mF|U2(„) < 1 1F| . (2.9) 

A solution A of 2.7 satisfies 2.4 and 2.6 because 2.7 implies 

dAmA = AmdA = d6mF = AmF (2.10) 

since F is closed, and 

SmAmA = Am6mA = 0. (2.11) 

2.10 implies that dA — F is a harmonic 2-form on E, it is zero because its period, 
i.e., its integral on the unique 2-cycle E, is zero (equation 2.1). 2.11 implies that 
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the scalar function 6mA is harmonic, but its integral on E is zero, since it is a 
divergence, therefore SmA = 0. 

Equation 2.5 can be satisfied by choice o^ At, at dependent function on 
E, if the 1-form dtA — F(^t) is an exact differential. The commutation of partial 
derivatives and the closure of F show that a solution A of 2.4 satisfies the equation 

dadtAb - dbdtAa = dtFab = daFtb - dbFta, i.e., d{dtA - Ff^t)) = 0. (2.12) 

Since the form dtA — F(^t) is closed it will be the differential of a function At if and 
only if it is L‘^{m) orthogonal to the harmonic 1-forms, that is, because dtA is like 
A LP‘{m) orthogonal to the which do not depend on t : 

^(2))L2(m) 0- (2.13) 

3 

Choosing the to be L^{m) orthonormal, this equation reduces to: 

dc ■ 

These equations determine q by integration on t through its initial value Ci{to). 

We complete the determination of the scalar function At by remarking that 
for such a function Equation 2.5 implies^, using 2.6, 

^mAt = 6mF(^t)i (2.15) 

an equation which determines uniquely At if we impose that its integral on Et is 
zero. It satisfies then the inequality 

||^t||// 2 (^) — ^rn\\6mF(^t)\\L‘^{rn)'> | 1 1 jT ,2 ^ | | (m) • (2.16) 

Remark 2.1. We can, instead of the Coulomb gauge, determine A in temporal 
gauge, i.e., impose At — 0. We determine the 1-form Aq, the value of A for t = t^ 
by the relation 2.4 through the value of Fq as above. Equation 2.5 is, when At 
and F(^t) known, an ordinary differential equation for A which can be solved by 
integration on t: 

A = Aq f F(^t)- (2-17) 

dto 

When 2.5 is satisfied it implies, whatever At may be using the commutation of 
partial derivatives and the closure of F the equation 

dt{daAb - dbAa) = daFtb - dbFta = dtFab, (2.18) 

i.e., 

dt{dA-F) = D (2.19) 

hence dA — F = 0 for all t if it is so for t = to. 

The disadvantage of the temporal gauge is that it gives only H\ estimates 
for A. 

^For a scalar function it holds that 5m f ^0 and Am/ = Amf. 
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2.3. Wave map equation 

The fact that F is a closed form together with the equation ^^^^33 = 0 imply (with 
the choice H = 0 in the definition of cj) that the pair u = ( 7 ,cj) satisfies a wave 
map equation from (E x g) into the Poincare plane (i?^, G), 

G = 2{d-if + (l/2)e-^^(da;)^ 

It is a system of hyperbolic type when g is a known Lorentzian metric which 
reads, denoting by the components of covariant derivatives of tensors on 

E X F in the metric in the moving frame {6^,dt): 

g"^^ daUjdfsuj = 0 

The integral 2.1 is independent of t if F is closed, hence if the wave map 
equation is satisfied. 

Remark 2.2. The non-zero Christoffel symbols of the metric G are 

G\^ ^ Gl^ = G?2 = Gil = = -2. 

The scalar and Riemann curvature are: 

Rx2,i2 = -2e-4^, R = -4. 

2.4. 3-dimensional Einstein equations 

When = 0 and ^^^^33 = 0 the Einstein equations = 0 are equivalent 

to Einstein equations on the 3-manifold E x F for the metric g with source the 
stress energy tensor of the wave map: 

^^^Ra0 = Pa0 = daU.dpU 

where a dot denotes a scalar product in the metric of the Poincare plane: 
docU.dfsu = 2 ( 9 ^ 75/37 + daGod^uo, 

In dimension 3 the Einstein equations are non dynamical, except for the 
conformal class of g determined by Teichmiiller parameters. They decompose into: 

a. Constraints. 

b. Equations for lapse and shift to be satisfied on each Et. These equations, as 
well as the constraints, are of elliptic type. 

c. Evolution equations for the Teichmiiller parameters, ordinary differential 
equations. 
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2.4.1. Constraints on One denotes by k the extrinsic curvature of Et as sub- 
manifold of (S X g). Then, with V the covariant derivative in the metric 

^ab = (2-/V) ^{ — dtgab + ^ a^b “f" ^b^a)-, 

the equations (momentum constraint) 

= N{-Vbk^ + daT) = doU.daU (2.20) 

and (Hamiltonian constraint, 

2AT-2(^)5oo - R{g) - klk^^ + = N-^dou.dou + g^^daU.d^u (2.21) 

do not contain second derivatives transversal to St of ^ or They are the con- 
straints. To transform the constraints into an elliptic system one uses the conformal 
method. We set 

2A 

9ab — ^ ^ab-) 

where cr is a Riemannian metric on S, depending on t, on which we will comment 
later, and 

I 1 

kab — f^ab T ^Sab'^ 

where r is the trace of k, hence h is traceless. 

We denote by H a covariant derivation in the metric a. We set 

u' = N~^dou 

with do the Pfaff derivative of u, namely 

a. = I - with a. = ^ 

and 

u = e^^u' . 

The momentum constraint on S^ reads if r is constant in space, a choice 
which we will make 

Dth^^ = La, La = -DaU.u. (2.22) 

This is a linear equation for h, with left-hand side independent of A. The general 
solution is the sum of a transverse traceless tensor Htt = q (see 2.28 below) and 
a conformal Lie derivative r. Such tensors are L^-orthogonal on (S,(j). 

The Hamiltonian constraint reads as the semilinear elliptic equation in A: 

AA = /(x, A) = pie^^ - + ps, (2.23) 

with A = Ao- the Laplacian in the metric a and: 

Pi = P2 = 1(1 U |2 + I /j |2)^ pg = ^{R{cr) - \Du\^). 
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2.4.2. Equations for lapse and shift. Lapse and shift are gauge parameters for 
which we obtain elliptic equations on each as follows. 

We impose that the Sjs have constant (in space) mean curvature, namely 
that r is a given increasing function of t. The lapse N satisfies then the linear 
elliptic equation 

AN -aN = ^ (2.24) 

with (|. I pointwise norm in the metric a) 

a = h f + \ ii (2.25) 

The equation to be satisfied by the shift v results from the expression for h deduced 
from the definition of k 

hab = (2iV)“M-(5t5o6 - ^9abg'"^dtgcd) + Vat'b + 

which implies, if Qab = and if ria = e~‘^^Ua denotes the covariant components 

of the shift vector u in the metric a (thus = i/^) 

hab = {2N)~^ e^^[-{dtcrab ~ ^CTabcr'^'^dtcrcd) + DaUb + DbUa - (JabDcrf]. 

The equation is therefore: 

ab — D a'^b Db'bla ^ab^^c^ — fab (2.26) 

fab - 2Ne-^^hab + dtCJab - l^aba^’^dtaad- (2.27) 

The homogeneous associated operator, the conformal Killing operator Lcr, has 
injective symbol, and it has a kernel zero, since manifolds of genus greater than 1 
admit no conformal Killing fields. 

The kernel of the dual of is the space of transverse traceless symmetric 
2-tensors, i.e., symmetric 2-tensors T such that 

= 0, D^Tab = 0. (2.28) 

These tensors are usually called TT tensors. The spaces of TT tensors are the 
same for two conformal metrics. 

2.5. Teichniiiller parameters 

On a compact 2-dimensional manifold of genus G > 2 the space Teich of confor- 
mally inequivalent Riemannian metrics, called Teichmiiller space, can be identi- 
fied (Fisher and Tromba, see [F-T] or [CB-DM]) with M_i/Do, the quotient of 
the space of metrics with scalar curvature —1 by the group of diffeomorphisms 
homotopic to the identity. M-i^Teich is a trivial fiber bundle whose base can be 
endowed with the structure of the manifold with n = 6G — 6. 

We require the metric at to be in some chosen cross section Q '^{Q) of 
the above fiber bundle. Let / = 1, . . . , n be coordinates in Tetchy then d'lfjdQ^ 
is a known tangent vector to M_i at that is a symmetric 2-tensor field on 

S, the sum of a transverse traceless tensor field Xi{Q) and of the Lie derivative 
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of a vector field on the manifold (E, '^(Q)). The tensor fields Xi{Q), / = 1, . . . , n 
span the space of transverse traceless tensor fields on (E, V^((5)). The matrix with 
elements 

f XfXjabl^^iQ) 

is invertible. 

We have found in [CB-Ml] an ordinary differential system satisfied by ^ i-^ 
Q{t) by using on the one hand the solvability condition for the shift equation which 
determines dQ^ jdt in terms of ht which reads 







(2.29) 



and on the other hand the necessary and sufficient conditions for the previous 
equations to imply also the remaining equations Rah — pah — 0, that is: 

[ N{‘-^'^Rab - Pab)Xfn^^ =0, for J = 1, 2, . . . , 6G - 6. (2.30) 



We have used the expression 



^t^ah Xj ah T Cah 



where Cah is a Lie derivative, orthogonal to TT tensors, together with the 
decomposition h = q r, with r a tensor in the range of the conformal Killing 
operator and q a TT tensor. This last tensor can be written with the use of the 
basis Xi of such tensors, the coefficients depending only on t: 



Qab = P\t)Xi^ab- 



The orthogonality condition 2.29 reads, using the expression 2.27 of fah and the fact 
that the transverse tensors Xj are orthogonal to Lie derivatives and are traceless: 

[ [2Ne~^\rab + P^X,^ab) + {dQ’ /dt)Xi,ab\Xf = 0 . 



The tangent vector dQ^ j dt to the curve i Q{t) and the tangent vector P\t) to 
Teich are therefore linked by the linear system 





X,j^+Y,jP^ + Zj = () 




with 


Xij= f 


XfXj,abPa, 


(2.31) 




J-Et 






Yij= f 2Ne-^^XfXj,abP<r, 


Zj= [ 2Ne-^^rabXfp^. 

J'Et 


(2.32) 


While, 


using 








‘^^'^Rab^Rab-N-^dokab- 


- 2kackl + Tkab - N-^XadbN 


(2.33) 
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where 

Rab = '^Rdab') Pab — ^ab — R ^I,ab H~ '^ab H“ '^Qab'^ 

and ^0 is an operator on time dependent space tensors defined by, with the Lie 
derivative in the direction of z/, 

do = dt- Cl, 



gives^ for 2.30 the expression: 



J {-doka 



6 - 2Ne'^^hacK + rNhab ~ VadbN - daU.dbu)Xfii„, = 0. (2.34) 



We have thus obtained an ordinary differential system of the form 

where ^ is a polynomial of degree 2 in P and dQldt with coefficients depending 
smoothly on Q and directly but continuously on t through the other unknowns, 
namely: 



= AjikP^ + BjikP 



+ CjiP^ + Dj 



Ajik^ f 2Ne^^Xf^,XK,bc^fl^a, 

D — f ^^I,ab ^ab,, 

Cjl = [{-C,Xl)ab + 4.Ne-^^lXl,ac - TNXl^ab]Xfll„, 



dXi^ab 

dQK 



and, using integration by parts and the transverse property of the X/ to eliminate 
second derivatives of N (recall that VadbN = DadtN — 2da\dbN) 



-dorab - 2Afe "^^racrt + rNrab + 2daXdbN - daU.dbu)Xffi„^. 



3. Cauchy problem 

3.1. Cauchy data 

The Cauchy data on are: 

1. A Riemannian metric ao which projects onto a point Q{to) of Teich and 
a tensor go which is TT in the metric ao. 

2. Cauchy data for u and ii on Et^, i.e., 

u(to, .) = uo, u{to, .) = fto- 

the formula 2.33 indices are raised with in 2.34 they are raised with cr. 
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We say that a pair of scalar functions, u = ( 7 , 0 ;) or ii= belongs to 

if it is so of each of the scalars; and Hg = are the usual Sobolev spaces of 
scalar functions on the Riemannian manifold (E,cto). We suppose that 

uq G H2^ uq G Hi. 

Prom these data one determines the values on Eq of the auxiliary unkown, ho G 
W 2 , 1 < p < 2 , the conformal factor, lapse and shift Aq, ^0 ^ W 3 . 

One deduces then the usual Cauchy data for the wave map by 

{dtu)o = e~‘^^^NoUo -f (3.1) 

It holds that 

(dtu)o G Hi. (^*2) 

We suppose that the initial data satisfy the integrability condition 2.1 and we 
deduce from them an admissible ^o- 

3.2. Local in time existence theorem 

The following theorem is a consequence of previous results (see CB-M 2 , CBl, 
CB-Ml). 

Theorem 3.1. The Cauchy problem with the above data for the Einstein equa- 
tions with isometry group has, if T — to is small enough, a solution with u G 
C°([io,T),/f2) ii e C\[to,T),H0-, X,N,u € C%[to,T), W^) C\C\[to,T),W^), 
1 < p < 2 and N > 0 while a G C^{[to^T),C°^) with at uniformly equivalent to 
ctq. This solution is unique up to t parametrization of r, choice of At, and choice 
of a cross section of M-\ over Teich- 

3.3. Scheme for global existence 

If the universe is expanding the mean curvature r starts negative and increases, 
the universe attains a moment of maximum expansion if it exists up to r == 0. We 
choose the time parameter t by requiring that 

t = -~. (3.3) 

r 

Then t increases from to > 0 to infinity when r increases from tq < 0 to zero. 

It results from the local existence theorem and a standard argument that the 
solution of the Einstein equations exists on [to, 00 ) if the curve t ^ Q{t) remains in 
a compact subset oiTeich and the norms || 7 (t, .), cj(t, .)||//2 ^ \\dtj{t, .), dtuj{t, .)\\h^ 
do not blow up for any finite t. 

It will result from the following sections that these norms do not blow up 
if it is so of the energies that we will now define. However this non-blow up will 
be proved only for small initial data and the proof of the boundedness of Q will 
require the consideration of corrected energies, analogous to the corrected ener- 
gies introduced in [CB-Ml], but linked with the wave map structure and more 
complicated to estimate. 

In Section 4 the first and second energies are defined. A proof is given that 
the first energy is non- increasing. Some preliminary properties of gauge covariant 
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derivatives are given, but the estimate of the second energy is postponed after 
the estimates of the coefficients of the wave map equation through the elliptic 
equations they satisfy. 

In Sections 5 and 6 we obtain these elliptic estimates for the difference of 
various quantities with what will be their asymptotic value, in terms of the ener- 
gies previously defined. We choose at such that R{at) = —1, we suppose that the 
energies are bounded by some number and that the projection of at on the 
Teichmiiller space remains in a compact subset. We first obtain bounds in Hi for 
h, and A in H 2 , then bounds for h in W 2 , 2 — N and u in W 3 , 1 < p < 2. We also 
bound^ dtat. 

In Section 8 we use the estimates found on the coefficients of the wave map 
equation to obtain a non-linear differential inequality for the second energy. We 
could deduce from it, by a continuity argument, an a priori bound for this energy 
also (the first energy has been shown to be non-decreasing) if we knew that the 
metrics at are all uniformly equivalent. To obtain such a result we must prove 
the decay of the energies. This decay is proved in Section 9 and 10 through the 
introduction of modified energies. The proof is more involved than in the polarized 
case, but follows essentially the same lines. All the obtained estimates lead to a 
global existence theorem by a continuity argument. 

4. Energies 

4.1. First energy 

4.1.1. Definition. We denote below by |.| a norm in the metric G and |.|^ a norm 
in the metrics g and G, in particular: 

= 2 ( 7 ')" + , \Du\l = g^\2Da7Db7 + D^uDbco). (4.1) 

The 2 -h 1-dimensional Einstein equations with source the stress energy tensor of 
the wave map u contain the following equation (Hamiltonian constraint) 

2N~^Too -(3) 5oo) = + \Du\l + \k\l - R{g) - = 0. (4.2) 

The splitting of the covariant 2-tensor k into a trace and a traceless part: 

kab = hab + ^9abT (4.3) 

gives that: 

\k\l = g'"‘'g'"^kabkcd = \h\l + (4.4) 

and the Hamiltonian constraint equation reads 

+ \Du\l + \h\l = R{g) + ir2. (4.5) 



^We did not need this bound in CB-Ml due to the consideration of a special class of initial 
data, whose property (equation 47) was conserved in time: this conservation does not hold in the 
unpolarized case. 
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Inspired by this equation, we define the first energy by the following formula 



E{t)= [ (/o + /i + i|/i|2)^g 



with 

= |2= (7')2 + 7i = i I |2 = | £>7 |2 +ie“^T' | Doj 



that is: 



m = l{\\ u' \\i + \\ Du\\i + \\h\\i} 



(4.6) 



with II . 11^ the square of the integral in the metric p of |.|^. This energy is the first 
energy of the wave map u completed by the square of the L‘^{g)-norm of h. 



4.2. Bound of the first energy 

The integration of the Hamiltonian constraint on using the constancy of r 

and the Gauss-Bonnet theorem which reads, with \ the Euler characteristic of S 



I 



R{g)fj.g = 4nx 



shows that 



E{t) = —VolgiHt) + 2nx, Volg{Ht) = f 

JT.t 

= -^ I 



4 ' - ^ 

Recall that on a compact manifold 
dVolgT>t 



f^g- 



dt 









N fig. 



We use the equation 



(4.7) 



N-^^^^Roo = AgN - N\k\l + dtT = N\u'\^ 

together with the splitting of k to write after integration, since r is constant in 
space, 

^ NfXg = ^VolgiEt) - ^ N{\h\l + \u'\'^)^lg. 

We then find as in [CB-Ml] that it simplifies to: 

^ = \r [ {\h\l + \u'\'^)N^g. (4.8) 

J Yjt 

We see that E{t) is a non- increasing^ function of Mf r is negative. We remark 
that, due to the use of the constraints DN does not appear in 4.8, as it would 
have if we had used only the wave map energy. 

We set 

e = {E{t)}K eo = {E{to)}K ( 4 . 9 ) 

we have proved that if r < 0 then 



£ < ^0- 



(4.10) 



®The absence of the term |Dup prevents the use of this equality to obtain a decay estimate. 
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4.3. Second energy 

4.3.1. Notation. We denote by V a covariant derivative in the metrics g and G, 
for t dependent sections of the fiber bundle with base S and fiber <S)^ 

Tu{x)P’> with P the Poincare plane. That is we set, for dcU^^ a section of 

VbdcU^ = dbdcU^ - + GicdhU^dcU^ (4.11) 

where and denote respectively the connection coefficients of the metric 

and of G given in Remark 2.2. For section of E^^^ ^ we have: 

VaU'^ = daU'^ + GicdaU^u'^. (4.12) 

while for Gab, section of it holds that 

VaG^B = 0. (4.13) 

On the other hand we define by do a differential operator mapping a ^-dependent 
section of a bundle E^'^ into another such section by the formula: 

doi/Pu^ = doV^u^ + Gicdou'^VPu^ (4.14) 

with^ 

Bo = dt- U (4.15) 

where denotes the Lie derivative with respect to the shift z/. In particular: 



dou'"^ = dou'^ + G^^dou^u'^ 


(4.16) 


and 




doG^^ = 0. 


(4.17) 


With these notations the wave map equation reads: 




-Bou'^ + W°-{NdaU^) + Ntu' = 0. 


(4.18) 



We will use the following lemma, which can be foreseen, and also checked^ by 
direct computation. 

Lemma 4.1. The following commutation relations are satisfied: 

BodaU^ = VaBou^, (4-19) 

BoVaBou^ - VaBoBoU^ = RcB^ dBou^ B aU^ B qU^ , (4.20) 

BoVaBbU^ - VaBoBbU"^ = Rc dBqu^ B aU^ BbU^ - BcU^'^doT^b- (4-21) 
We recall the identities 

^05“'’ = ^0^“'’ = 21Vjfc“^ (4.22) 

BoVlb = BoTlb = ^^{Nkab) - V„(7Vfcg) - Vb{Nkl). (4.23) 

'^Operator on tensors denoted in [CB-Yo]. Note that only 
mapping, not a tensor, and that . 

^See CBl. 



is defined, since u is a 
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4.3.2. Definition. We define the second energy by the following formula 

E^^\t)= [ (Jo + JiK 

JT.t 

with 

Ji = i I i{(2(A,7)" + 

Jo = i I W ^{2|Vy|^ + 



(4.24) 

(4.25) 

(4.26) 



4.3.3. Estimate. We postpone the computation and estimate of the derivative of 
until after the estimates of h, A, N and ly. We set: 

E{t) = (4.27) 



4.4. Norms 

We suppose chosen a smooth cross section Q 'ipiQ) of M_i over the Teichmiiller 
space Teichi together with a curve t Q{t). We are then given by lift to M_i 
a regular metric at for t G [to,T], with scalar curvature —1. 

Definition 4.1. Hypothesis H^: the curve is contained in a compact subset ofTeich- 

Under the hypothesis the metric at is uniformly equivalent to the metric 
fjo = cftQ. A ^-dependent Sobolev constant on is uniformly equivalent to a 

number. We denote by Ca any such number, which depends only on the considered 
compact subset of Teich- 

The spaces Wf{at) are the usual Sobolev spaces of tensor fields on the Rie- 
mannian manifold By the hypothesis on at their norms are uniformly 

equivalent for t G [^o ^T] to the norm in Wf{ao) denoted simply Wf. We set 
= Hs. 

We denote now by |.| a pointwise norm in the a and G metrics; || . || and 
II . lip denote and L^-norms in the a metric. 

We denote by a covariant derivative relative to the metrics a and G. 

A lower case index m or M denotes respectively the lower or upper bound of 
a scalar function on It may depend on t. 



Lemma 4.2. It holds that: 

1. \\Du\f = \\Du\\l < 2e^ |K||2 <2e-2^-e2. (4.28) 

2. \\DDu\f < 2e2^"r2ff2 + g 2 ( 429 ) 



Proof. 1. Results directly from the definitions. 
2. By definition 



\\DDu\f = j D^D^u.baDbUfj,^ 



(4.30) 



= J {D‘^{D'’u.baDbU) - D^U.b‘^baDbU}n„ = - J D’’u.b'^baDbUH„ 



(4.31) 
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(since D^u.V aD^u is an ordinary covariant vector on E its divergence integrates 
to zero). 

The Ricci commutation formula gives that, with pah == — the Ricci cur- 
vature of the metric a: 



DaDhU^ = DbDaU^ = + pb^DcU^ + DbU^ R ab ^ oDa'^^ • 

(4.32) 

By another integration by parts 4.31 gives then 

[ -D'^u-WDaDbUfi, = [ {\Auf -D‘>u.{plD,u^ + D’^u^DbU^RAB: DDaU^)}Ha- 



On a 2-dimensional manifold the Riemann curvature is given by: 
Rab,^ D = ~ ^bGad}- 



(4.33) 



A straightforward computation gives therefore 

D^u.D^u^DbU^ Rab: oDaU^ (4.34) 

= ^R{G)D'^u^ D'^u^DbU^ Dau^ {G aeGbd - GbeGad} (4.35) 

= ^R{G){{D^u.D‘^u){DbU.Dau) - (D'’u.Dbu){D^u.Dau)} (4.36) 

= ^R{G){\Du.Du\^ - I |Dwp|^}. (4.37) 

In the case of the Poincare plane R{G) = —4, hence 

-D^u.D^u^DbU^ R ab: oDaU^ = 2{\Du.Du\'^ - \ |£>u|^p} < 0, (4.38) 



because 

\Du.Du\ < \Du\^ . 



(4.39) 

□ 



5. First elliptic estimates 

The equations for h, A, N, and v are elliptic equations on (Et,crt), identical with 
those written in [CB-Ml], except that in the coefficients Du.u, \Du\^, \ii\^ which 
appear in these equations u is now a wave map and not a scalar function. The esti- 
mates obtained in [CB-Ml] in terms of e and Si will be valid if the new coefficients 
satisfy the same estimates in terms of our new e and £\. 
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5.1. Basic bounds on N and A 

The generalized maximum principle^ applied to Equations 2.24 and 2.23 satisfied 
respectively by N and A shows that, with our choice of the time parameter 

t = (5.1) 



it holds that 



0 ^ ^ N Nm ^ 2 , 

-2Xm < g-2A ^-2Xm < 1^2^ 
- 2 



(5.2) 

(5.3) 



Definition 5.1. We say that the hypothesis^^ H\ is satisfied if there exists a number 
c\> independent oft, such that 






(5.4) 



and we denote by C\ any positive continuous function of c\ G . 

5.2. estimates of || |T>np|| and || \u\‘^\\ 

Under the hypothesis and Ha there exist numbers Cx such that u satisfies 
the same inequalities as in the polarized case, that is: 

Lemma 5.1. 

\\\Du\^\\<C,Cx{e^+ee^}. (5.5) 

II I P II ^ CcC\T'^e{e + £i). (5.6) 



^ CcrC\T ^£(s + £l). 



(5.7) 



Proof A Sobolev embedding theorem applied to the scalar function \u'\^ gives 
that:^^ 

II I ii<a(iiKp||i + i|i)Kpiii). 

It holds that 

D\u'\^ = 2u.i)u' 

therefore, since Du' = Vu' , 

\\D\u'\'^\\, < 2\\u'\\ ||.D«'|| < 2e-^’"||t.'||, ||W||,. 

Hence, since |||i^'p||i = ||^'|P, and using the bound 5.3 of A 

II I U' |2 II < ae-"™||t.'||,(e-"™||«'||, + IIDn'II,) < C,\rfe{s + s,). 

By the definition of u it holds that 

II ||<e^"- II |uf II, 

hence 

II |Mp II < + e^^\r\ei) < C^CxT~^e{e + £x). 



^The coefficients in these equations belong to the same functional spaces as in [CB-Ml], as will 
be proved in the next subsection which will also estimate them. 

^•^This hypothesis replaces the hypothesis He made on v in [CB-Ml]. 

^^See C.B2, here case n = 2. 
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On the other hand, since 

D\Du\^ = 2Du.DDu, 

it holds that, using again the Sobolev embedding theorem 
\\\Du\^ \\<CADu\\{\\Du\\ + \\DDu\ 
which gives using Lemma 4.2 

II I Du |2 II < CaS(e + e^^\T\ei) 
hence under the hypothesis Ha : 

\\\Du p \\<C^Cxe{e^ei). 

Lemma 5.2. 

II \Du\%<C,Cx\T\e{e + ei}. 

II I u' 1^ llg < C„C\\T\e{e + £i). 



(5.8) 



□ 

(5.9) 

(5.10) 



Proof. The inequalities 5.5 and 5.6 imply that 

II I u' 1^ llg = ( / In'iVg)" < e^“ll I I" II < CxCMeie^e,) 

JEt 

and, using the lower bound of A, 

\\\Du\‘^\\g = {[ \Du\liig)i<e-^^\\\Duf\\<CaCx\T\e{e + ei). □ 

JUt 

5.3. Estimate of /i in Hi 

We have defined the auxiliary unknown h by 

hab — ^ab ~^9cib^’ 

5.3.1. Estimate of ||fi||. The L^-norm of h on (S,cr) is bounded in terms of the 
first energy and an upper bound Am of the conformal factor since we have 

II h 1|2= / a^^u^'^habhcdlJ^a < II h 

JT^t 

5.3.2. Estimate of || Dh ||. The tensor h satisfies the equations 

Dahl = Lb = -daU.il. 

It is the sum of a TT (transverse, traceless) tensor hrr = Q ^nd a conformal Lie 
derivative r: 

h = q-^ r. 

It results from elliptic theory that on each the tensor r satisfies the estimate 
II r ||>^,< a II Du.u ||< C, II \Duf ||i|| |n|2 ||5 . 

It results from the inequalities of Lemma 5.2 that 

II r ||h,< C<,CAe2^“|r|£{(e + ei)(£ + eie^"|r|)}i. 
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We recall that for the transverse part hrr = q it holds that 

II Dq || = |U||<||/i|| + ||r II 

therefore 

II Dh ||< e^"e{y2 + C<,e^"|r|(e + eie^^^|r|)2(e + £i)i}. 

Definition 5.2. We say that the hypothesis He is satisfied if there exists a positive 
number ce such that e Si < ce> We denote by Ce (iny continuous and positive 
function of ce ^ ■ 

If the hypothesis H^r, Ha and are satisfied, h verifies the inequality: 

II Dh \\<Cx\T\-^e{\ + C,CxCE). 



5.4. Estimates for the conformal factor A 

The conformal factor A satisfies on each the equation 

AA = /(A) = pie^^ - + p3 



where the coefficients pi are given by 

Pi = = + \u |2),p3 = -i(l+ I Du p). 

The equation admits the subsolution A_ given by 




and it holds that 



A— ^ Xjji ^ A ^ Am ^ A_^ 

with A-^ a supersolution, for example: 

= 6 + V — min v 

where v is the solution with mean value zero on Et of the linear equation 

Av = f{0) = pi€^^ - p 2 e"^^ + p 3 

with^^ a i-dependent number, positive solution of the equation 

+Pse^^ -p2 = 0, 

where / denotes the mean value on (E,(t) of a function /: 



Using the expressions of and pi = 

II u |p< II u' Ip, and 






-47TX. 



, together with 

II h |P< II 



2 

9 



have renamed 0 the function called to in [CB-Ml]. 
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and the expression of = E{t) we have found in [CB-Ml], Section 8.1 (recall that 
a constant) that (we have renamed 0 the ^-dependent number oj of 

CB-Ml): 

0 < - 1 < v;-^(l + < Cxs'^. (5.11) 

Lemma 5.3. The following inequalities hold 

1. 0 < Am - 6» < 2 II t; lUoo. (5.12) 

2. 1 < < 1 + Cxe"^ + CxCe || v ||loo . (5.13) 

Proof. 1. It holds that 

Am £ sup A+ = ^ -h max^; — min^;, (5-14) 

from which results 5.12. 

2. The inequality 5.12 implies by elementary calculus 

^4||^||^^g4||«||iOo_ 

The inequalities 5.11 and 5.15 imply that 

1.^2 g2AM < (1 Cxe^){l + 4 II V IIloc ), (5.16) 

from which the inequality 5.13 follows. □ 

5.4.1. Estimate of v. The equation satisfied by v implies 

f \Dvffla- = - [ f{d)vHo 
Je je 

hpTire 

II Dv ||2<|| f{e) III! HI 

but the Poincare inequality applied to the function v which has mean value 0 on 
XI gives 

II V ||^< II Dv 11^ 

where A^- is the first (positive) eigenvalue of — A^r for functions on Xt with mean 
value zero. Therefore on each X^ 

II Dv ||< II f{e) II . 

We use Ricci identity and R{(t) = — 1 to obtain that 

II |p=|| D^v IP -1 II Dv IP . 

The equation satisfied by v implies then, as in [1], 

wdM'^ = \\fm? + \\\Dvf- 

Assembling these various inequalities gives that: 

IHI|h.<[1 + 3/(2A,) + 1/A2]V2 II /(0) II . 
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The Sobolev inequality 

II V || l = o < II V II//, 

gives then a bound on the L°°-norm of v on St in terms of the L^-norm of f{0), 
a Sobolev constant Co- and the lowest eigenvalue Act of — which is itself a 
number 

We now estimate the L^-norm of f{0). 

fi^) = f = - P2e~'^^ + ps- 



By the isoperimetric inequality, and since / = 0, there exists a constant Co such 
that: 

ll/ll <aiif?/iii. 

We want to bound the right-hand side in terms of the first and second energies of 
the wave map. We have by the definition of / and the expression of the p' s that: 

||I?/||i < \{\\D\Dufh + e-^%\\D\h\^h + IPN^IIi)}- 

Lemma 5.4. The following estimate holds under the hypothesis H\ : 

1 



Proof. We have: 
hence 

We have seen that 



I II D\Duf h<Cx{e^+es^). 



D\Du\^ = 2Du.D^u 
\\D\Du\%<2\\Du\\\\D\\\. 



\\Du\\ =11 Du llg , 11^2^11 < II A,u||, + {l/V2)\\Du\\, (5.17) 

which implies the given result under the hypothesis Ha and the definitions of e 
and £\. □ 



Lemma 5.5. The following estimates hold under the hypothesis Ho, He and H\: 

1. II D\h\'^ ||i< C^CeCxs^. (5.18) 

2. le-^^\\D\u\^\\i<CECxC^{e^ + eei). (5.19) 



Proof 1. We have: 

II D|/i2|||i<2||//|||| Dh || . 

Using the inequalities of Sections 5.3.1 and 5.3.2 we find that 

II £>|/i"| ||i<C/jC7Ar-V. 

The given result follows from the bound 5.11 of 

2. The estimate given in [CB-Ml], Lemma 21, when is a scalar function 
holds when is a wave map, with the same proof which, as far as u is concerned, 
contains only norms. It gives the announced inequality. □ 
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We denote by CE,x,a a number depending only on ce, c\ and the considered 
compact domain of Teich^ 

Lemma 5.6. There exists a number Ce,x,(t such that the L^^-norm of v is bounded 
by the following inequality 

II lloo:^ Ce,x,(j{^^ + ^^i)- (5.20) 

Proof Recall that there exists a Sobolev constant Ca such that 

||^;||oo < CA\\D\Du\% + e-^-{\\D\h\% + III^H^IIi)}. 

The three terms in the sum have been evaluated in the Lemma 5.4. □ 

Theorem 5.7. 

1. It holds that: 

1 < < 1 + CE,x,a{e + ei)2. (5.21) 

2. There exists a number r]i > 0 such that the hypothesis H\ is satisfied, i.e.: 

1 < ^|r|e^“ < Ca, ca > 1, (5.22) 

v2 

as soon as 

£ -f" < T)i. (5.23) 

Proof 1. Lemmas 5.3 and 5.6. 

2. By 5.23 it holds that, with Ce,x,g the number of that inequality, 

1 < -^|r|e^^^ < Ca if {e + Si)^ < ^ (5.24) 
V2 I^E,X,cr 

The result follows from a continuity argument. □ 

5.4.2. Bound of A in i/i. The following theorem holds, with the same proof as 
Theorem 23 of [CB-Ml]. 

Theorem 5.8. The following estimate holds 

limil,,, <C£;,A,.(e" + ^ei). (5.25) 

6. Estimates in 

6.1. Estimates for h in Wlf 

The estimates of h in Wf , with 1 < p < 2 (for definiteness we will choose p = 
|) will be obtained using estimates for the conformal factor A which have been 
obtained by using the iifi-norm of h. 

Theorem 6.1. Under the H hypotheses there exists a positive number Ce,x, a such 
that the Wf -norm of h, choosing to be specific p = ^, is bounded by 

\\ h \\^P< CE,X,a\'^\ ^(^ + ^l)- 




U(l) Symmetric Einsteinian spacetimes 



275 



Corollary 6.2. It holds that 

\r\ II h ||oo< CE,\,a{e + Si) and that || h ||l->(^)< CE,x,a\r\{e -}- £i). 

Proof. The inequalities satisfied by ||/i||vyp in [CB-Ml], with p = |, are still valid 
when u is a wave map, with the same proof, in particular because || Du.ii lU and 
II D{Du.u) II I satisfy estimates of the same type as in [CB-Ml]; indeed, using 
Section 5.2: 

II Du.u |||<|| Du III! u ||4< CE,x,a\r\~^ei{e + Si)^ . 

On the other hand a straightforward calculation gives 

D{Du.u) = D{Du).u + Du.bu (fi-1) 

hence 

II D{Du.u) ||4<|| b^u III! u ||4 + II \Du\ lull bu II 
which gives, using previous estimates 

II D{Du.u) II 4 < C'AC'c,e^"{e5(£ + 

The result of the theorem follows from the bound of 6 by e -}- £i. 

The corollary is a consequence of the Sobolev embedding theorem, 

II h lloo!^ C(j II h \\w^ if P ^ I5 

and the estimate 

II h ||l-( 9 )= Supj:{g°^'=^g'’^habhcd}^ < || h ||oo< || lU • □ 

6.2. W3 estimates for N 
6.2.1. H 2 estimates of N. 

Theorem 6 . 3 . There exists a number Ce,x, a such that the H 2 ~norm of N satisfies 



the inequality 


II 2 — l|//2< CE,\,ae + ^^l)- 




Corollary 6 . 4 . 






a. It holds that: 


\\2- N\\L^<CE,^,ae + eeb■ 


(6.2) 


b. There exists r ]2 


> 0 such that 






£ + ei <p2 


(6.3) 



implies the existence of a positive number Nm (independent oft) such that 

N>Nm>^. 

Proof. We write, as in [CB-Ml] the equation satisfied by N in the form 

A(2 -N)-{2-N) = (3 




276 



Y. Choquet-Bruhat 



with, having chosen the parameter t such that dtT = r^, 

P={2- - 1) - N(e^^ \ u' ^ +e~^^ | h p). 

The standard elliptic estimate applied to the form given to the lapse equation gives 

\\2~N\\h,<C^ ||/ 3 ||. 

Since 0 < Y" < 2 and it holds that 

II /? ||< - l)yJ/2 + 2(6^^" || \u'f || || |fe|2 ||). (6.4) 

The L^^-norms of h and u' as well as — 1 have been estimated in the section 

on the conformal factor estimate. We deduce from these estimates the bound 

II P 11^ C'£;,A,cr(^^ +££l) 

which gives the result of the theorem. 

The corollary a. is a consequence of the Sobolev embedding theorem, b. is a 
consequence of a. □ 

6.2.2. estimate of DN. 

Theorem 6.5. Under the hypotheses H there exist numbers Ce^C\ and Co- such 
that if \ < p < 2, for instance P = | 

\\2-N\\ws<CxC„CE{e^+sei). (6.5) 

Corollary 6.6. The gradient of N satisfies the inequality: 

II DN |U~( 3 ) I < CxC^Ce\t\{s'^ + ssi). (6.6) 



Proof The proof, essentially the same as in [CB-Ml] rests on the Wf estimate 
of /3, since applying the standard elliptic estimate gives 

||2-7V||^P<a ll^llwf . (6.7) 



The estimate of 



II /? Ilp< K.'’ Ml /3 II 

is the same as in [CB-Ml] Theorem 28. In the estimate || D/3 ||p the difference 
could be only in the estimate of the term || D\u'\‘^ ||p. We have here 

D\u'\^ = 2u'.Du' (6.8) 

hence, with P = | 

II D\uf ||p< 2 II u' lull Du' II +2e"(^--^'")||D7||4||e-"V||2 
which leads to the same estimate as in [CB-Ml] : 

ll/^llwf ^ CE,X,a{^^ + ^^l). 

The corollary is a consequence of the Sobolev embedding theorem and the 
relation between a and p- norms: 

II DN |lL->(g)< II DN ||oo< || DN ||wp< CE,x,a\T\(s^ +eei). □ 
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7. dtcr and shift estimates 
7.1. dtcr estimate 

We have chosen a section 'ip of M_i over Teichmiiller space, denoted a = ^(Q) 
and supposed (Hypothesis that Q remains in a compact subset of Teich- 
We then have: 

d^abdQ^ 



dfCT ah — 



dQ^ dt 



where is uniformly bounded. Hence it holds that 

\dta\<C^\^\. (7.2) 

We recall that Q satisfies the differential equation 

Xij^+YijP^ + Zj = 0 

where Xjj = Xf^Xj^ahl^at is a matrix X with uniformly bounded inverse while 
Yjj and Zj admit the following bounds, deduced from the basic estimates of A 
and the bound of r: 

\Yij\ = I f 2Ne-^^XfXj,abl^,A < 

\Zj\ = I [ 27Ve-2V„tXjVl < C^r^M < C^CE\r\e{e + e,). 

JT.t 

On the other hand we recall that 



hence 



Therefore: 



hence 



Qab — — ^I,abP 



= {X-^y^ Xfqabf^.. 



\py < cy\q\\ < c^{\\h\\ + IHI) < c,Ce\t\-\e + 5i) 



\YijPy < C,CE\T\{eYei). 

We have obtained inequalities of the following type: 

1^1 < CaCE\T\{e + ei), \dtcr\ < CaCE\T\{e + si). 

dt 

The derivatives D^dtcr satisfy inequalities of the same type. 
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7.2. Shift estimate 

The equation to be satisfied by the shift u reads, with ria the covariant components 
of the vector v in the metric cr, i.e., Ua = CFah^^ = 

— ^a'^b ~t~ ^b'^a ^ab^c'^ — fab (^*^) 

fab ^ 2Ne~^^hab + dtCTab - ^CTabCr‘"^dt(Jcd- 

The elliptic theory for this first-order system gives the estimate 

^ C'o-ll/llu^p (7.9) 

with, if p > 1, using the bound 5.3 of e~^^, 

Il/Ilw| < C'aC'£;{T^||A/'||vyp||A||vv^p|^^ -i- \\dtCr\\xYp}- (7-10) 

Hence, using previous estimates 

ll/lkl <C,CE\r\{e^e^). (7.11) 



8. Second energy estimate 

We have defined the energy of gradient u by the formula 

r^si = E^^\t)= f (Jo + JiK 



with 

Ji = i I A,u i{2(A,7)" + 
Jo = i I i)u' f= l{2\Dj'\l + 



( 8 . 1 ) 

( 8 . 2 ) 

(8.3) 



8.1. Second energy equality 

We have: 

_d 

dt 



f (Ji + Jo)p, = / {^t(Ji + Jo)-(A^r- Va^^")(Ji + Jo)K- 
J'Et J^t 



(8.4) 



On a compact manifold E, divergences integrate to zero, which leads to the fol- 
lowing formula where the shift does not appear explicitly: 



f f (Ji + Jo)^ig = [ {do{Ji + Jo) - iVr( Ji + Jo)}^ig 
with, since OoGab = 0, 

^ 0^1 = doAgU.AgU. 

We deduce from the commutation relation of Lemma 4.1 that 



doAgU^ = g-\Wadodtu^ - dcU^doTl,) + dog^^VaObU^ + F{ 



with 



ndou^ daU^ dbu^ • 






(8.5) 

( 8 . 6 ) 

(8.7) 

( 8 . 8 ) 




U(l) Symmetric Einsteinian spacetimes 



279 



Hence, using the identities 4.23: 

+ NrAgU^ -h Ff + Pf, (8.9) 

with 

= 2dcU^{h'^g‘=daN + NVak‘^^) + 2NhfVadbU^. (8.10) 

We have therefore, using Stokes formula, and d^dhU = Vb(Nu') 

[ doJiHg = [ {-NVau'.V''AgU + 2NTJi-daNu'.V''AgU-\-{Fi+Fi).Agu}/jg. 

(8.11) 

On the other hand 

Jo = 9^^doVau'.S/bu' + N{hf + ^g<^^T)daU' .dW 

where we have used the identity, denoting the contravariant components of 
hab computed with the metric 

= 2Nk^^ = 2Nhf + Ng^^r. 

The commutation relation 4.20 gives that: 

^“''^VaU'.Vfcu' = dot/aU'.V^u' = Va4u'.V“u' + Fq, (8.12) 

with 

Fo = RAB,CDu'^doU^daU^V^u'^ . (8.13) 

Therefore, using the wave map equation 

-dou' + NAgU + d^NdaU -f Ntu' = 0. (8.14) 

we find that 

doVau'.V^u' - Va[iVA^u + d^N8cU + Ntu'].V^u' + Fo. (8.15) 

Therefore 

f doJo/jg = f {NWaAgU.W^u' 3 Nt J o F q F o}/jg (8.16) 

with 



Fo = [a“A^AgU + V‘‘{d^Ndcu)].Vau' + Td‘^Nu'.V„u' + Nhftau'.Vbu'. (8.17) 

We see that the third-order terms in u disappear from the integral of do{JoF 
Ji) which reduces to 



with 



f do{Jo. T Ji)gg — [ {SNtJq + 2Nt J i^/j^g T Z\ 

Zi = f {{Fi Fi).AgU Fo F Fo}/J>g. 

7Et 



We have obtained 



dE^ 

dt 



f Nt(2Jo F J\)gg + 

J^t 



(8.18) 

(8.19) 

( 8 . 20 ) 
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which we write 



with 



dt 






= T NJollg 



+ Z2 z I 



Z 2 = r [ (7V-2)(2Jo + JiK- 



( 8 . 21 ) 

( 8 . 22 ) 



8.2. Second energy inequality 

Since r is negative (and N positive) the equality 8.21 implies the inequality 

j^(i) 

2rE^^\t) < Zi + Z 2 . (8.23) 

We now estimate the various terms of Zi, Z 2 , called non-linear terms because 
they are all homogeneous and cubic in N — 2, and the derivatives of N and u. 
These estimates are essentially the same as the ones given in [CB-Ml], due to the 
estimates of the previous section. We first write, using the estimate of HAT— 2||£^cx.(^) 
and the definition of : 

IZ2I = \t f {N- 2)(2Jo + Ji)fXg\ < CxCaCElrfie + si)\ (8.24) 

We now estimate the different terms of Zi, beginning with the terms X\ and X 2 
coming from Fq: 

lYil-l [ {{^^NAgU + ^^NV^^cu).Xau'}^Ig\. 

JT.t 

A proof analogous to the proof of Lemma 4.2 gives 

f < ( {\Agu\l - ^R{g)\Du\l}fig. (8.25) 

The Hamiltonian constraint 2.21 implies that 

^( 5 ) = |w'|^ + \Dufg + \h\l - (8.26) 

therefore 

\\VDu\\l<\\Agu\\l + ^T^\\Du\\l (8.27) 

Using the estimate 6.6 of DN gives then 

l^il <C'B,A,<.|rl3(e + £i)^ (8.28) 

The remaining, X 2 , of the integral of Fq is estimated as follows 

1 X 21 = 1 f (V.a^m«)].yuV,|<(||V^7V||^4(,)l| |Z?n| (8.29) 

The estimates of || and || \Du\ \\L‘^{g) given in [CB-Ml], Section 10.2.2, 
for the estimate of I 2 applies here, due to Lemma 5.1, and give 

IX 2 I <CB,A,a|T|3(£ + ei)l 



(8.30) 
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The terms in 

— f F\.^.gUIJ)g 



[25eU(/l- 



daN + NVak^^) + 2NhfVa^bu].AgU^ig 



(8.31) 

are analogous to terms found in [CB-Ml] and can be estimated similarly, giving 
an inequality of the form 

l^al <Ci;,A,c.|r|3(e + ei)^- (8.32) 

The new terms, in our unpolarized case, are 



^4 = I Fi.AgU/2g — I g^^RcB^Aodou^ daU^dbU^ AgU^^fig (8.33) 

J'Et JYlt 

and 

= f Fofig = f RAB,CDu'^dou^d'^u^Vau'^ fig. (8.34) 

JEt 

We have here \Riemann{G)\ = 4, therefore, using dou = Nu' and 0 < < 2 , 

and the Holder inequality: 

IX 4 I <8 f |u'| \Du\l\Agu\gfig < 8 1 T | £ j 1 1 u' 1 1 ^6 (g) 1 1 \Du^ ||i3(g) (8.35) 

JT,t 



l^sl < 8||u'||i6(g)|| \Du\g ||L6(s)k|£i. 



(8.36) 



The L®(g)-norms can be estimated as follows. It results from the definitions that: 
\\\Du\g \\L<^^g) = { ( e-^^|Z)n|V4® pn| He (8.37) 

JT,t 

while, by the Sobolev embedding theorem 

II |^n| He < C^(||T>n|| + || T>|T>n| ||. (8.38) 



It holds that 



hence 



T>|Z?u| = 



D\Du\^ DDu.Du 
2\Du\ ^ |Du| 



\D\Du\ I < \DDu\ 



(8.39) 



(8.40) 



II \Du\ ||6<a(||Z)u|| + || DDu II). 

The inequalities of Lemma 5.1 and the lower bound of give then 

II \Du\ \\L0(g) < C,Cx\t\Hs + e,)). 

An analogous proof gives that 

ll«'llLa(5) <ei^“|K||6 



(8.41) 



(8.42) 



(8.43) 



and 



(8.44) 
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with 

W\ I < (8.45) 

therefore, using again Lemma 5.1 

\\u'\\L<^(g)<C,e-^^^\T\{e + ei)<C„Cx\r\i{e + e^). (8.46) 

These estimates imply that 

\Xi\ < CMrfie + eifsi (8-47) 

and the same inequality for X^. We have proved the following theorem 
Theorem 8.1. The second energy satisfies an equality of the form 

jp(i) 

— 2TE^^\t) <\t\^Bi (8.48) 

dt 

with \Bi \ < CctCxCe{s -f ^i)^. 

9. Corrected first energy 

9.1. Definition and lower bound 

One defines as follows a corrected first energy where o is a constant, which we will 
choose positive: 

Eocit) = E{t) - arEc(t), Ec{t) = [ {u - u).u' iig (9.1) 

JEt 

where we have set: 

{u — u).u' = 2(7 — 7 ) 7 ' -h — uj)lo' (9.2) 

and denoted by / the mean value on (Et,cr) of a scalar function /: 

= Vo^) X. ^ "4^ L 

An estimate of E^ will involve second derivatives of u, it cannot alone give a bound 
of the first energy E. 

The Cauchy- Schwarz inequality on (E,^) and the relation between g and a 
imply that: 

1 / (7-7)7Vpl<ll7-7lUiy Il.<e^“ll7-7ll HYH. • (9-3) 

J-Et 

Using the Poincare inequality and recalling that Ao- denotes the first positive eigen- 
value of the Laplacian Act on functions with mean value zero gives the majoration 
(recall that || Df || = || Df \\g if / is a scalar function): 

I [ II Z?7 III! 7 ' II 3 

JEt 



(9.4) 
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an analogous procedure gives, with 7 ^ and 7 m the lower and upper bounds of 7 : 

I / - d!)uj'ng\ < e2(7M-7n.)eAM a- 1/2 y £- 27 |||| £- 27 ^/ ( 9 . 5 ) 

JT.t 



Since 



II Dlu II < II e~^^Du || . 

Using the definition of the G-norm we see that the inequalities 9.4, 9.5 imply: 

\ f {u — u).u'iig\ < Aa 2 e 2 ( 7 M- 7 m) II III! 11 ^ (9.6) 

with (Theorem 5.7) 

gAM < |r|-i{V2 + C^CECxie + £i)}. (9.7) 

Lemma 9.1. It holds that: 

7m — 7m < CaCEC\{e + Si}. 



Proof. We have: 

0 < 7m - 7m < 2 II 7 - 7 ||l~ - 
The Sobolev embedding theorem gives therefore that: 

7m 7m ^ 2Gcr II 7 7 l|i ^^2 

hence, using again the Poincare inequality to estimate ||7 — 7 ||, 

7M - 7m < 2CA(K^ + 1) II ^7 II + II ID- 

It results from the definitions of the G-norm and of e that 

\\D^\\^ <\\\Duf <e^. (9.8) 

On the other hand since 7 is a scalar function on a 2 -manifold with constant scalar 
curvature — 1 , it holds that: 





||D7||2 = ||A7||^ + i||07lP. 


(9.9) 


We have A 7 = 


A 7 — , hence 






||A7||<||A7|| + i|| \e-^->Du>\^\\ 


(9.10) 


with 


IIA 7 IP < LAuIP < ie2"-||A,K|p < Cxel 


(9.11) 


and, using Lemma 5.1 






II |e-2^£>u;p|| < II \Duf\\ < C,Cx{e^ + esi}. 


(9.12) 


Hence: 


\\D^M\^ <CECxC^el + e^) 


(9.13) 



Using the hypothesis we deduce from all these inequalities the announced 
result. □ 
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We deduce from this lemma and the elementary calculus formula: 
g2(7M-7m) <1-1- 2(7m - 
that there exists an inequality of the form 

g2(7M-7n.) <l + CE,xA^ + ei). 

We have proved that 



■ / {u- u).u'iig\ < a/2Act ^ II Du III! u' 11^ -\-Ai 

JT.f 



Therefore: 



|Ai| < + ^i)- 



Doc{t) > -||h||^ T Qcx^x{Xq^Xi) — + ^i)j 



where || Du ||= xi, || u' ||^= xq, x = (xo,xi) and is the quadratic form 

QocA^) = ^{xl+ x\) - ax/2 KA xqX]_. (9.18) 

The right-hand side of the inequality 9.17 can be positive only if this quadratic 
form is positive, that is if: 



There exists a number K > 0 such that: 



QaA'^) ^ 2^{xl + x\) 

if the following quadratic form Q/c is positive definite 

Qk(x) = (1 - K){xq -h x\) - 2aV2Kcr ^xqXi) 
that is, under the condition 9.19 on a, 

0 < ii' < l-aV2KA- 

There will then exist a number Q < t < K such that 

Ect{t) > iE{t) 



as soon as 

<T]s 

with {C(j,E,x denotes the coefficient of this type in 9.17) 

K-£ l-av/2Aj = 

J?3 = 7; < ^ ■ 

^a,E,X ^cj,E,X 



(9.21) 



(9.22) 



(9.23) 



(9.24) 



(9.25) 
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9.2. Time derivative of the corrected first energy 

We have (recall that terms involving the shift are exact divergences which integrate 
to zero, and we have set ^ = r^): 

dEo, dE _dEc ^ 

dt dt dt 



that is: 



: J {dou\(u — u) -h u'.do{u — u) — Ntu'.{u - u) ru' .{u — u)}/j.g. (9.26) 



The mapping u satisfies the wave map equation: 

-dou' + V^{Ndau) + tNu' = 0, 



(9.27) 



therefore, performing an integration by parts where we derivate it — u as if it were 
a section of E^'^ we obtain that: 



{dou' — Ntu').{u — u)llg = f V^{NdaU).{u — u)fJLg 



-Ng'^^daU.dbiu - u)/j,g 



where 



dh{u^ — u^) = dh{u^ — u^) + G^jjdhU^ — u^) (9.30) 

that is, due to the values of the coefficients (Remark 2.2): 

db{l - 7 ) = ^fe(7 - 7 ) + - Q), (9.31) 

db{(jJ — u)) = db{u) — u>)- 2e~^'^[dbCti(7 - 7 ) + db 7 (u; - a»)] (9.32) 

hence, using the expression of the metric G : 

f -Ng'^’^daU.db{u-u)ng = - f N{\Du\l - e^'^'^g“’^da0jdbu>{7 - 7)}fig. (9.33) 

JEt 

The non-linear term can be estimated using previous results, namely (recall 

g°-^Hg = o-“*'^^): 

I f Ne-*->g‘^’’daUjdbUj{7-7)l^g\<2\\7-7\\ II \e~^^Dujf\\. (9.34) 

7s, 

It holds that 

||7-7||<A;^||/?7||, (9.35) 

and, due to the definition of the norm in G and Lemma 5.1, 

II \e-^->Dcof\\ < 2|| \Duf\\ < C^Cx{e + s,f. (9.36) 



(9.28) 



(9.29) 



(9.30) 



(9.36) 



On the other hand: 



do{u — u)^ = do{u — u)^ + Gcd^ou^ {u — u)^ . 



(9.37) 
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A straightforward computation using the values of the coefficients gives that 

[ u'.do{u - u)fig = [ - 7)}Ms 

JSt J'St 

-da [ - dtio f 2e~'^"'uj'ng. (9.38) 

The non-linear term can be estimated as before: 

f Are-^W2(7-7)/Zg < 2e^^^K~"^e\\ || < C^Cxe^{e + Si). (9.39) 

JT.t 

To bound the remaining terms we observe that for a scalar function / , since 
Va = — 47TX is a constant, it holds that 

dtf = ^dt [ ^ [ {dof + ly^^daf + 

^CT JEt ^o- JT>t ^ 

with, for the considered metric a 

[ (T^^^dtCFabl^a = 0- 
J^t 

We write dtf under the form (recall that /' = N~^dof) 
dtf f {2f + (TV - 2)/' + +hf- 

Va JSe ^ 



(9.40) 

(9.41) 



with 






e2A^2^ 



)/Va- 



(9.42) 

(9.43) 

(9.44) 



We deduce from these equalities that 
with: 

^ = {[ [(2-e^^T^ + TV-2)7' + i/“5a7+h7-7)a“'’at<Tab]/ia}{ / I'fJ-g}- (9.45) 

•/St 

Equality 9.44 implies the inequality: 

-da [ 7X < ~X. (9.46) 

JEt 

All the terms in X are non-linear in the energies and can be estimated. Indeed: 

I I 7Vpl < Vg"\h% < e^“F,l|7'||p (9.47) 

while (Theorems 5.7 and Corollary 6.4) 

|2 - + AT _ 2| < CECxC^ie + £if 



and 



(9.48) 
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ll^ll ^ C eC(j\t\{£ + 6:1) 



Using Section 7.1 we find that: 

\<y^^dt<yah\ ^ CaC e\'t\{£ 



(9.51) 



W^^dt(Jah\ < C,CE\r\{e + ej. (9.52) 

The same type of inequalities applies to the scalar function dtO, but we must 
now use also the identities 

e-2^ [ = f - l)e~^'^co'}fXg 

JT.t JY^t 

= f = [ {g-2'^a;' + (g-2(7-7) _ 

JYt JYf 



to obtain an inequality which bounds -dt(jO e ^^uo'jig with higher-order terms 
in the energies, using the bound 

|e±2(7-7) _ 1| < 2|^ _ ^|e2l7-7l < Ce,xA^ + £i). (9.53) 



We have proved that 



n< f {-N\Duf + N\u'f+Tu'.{u-u)}^Xg+A 2 

JYt 



(9.54) 



1^2! ^ Ce,\^g{^ + ^i)^- 

Theorem 9.2. There exist numbers a > 0 and k > {) such that 

- krEa < \tA\ 



(9.55) 



(9.56) 



\t A\ < \T\CE,X,a{^ -k £1)^ ■ 



1. //Act > g the best choice is 



k = l. 

2. Act < g. Then a and k are such that: 

4 1 1 — 4» 

0<a<- 0<fc<l ^ 

8 + Act^ 4 (l-2ACT^«2)i 



(9.57) 



(9.58) 



(9.59) 



A number a satisfying the conditions of the above theorem is also such that 

aI 



0 < Q < 
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Proof. Using 10.54 and the expression 4.8 of ^ we find that: 



dEoc 

— ; — 'T 

dt j 


f {\k\'^ + (1 “ 2a)\u'\^ + 2a\Du\^g\ - aru' .{u - u)}ng + \tA\ 

St 


(9.60) 


where 


A = aAi + A2 


(9.61) 


with 


A 2 =J ^{N-2)[\hf + {l-2a)\u'\^ + 2a\Du\l]fkg. 


(9.62) 


We deduce from Corollary 6.4 (L^ estimate of Y” — 2) that A2 satisfies the same 


type of estimate than Ai, hence: 






\tA\ < \T\CECxCa{e + erf. 


(9.63) 


We look for 


a positive number k such that the difference — krEa 


can be 



estimated with higher-order terms in the energies. We deduce from 9.60 that: 



HP k h 

- krE^ < r{\\h\\,^ + (1 - 2a - -)\\u'\\,‘^ + (2a - -)\\Du\ 



We have seen that: 



/ |r|(l - k)u' .{u — u)iig} -h \tA\. 
f u'.(u - U)Hg\ < ■^K~^/'^\\u'\\g\\Du\\g + Al . 

JT.t 



Since r < 0, it will hold that 
HE, 



dt 



- krEoc < \tA\, A = Ai^- A 2 + A^. 



if the quadratic form 



k k 

Qa,k{x) = (1 - 2a - -)xl + (2a - -)xl - a(l - k)V2A~^^‘^xoXi 



(9.64) 

(9.65) 

(9.66) 

(9.67) 

(9.68) 



is non- negative. 

The quadratic form Qa,k is non negative if: 

k < 4a, and k < 2(1 — 2a) 
and k is such that its discriminant is negative, that is: 

2a^A-\l - kf - 4(2a - ^)(1 - 2a - ^) < 0. 
The inequalities 9.69 imply 

fc < 1. 



The inequality 9.70 reads 

(1 - 2A-^a^)k^ - (1 - 2A-^a^)2A; - 2A~^a^ + 8a(l - 2a) > 0. 



(9.69) 

(9.70) 

(9.71) 



(9.72) 
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We have already supposed that 1 — 2A^ > 0, the inequality above is therefore 

equivalent to: 



2k + 1 

(1 - 2A^ia2) 


(9.73) 


that is 

1 - 4a 

^ (l-2A-ia2)5' 


(9.74) 


There will exist such a A: > 0 if 




1 - 4q; ^ ^ 

(l-2A^ia2)i < 


(9.75) 


Since o > 0 this inequality reduces to: 




-2A^^a - 16o + 8 > 0, 


(9.76) 


i.e.. 




4 

a < ^ . 

8 + Act 


(9.77) 



We remark that this inequality imposes the hypothesis first made on a, since 
elementary calculus shows that, for any A, it holds that: 



Ai 4 

^/2 ~ 8 + A-i’ 



(9.78) 



the equality being attained only for A = 



We distinguish two cases 



1 . 



2 . 



Aa > 
ately 



Aa < 



In this cause it is possible to take a — 



We have then: 



dEi 

-tEi < IrAI. 
dt 4 - ' I 

4 1 

8 + A“^ “ 4’ 



1 

4 ’ 



A: = 1 and obtain immedi- 



(9.79) 

(9.80) 



We choose a such that it satisfies the inequality 9.77, which implies in this 
case a < 4^ and then A: > 0 such that it satisfies 9.74. □ 



10. Corrected second energy 

We define a corrected second energy E^^ by the formula 

JY.t 



( 10 . 1 ) 
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10.1. Lower bound 

We have, according to previous notations, 

kgu.u' = 2A377' + + 61 (10.2) 

with 

61 = - da^dbujoj'). (10.3) 

Hence, using Lemma 5.2: 

Bi = \f bifigl < \T\CE,x,a{£ + (10-4) 

JT.t 

The Cauchy-Schwarz inequality and the Poincare inequality ( 7 ' is a constant on 
Tit and on a compact manifold Ag'y/j.g = 0 ) give that: 

I [ A, 7 tVsI = I [ Ag 7 ( 7 ' - f )mJ < e^^A-^/^\\Agj\\g\\Dy\\ ( 10 . 5 ) 

while 

I [ {Agu;)e-^'>uj'gg\ = \ [ AgCo{e-^^cj' - F^)mJ 
<e"“A-i/ 2 ||A,a;||,|P(e-^W)||. 

It holds that 

||i:»(e-'‘^w')|| = ||e-^T'(Dw' - 4£»7u;')|| ( 10 . 6 ) 

<e- 2 ^’"(l|e-"^Da;')ll+ 4 ||e- 2 ^a;'|| 4 ||£> 7 ll 4 ( 10 . 7 ) 

while 

\\AgUj\\g<e^^^\\e-^^Ag 0 o\\g. ( 10 . 8 ) 

Using the bound (Lemma 9.1) of 7 m — 7 m and the inequalities on the L^-norms 
||.||4 (Lemma 5.1), we find an inequality of the form: 

I f (A,a.)e-^W/x,|| < e^-A-^/^\\e-^^Agu;\\g\\e-^'^Du;')\\ + B 2 

J-Et 

where B2 satisfies an inequality of the same type as Bi. We have shown that 

I f AgU.u'ng\<e^’^A~^/‘^\\Agu\\g\\Du'\\ + Bi+B 2 . 

JEt 

The estimates of Lemma 5.1 and the inequalities 

||A^«|lg < IIA^^illg + II \Du\^\\g, now'll < IIVk'II + II \Du\^\\l\\ \u'\^\\l (10.9) 
give 

A-^/^\\Agu\\g\\Du'\\ < A;l/2||A^^,||^||W|| + B3 

with 

B3<\T\CE,xA£ + ^lf- (10-10) 
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Using the estimate 5.21 of e^^\r\ — \/2 we have: 

\f AgU.u'fig\<V2\T\-^A-^/^\\Agu\\g\\Vu'\\ + B,+B 2 + B3 + B4 (10.11) 

with 

B 4 = |e^“ - v/2|rri|A;i/2||A^u||,||W|| < \r\C.{e + Sif. 

We deduce from these estimates, with Qa,A the same quadratic form as in 9.18 
but with 2/1 = |r|~^||Agu||g, yo = that; 

T-^E^^\t)>Q^Ayo,yi)-CB,^Ae + e^f. (10.12) 

Theorem 10 . 1 . If a is chosen satisfying 9.19 there exists a number 774 > 0 and 
L > 0 such that 

Ec, + r"2j50) > L{e^ + sf) (10.13) 

as soon as 

s-\-Si<r]4. (10.14) 

Proof We have found that 

iP{t) = E^(t) + T-^E^^\t) > QaMv, x)-{A + B) (10.15) 

where Qa,\{x^y) is the quadratic form 

QaM^’ y) = QaM^) + QaMv)- ( 10 . 16 ) 

and A + B admits a bound of the form 

\A + B\<CE,aA^^^ej)"2. (10.17) 

We have 

y) > + ^i) = + 2/0 + yl) (10.18) 

if the quadratic form Qk defined in Section 9.1 is positive definite. The conditions 
on a and the corresponding limitation on K are the same as in Section 9.1, and 
the proof continues along the same line. □ 



10.2. Decay of the second corrected energy 

We have (recall ^ = A) : 



^ ^ 7 ^( 1 ) = fEi^^ + tE^ 

dt dt dt ^ ^ 



that is: 



= f {doAgU.u + AgU.{dou - Nr.u + ru')}fj,g. 

We have found in Lemma 4.1 that 

doAgU^ = g^'^VadodbU^ + NrAgU^ + E^ + 



(10.19) 

( 10 . 20 ) 



with 



■= Rc odou^ daU^ dbU^ 
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and 



= 2dcU^{hfdaN + NVak°-l + 2NhfiJadbU^ 



that is, using the equation 

= -NVak'^'' = dou.d‘^u, 

Fi^ s 2dcU^{hl^daN - dou.d^u) + 2NhfVadbU^. 
Partial integration gives, using also the identity dodbU = Vb^ou = Vb(F 

[ {^oAgu).u'^Xg = f {-N\W\l - d^^NVau'.u' + NrkgU.u' + (Fi + i 

JT,t 

On the other hand, if u satisfies the equation 

-dou' + V^{Ndau) + tNu' = 0 

it holds that: 

[ AgU.{dou' - rNu')iig = [ {N\Agu\‘^ + d"^NdaU.Agu}/2g. 
We have found that: 

= [ {-N\Du'\‘^ + N\Aguf + t{N + l)AgU.u'}ng+iZ^^^ 

with 

= [ {-d“ATVau'.w' + (Fi + Fi).u' + d^NdaU.Agu}ng. 

Using the expression of we find that: 

jiT'(l) r 

/ {N{2-2a)Jo + N{2a + l)Ji^{N-\-l)arAgU.u']}fig + Zi 

dt 7Et 



dt 

which implies: 



dE^ 

dt 



- (2 + k)rE2'> = r{ / {{2N - 2 - fc - 2aN)Jo + {2aN + N-‘. 
H-q;t(A^ + 1 — 2 — k)AgU.u'} /Jjg + Zi + 



which we write: 

p(i) 



- (2 + k)rE^^^ <t{ {{2-k- 4a) Jo + (4a - k)Ji 

dt ist 

4-ar(l — k)AgU.u'}/2g + + Z 2 



with 



Z 2 = r 



[ {{N- 



2) (2 - 2a) Jo + (AT - 2) (2a + 1) Ji + ( - 2)arAgU.u'] }/x^ 



(10.21) 

( 10 . 22 ) 

V), 

h)■U'}^^g. 

(10.23) 

(10.24) 

(10.25) 

(10.26) 

+ 

2 — k)J\ 

(10.27) 

(10.28) 
9 . (10.29) 
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We have found in Section 8.2 that 



\Zi\<\T\^CE,xA^ + ejf. (10.30) 

It results immediately from the estimate of AT — 2, Section 6.2, that Z 2 satisfies an 
inequality of the same type. 

Some terms of are bounded using the L"^{g) estimate 6.6 of DN ^ which 
gives that 

I f {-d'^NVau'.u' -h d"^NdaU.Agu}/2g\ < r‘^CE,a,xs‘^si{e -h £ 1 ). (10.31) 

J'Et 

The estimate of the remaining ones uses similar techniques as those of Section 9 
and lead to an inequality of the form 

< ACE,aAs + eA- (10.32) 



Theorem 10.2. Under the conditions on a and k given in Theorem 9.2 the following 
inequality holds: 

rl 

“ - (2 + k)rEA < \r\^B 



dt 



with 



\B\ < + ^l)^- 

Proof. We have seen that (10.11) 

I f TAgU.u'jjLg\ < y/2Ka ^ + -^3 

JEt 

with 

\Z:i\<T‘^CE,aA^ + eA- 

Therefore we deduce from 10.28 and the definition of Hi that 



dE\ 



( 1 ) 



dt 



(2 + k)TEA < + \r\^B 



with 



and 



(10.33) 



(10.34) 

(10.35) 



S = Zi + + Z2 + |r|aZ3, \B\ < CE.a,xA + (10.36) 



Qa!kiy) = (1 - 9 - 2a)?/o + (2a - Ayl + "o!r(l - A;)yo2/i- (10.37) 



This quadratic form in y is non-negative under the same conditions as the 
form Qcc^k{x)- The conclusion follows, since r < 0. □ 
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11. Decay of the total energy 

We make the following a priori hypothesis, for all t for which the considered 
quantities exist 

• Hypothesis 1. The t-dependent numbers are uniformly bounded by 
a constant M. 

2. There exist A > 0 such that A^r > A. 

• We choose a such that 

a = \ if A>i a< — 4— r < ^ if A < ^ (11.1) 

4 8’ 8 + A-i - 4 - 8 ^ 

• Hypotheses H^: The t-dependent energies and e:f having been supposed 
bounded by a number c^; we suppose, moreover that they satisfy the inequal- 
ities 5.23, 6.3, 9.25, 10.14. 

We have seen (Theorem 5.7) that the hypothesis Ha is then satisfied. 

We denote by Mi any given positive number dependent on the bounds of 
these H’s hypothesis but independent of t. 

We have defined to be the total corrected energy namely: 

1p{t) = Ea{t) + 

We have seen (10.13) that bounds the total energy (f){t) = -f by an 
inequality of the form: 

+ el < Mo = L~^. (H-2) 

Lemma 11.1. Under the hypotheses and the function satisfies a differ- 

ential inequality of the form 

^ (11.3) 

Proof. The inequalities 9.56 and 10.33 together with the choice r = — and the 
bound 10.13. □ 

Theorem 11.2. Under the hypotheses and there exists a number k > 0 such 

that the total energy Etot{l^) = <P{t) = el satisfies an estimate of the form 

(11.4) 

if it is small enough initially. 

Proof. We suppose that 'ipo = ip {to) satisfies 

(11.5) 

Then xp starts decreasing, continues to decrease as long as it exists, therefore 
{xp — Mixp‘^^‘^) > 0 and the inequality 11.3 is equivalent to 

dz k dt 
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This inequality gives by integration: 



log{ 



2: (1 — Mizo) ^ 1 , , t 

T. .7 ' X —} + T^^log— < 0 

(1 — M\z)zq Zq 2 to 



equivalently 
and, a fortiori^^, 



{ 



z (1-Mi^o) t ife ^ 

(1-Miz) zo - 



t^tP < 



to'tpo 



( 11 . 6 ) 



(11.7) 



{1-MiZo)^' 

Hence, using 11.2 and an analogous converse bound between (j) and immediate 
consequence of their definitions, the announced decay estimate follows. □ 



12. Teichmiiller parameters 

Instead of considering as in [CB-Ml], [CB-M2] the Dirichlet energy of the metric 
cr we use directly the estimate 7.7 of dQldt which we now write, using 11.8: 

1^1 < (12.1) 

Therefore: 

Theorem 12.1. There exists M3 such that 

\Q{t) - Q{to)\ < (12.2) 



13. Global existence 

Theorem 13.1. Let (ao,qo) ^ C^(Eo) and (uq^uq) G H2{T,o,ao) x Hi{T,Q,ao) 
be initial data for the Einstein equations with U(l) isometry group on the initial 
manifold Mq = T,q x U (1) , with Eq compact, orientable and of genus greater than 
one, (Jo chosen such that R{ao) = —1. Suppose the initial integral condition 2.1 
(with n = 0) satisfied. Then there exists a number r]o > 0 such that if 

(f){to) = Etot{to) < Vo (13.1) 

these Einstein equations have a solution on M x [to, 00), with initial values deter- 
mined by (Jo,qQ,UQ,UQ. The parameter t is t = —r~^, with r the mean extrinsic 
curvature of Y1 x {t} in the Lorentzian metric g on E x [to,oc). 

This solution is unique^^ up to the choice of a section of Teichmiiller space 
and a gauge choice for A. 



for instance we choose zq < Mi/2 it holds that 

^^The global uniqueness theorem of CB-Geroch says that it is geometrically unique in the class 
of globally hyperbolic spacetimes. 
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Proof. We first prove that Etot{i) is uniformly bounded, and decays to zero (with- 
out a priori hypothesis). We have obtained in the previous sections, under the 
hypotheses and the following result: there are numbers Mi depending 
only on c^; and such that 



t’^Etot{t) < M2Etot(to) 


(13.2) 


\Q{t) - Q{to)\ < MscpitoY^'^. 


(13.3) 



Now consider the pair of t dependent numbers 

C(0). C(^) = \Q{t) - Q{to)\ 

The inequalities 13.2, 13.3 show that the hypothesis (where ce satisfies H^) 

Ht) C{t) < Ca 

imply that there exists ryo > 0 such that </>(to) < implies that the pair belongs 
to the subset U\ <Z B? defined by the inequalities: 

Ui = { < Ce, C{t) < Ca}- 

Therefore for such an rjo the pair belongs either toUi or to the subset U 2 defined by 

U 2 = { > Ce or C(0 > 

These subsets are disjoint. We have supposed that for t = to it holds that 
(^(to), C(^o)) ^ U\ hence, by continuity in t, ( <^(^), C(^)) ^ 

We have now proved that the total energy is uniformly bounded, and at 
uniformly equivalent to ctq. 

To complete the proof of existence of the spacetime for t G [to^oo) we need 
the following lemma. 



Lemma. The i/ 2 -norm of the pair of scalar functions ( 7 , 0 ;) is uniformly bounded, 
as well of the i7i-norm of (9t7, dtuj). 



Proof of the lemma. We have already proven in Section 9 the uniform bound of 
||T> 7 || and ||jD^ 7 || in terms of the total energy. On the other hand it holds that 

7-70 



[ dt^dt 

Jta 



hence 



||7-7o||< f \\da\\dt. 

dto 

Using previous estimates, the fall off of the energy and the property 

||at7ll<e-"™i|at7||. 



(13.4) 

(13.5) 

(13.6) 



we find that there exists a number M such that 

\h-lo\\<M (13.7) 

dto 

which completes the proof of the uniform bound of H 7 II// 2 ? hence also of 7 in C^. 
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When 7 m is uniformly bounded one can bound ||E>ct;|| < Duj\\ 

with the first energy and ||D^cj|| with the total energy, in a manner analogous as 
the one used for ||£)^ 7 ||. We just recalled the estimate of ||5t7||, the estimate of 
||9to;|| is similar, when 7 has been bounded. It is also easy to bound and 

i|£>9t7||. □ 

Corollary 13.2. 

1. This solution is globally hyperbolic, future timelike and null complete. 

2. It is asymptotic to a flat solution: 

g = —Adt^ + 2t^Cc^ ^‘oG (13.8) 

with (Too CL metric on S independent oft and of scalar curvature — 1 , and 600 

a 1 -form on E x 5^ of the type 

Ooo =C{dx^ + H), (13.9) 

where C is a constant and H is a harmonic 1 -form on (E,o'o). 

Proof. 1. The orthogonal trajectories to the space sections M x {^} have an infinite 
proper length since the lapse N is bounded below by a strictly positive number. 
It can be checked that the conditions given in C.B and Cotsakis for global hyper- 
bolicity, and for future and null completeness are satisfied by (E x g). 

2. Theorem 5.7 and the decay of 6 + £1 show that A tends to 2t^ in C^-norm 
when t tends to infinity. 

The decay estimate of ^ show that Q tends to a point Qoo in Teich when t 
tends to infinity, a tends to cr(( 3 oo)- 

The lapse and shift estimates 6.2 and 7.9, 7.11 show that N tends to 2 and 
1 / tends to zero in (7^-norm when t tends to infinity. 

The integral formula for 7 shows that ^{t, .) — jo{.) tends to a function on E, 
7 oo(-)? in T^-norm when t tends to infinity, hence 7 tends to 700 = 7 o + 7 oo in this 
norm, therefore a fortiori ^{t , .) tends to 7 oo(«) in the sense of distributions on E. 
We know on the other hand that ||T> 7 || tends to zero, hence D'j tends to zero in 
the sense of distributions. Since derivation in this sense is a continuous operator 
it holds that D^oo = 0 , therefore 700 is a constant. 

An analogous reasoning holds for lu. The value of ujoo does not appear in the 
expression of F. 

The estimates of Section 2.2 of A and At (in Coulomb gauge) show that 
they both tend to zero in (7^-norm on E. The differential formula giving the Ci{t) 
shows then that the 1 -form A tends in C^-norm to the harmonic form on E, 
Hoo = Q,oo7i7(i). The spacetime metric is asymptotic to the metric 

(4)^ = {-Adt^ + 2 fa^) + 
which takes the indicated form by rescaling of t. 



(13.10) 

□ 
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Future Complete Vacuum Spacetimes 



Lars Andersson^^ and Vincent Moncrief^^ 



Abstract. In this paper we prove a global existence theorem, in the direc- 
tion of cosmological expansion, for sufficiently small perturbations of a family 
of spatially compact variants of the k = —1 Friedmann-Robertson-Walker 
vacuum spacetime. We use a special gauge defined by constant mean curva- 
ture slicing and a spatial harmonic coordinate condition, and develop energy 
estimates through the use of the Bel-Robinson energy and its higher-order 
generalizations. In addition to the smallness condition on the data, we need 
a topological constraint on the spatial manifold to exclude the possibility of 
a non-trivial moduli space of flat spacetime perturbations, since the latter 
could not be controlled by curvature-based energies such as those of Bel- 
Robinson type. Our results also demonstrate causal geodesic completeness of 
the perturbed spacetimes (in the expanding direction) and establish precise 
rates of decay towards the background solution which serves as an attractor 
asymptotically. 



1. Introduction 

In this paper we establish global existence and asymptotic behavior, in the cosmo- 
logically expanding direction, for a family of spatially compact, vacuum solutions 
to the 3 -h 1-dimensional Einstein equations for sufficiently small perturbations of 
certain known “background” solutions. The backgrounds we consider are the spa- 
tially compactified variants of the familiar vacuum k = —1 Priedmann-Robertson- 
Walker (FRW) solution, which exist on any 4-manifold M of the form (0, oo) x M, 
where M is a compact hyperbolic 3-manifold (i.e., a manifold admitting a Rie- 
mannian metric with constant negative sectional curvature). 

Let 7 be the standard hyperbolic metric with sectional curvature —1 on M. 
Then (M,7) given by 

M = (0, (X)) X M, 7 = —dp 0 dp 4- p^7 

1) Supported in part by the Swedish Natural Sciences Research Council (SNSRC), contract no. 
R-RA 4873-307 and NSF, contract no. DMS 0104402. 

2) Supported in part by the NSF, with grants PHY-9732629 and PHY-0098084 to Yale University. 
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is a flat spacetime, locally isometric to the k = —1 vacuum FRW model, which we 
shall call a hyperbolic cone spacetime. It has a big bang singularity as p \ 0 but 
expands to inflnite volume as p oo. The vector held p^ is a timelike homothetic 
Killing held on (M, 7 ) so that these backgrounds are continuously self-similar. 
We shall be considering sufficiently small perturbations of such hyperbolic cone 
spacetimes to the future of an arbitrary p ^constant Cauchy surface under the 
additional topological restriction that (M, 7 ) be “rigid” in a sense that we shall 
deflne more fully below. The rigidity assumption serves to eliminate the possibility 
of making non- trivial but still flat perturbations of the chosen backgrounds. 

Our main result treats the vacuum Einstein equations on M and proves 
global existence in the expanding direction for initial data sufficiently close to 
data for (M, 7 ). More precisely, we show that the maximal globally hyperbolic 
future vacuum development (M,p) of such data is causally geodesically complete 
and globally foliated by constant mean curvature (CMC) hypersurfaces in the 
expanding direction. We further show that the metric g decays asymptotically 
to 7 at a well-defined rate (that correctly predicted by linearized theory) and 
give the sharp rate of decay. In this sense our result may be viewed as a nonlinear 
stability result for the future evolution. We could also view it as implying nonlinear 
instability for the past evolution but, since our arguments are insufficient to treat 
global evolution in the past direction, we shall concentrate here on the expanding 
direction. Since the formation of black holes would be expected to violate geodesic 
completeness towards the future, we can also interpret our smallness condition in 
the data as sufficient to exclude the formation of black holes. 

We work in a specific gauge defined by constant mean curvature slicing and 
a spatial harmonic coordinate condition which serves to kill off certain second- 
order terms in the spatial Ricci tensor, reducing it to a nonlinear elliptic operator 
on the metric. This in turn effectively reduces the evolution equations for the 
spatial metric to nonlinear wave equations wherein, however, the lapse function and 
shift vector held are determined by an associated set of (linear) elliptic equations. 
Local existence and well-posedness for the Einstein equations in this gauge was 
established in [ 1 ] along with a continuation principle which provides the needed 
criterion for proving global existence. 

The main tool we employ for our global existence proof is an energy argument 
baised on the Bel-Robinson energy and its higher-order generalization, which we 
deflne. The Bel-Robinson energy for a vacuum spacetime is basically an L^-norm 
of spacetime curvature on a given Cauchy hypersurface, and its higher-order gen- 
eralization incorporates the L^-norm of the spatial gradient of this same curvature. 
One of the key steps in our proof will be to show that, in our chosen gauge, this 
generalized Bel-Robinson energy bounds an x i/^-norm of the perturbed first 
and second fundamental forms of a CMC slice in the spacetime (M,g). 

Nontrivial spacetime perturbations which preserve flatness are invisible to 
such purely curvature based energies, and this is the reason we have been forced 
to impose an additional rigidity condition upon the hyperbolic manifolds that 
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we consider. Already by Mostow rigidity one cannot perturb the flat metric 7 = 
—dp ^ dp to another flat one by simply deforming the hyperbolic metric 

7 on M, but there can be more subtle ways of deforming 7 on M that preserve 
flatness. These arise whenever (M, 7 ) admits so-called nontrivial traceless Codazzi 
tensors. Our rigidity requirement is that (M, 7 ) be such as to exclude such tensors 
- a condition which is known to be satisfied for a non-empty set of hyperbolic 
manifolds. 

The Bel-Robinson energy is of course not a conserved quantity but, together 
with its higher-order generalization, can actually be shown to decay in the expand- 
ing direction for sufficiently small perturbations of a hyperbolic cone spacetime. 
The main source of this decay is the overall expansion of the universe which leads 
to an omnipresent term of good sign, proportional to the energy itself, in the time 
derivative of this energy. A corresponding result holds for the generalized energy. 
The remaining terms in the time derivative in general have no clear sign but for- 
tunately can be bounded by a power greater than unity of the generalized energy 
itself. When the initial value of the generalized energy is sufficiently small this 
implies decay to the future at an asymptotically well-defined rate and leads to our 
main result. 

While we shall not pursue this issue here, there seems to be a straightforward 
way to remove the rigidity constraint and thereby deal with arbitrary hyperbolic 
M. This involves supplementing the Bel-Robinson energies considered here by 
another non- curvature- based energy called the reduced Hamiltonian. As discussed 
in [ 8 ] this quantity is always monotonically decaying towards the future (even for 
large data) but bounds at most the rather weak x L^-norm of the CMC Cauchy 
data. However this should more than suffice to control the finite-dimensional space 
of moduli parameters which arises in the case of non-rigid M but is invisible to 
the Bel-Robinson energies. 

Apart from general Lorentzian geometry results such as singularity theorems 
and conclusions drawn from the study of explicit solutions, very little is known 
about the global properties of generic 3 + 1-dimensional Einstein spacetimes, with 
or without matter, and present PDE technology is far from being applicable to 
the study of such global questions, except in the case of small data. 

In [ 6 ] Christodoulou and Klainerman proved the nonlinear stability of 3 + 1 - 
dimensional Minkowski space, i.e., a small data global existence result together 
with precise statements about the asymptotic decay of the metric to the Minkowski 
metric. This proof was based on a bootstrap argument using decay estimates for 
suitably defined Bel-Robinson energies. A central element in the proof was the 
construction of approximate Killing and conformal Killing fields, which were then 
used in a way which is analogous to the way in which true Killing and conformal 
Killing fields of Minkowski space are used in the proof of the Klainerman Sobolev 
inequalities for solutions of the wave equation on Minkowski space. 

In still earlier work [10] Friedrich had proven global existence to the future of 
a Cauchy surface for the development of data sufficiently close to that of a hyper- 
boloid in Minkowski space, with asymptotic behavior compatible with a regular 
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conformal compact ificat ion in the sense of Penrose. This result used the fact that 
the conformal compactification of such spacetimes has a regular null boundary 
(Seri) and exploited Cauchy stability for a conformally regular first-order sym- 
metric hyperbolic system of field equations deduced from the Einstein equations. 
Roughly speaking, local existence for the conformally regular system can corre- 
spond, for sufficiently small data, to global existence for the conformally related, 
physical spacetime. 

Our argument is close in spirit to that of Christodoulou and Klainerman 
but is much simpler than theirs by virtue of the universal energy decay described 
above. The source of this decay can easily be seen in linear perturbation theory by 
exploiting the fact that is a timelike homothetic Killing field in the background. 
One readily constructs from this an exactly conserved quantity for the linearized 
equations which differs from the (linearized analogue of the) Bel-Robinson energy 
we consider by a multiplicative factor in the time variable p. This gives immediately 
the specific decay rate predicted by linearized theory and our arguments ultimately 
show that this is the precise decay rate asymptotically realized by solutions to the 
(small data) nonlinear problem. 

Our arguments are also similar in spirit to those used in the papers [4] by 
Choquet-Bruhat and Moncrief and [3] by Choquet-Bruhat, which treat perturba- 
tions of certain ^/(l)-symmetric vacuum spacetimes on R x S x where E is a 
surface of genus greater than one, and in which the U(l) (Killing) symmetry is 
imposed along the fibers of a trivial circle bundle RxEx5^ — >RxE. The paper 
[4] deals with the polarized case, where the bundle is a product, and [3] deals with 
the general case. Their results use energy arguments which exploit the universal 
expansion to obtain decay for small data. 

For the case of linearized perturbations, Fischer and Moncrief [9] have ana- 
lyzed the stability of higher-dimensional analogues of the hyperbolic cone space- 
times described above wherein the hyperbolic metric 7 is replaced by an arbi- 
trary Einstein metric with negative Einstein constant. These of course include the 
higher-dimensional hyperbolic metrics but in fact comprise a much larger set. It 
now seems likely that the nonlinear stability problem for these spacetimes can be 
handled by a combination of the methods employed herein and in the article by 
Choquet-Bruhat . 

We now give a more precise description of our main results. Let g he a, Rie- 
mannian metric on M and let /c be a symmetric covariant 2 - tensor on M. We call 
(M, g, k) a vacuum data set for the Einstein equations if {g, k) satisfy the vacuum 
constraint equations, reviewed in Section 2.1 below. Given such a vacuum data set 
there is a unique maximal Cauchy development (M, g) of (M, g, k) which contains 
the latter as an embedded Cauchy hypersurface. Our results concern the structure 
of (M, p), especially to the future of the Cauchy hypersurface, for {g, k) sufficiently 
close to the data corresponding to a rigid hyperbolic cone spacetime (M, 7 ). We 
show in this case that, in the expanding direction, (M,g) is globally foliated by 
hypersurfaces of constant mean curvature and that {M,g) is causally geodesically 
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complete in this (future) direction. In particular, (M^g) is inextendible in the 
expanding direction and thus our results support the strong cosmic censorship 
hypothesis. 

Our main result is summarized as follows. 

Theorem 1.1. Let (M, 7 ) be a compact hyperbolic 3-manifold and assume that 
(M, 7 ) is rigid (i.e., admits no nontrivial traceless Codazzi tensors). Assume that 
(M^g^^k^) is a CMC vacuum data set with (g^,k^) G x ^ s > 3, having 
to = iXgok^ = constant < 0. Then there is an e > 0 so that if 

then 

1. The maximal Cauchy development {M^g) of the vacuum data set {M, g^ , k^) 
has a global CM C foliation in the expanding direction ( to the future of Mt^ 
in CMC time t = ir gk). 

2 . {M,g) is future causally geodesically complete. 

Remark 1.1. 

1 . Under our conventions, cf Section 2, the standard hyperboloid {{x,x) — — 1 } 
in 7“*“({0}) C has mean curvature —3 and Vol(M, p) increases as t 0. 

2 . {^g^ are rescaled Cauchy data that reduce to ( 7 , — 7 ) for the background 
solution. Our energy arguments show that the rescaled data approach their 
background values at a well-defined asymptotic rate as t = tr gk y 0. 

3. By exploiting the scaling with respect to t at to one can satisfy the smallness 
condition for initial data (g^,k^) corresponding to arbitrarily large initial 
spacetime curvature. In this sense one can choose the initial hypersurface to 
be close to the singularity” . 

In outline our paper proceeds as follows. Some preliminaries and a discussion 
of the Einstein equations in our chosen gauge including a review of the local 
existence theorem proven in [ 1 ], are given in Sections 2 and 2 . 1 . Sections 2 . 2 - 2 . 4 
discuss the background spacetimes, the constraint set for the perturbed spacetimes 
and the rigidity condition needed to exclude the occurrence of a moduli space of flat 
perturbations. Section 3 introduces Weyl fields in the spirit of Christodoulou and 
Klainerman and presents the field equations they satisfy when Einstein’s equations 
are imposed. Section 4 discusses the Bel-Robinson energy and its higher-order 
generalization and computes the time derivative of these quantities in the chosen 
gauge. Section 4.1 describes the scale- free variants of these energies that are used in 
our estimates and Section 4.2 gives the calculation which shows how these energies 
actually bound Sobolev norms of the perturbed data in the rigid case. Sections 5 
and 5.1 discuss estimates and the differential inequalities satisfied by our rescaled 
Bel-Robinson energies. The global existence proof is completed in Section 6 and 
Section 6.1 establishes causal geodesic completeness. A number of useful definitions 
and identities are collected in the appendix. 
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2. Preliminaries 

Let M be a spacetime, i.e., an n + 1-dimensional manifold with Lorentz metric g 
of signature — h • • • -h and covariant derivative V. We denote by (•, •) the scalar 
product defined by g on TM. Let M C M be a spacelike hypersurface with timelike 
normal T, (T, T) = —1, and let t be a time function on a neighborhood of M. 
Then we can introduce local coordinates = 1, . . . , n) on M so that are 

coordinates on the level sets Mt of t. We will often drop the subscript t on Mt and 
associated fields. 

Let dt = d/dt be the coordinate vector field corresponding to t. The lapse 
function N and shift vector field X of the foliation {Mt} are defined by dt = 
NT + X. Assume T is future directed so that TV > 0. The space-time metric g 
takes the form 

g = —N^dt (8) dt -f gij{dx^ -|- X^dt) 8) {dx^ -h X^ dt). (2.1) 

Let be a Fermi-propagated orthonormal frame tangent to Mt, i.e., 

= 0, Vi,j, with dual frame If one drops the assumption that 

the frame is Fermi propagated, then in general -h (TV“^ViTV)T, 

where xt/ ei denotes the tangential part of With cq = T, 

frame on M, adapted to the foliation {Mt}. We will use the convention that lower 
case Latin indices run over over 1, . . . , n, while Greek indices run over 0, . . . , n. Our 
conventions for curvature as well as some useful identities are given in Appendix 
A.l. The index T in a tensor expression denotes contraction with T, for example 

The second fundamental form kij of Mt is given by kij = —^{CTg)ij- In 
terms of the Fermi-propagated frame {ei} we have the following relations between 
TV, T and kij . 

ViCj = XiCj - kijT, XiT = -kijCj, (2.2a) 

VrCi = {N~^ViN)T, VtT = {N-^V,N)ei. (2.2b) 

In computations we frequently make use of equations (2.2) to do an n + 1 split, 
for example X lAj = XiAj -\- kij At. The trace of a tensor h on M is denoted 
tr gh = g^^hij. When there is no room for confusion, we will drop reference to the 
metric and write for example tvk for tr gk. 

2.1. The vacuum Einstein equations 

The vacuum Einstein equations 

Rc0 = 0, (2.3) 

consist after an n + 1 split of the constraint equations 

R-\kf + {trkf = 0, 

Vitrfc — V^kij = 0, 



(2.4a) 

(2.4b) 
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and the evolution equations^ 

^dtQij ~ ‘INhij -f- C^xQijf (2.5a) 

CdMj = -ViVjN + N{Rij -f trkkij - 2kimk'^) + Cxkij. (2.5b) 

We will call a solution (^, k) to the Einstein vacuum constraint equations on M, 
a vacuum data set. If in addition Vtr/c = 0, then {g^k) is a CMC vacuum data 
set. A curve t (^, k,N^X) solving the Einstein vacuum evolution and constraint 
equations corresponds to a vacuum space- time metric g via (2.1). A vacuum space- 
time (M, g) with an isometric embedding of a vacuum data set {g, k) on M is said 
to be a vacuum extension of (g,k). 

Let ^ be a fixed Riemann metric on M with Levi-Civita covariant de- 
rivative V and Christoffel symbol Define the vector field by 

yk ( 2 . 6 ) 

In terms of a coordinate frame, — g'^^ The identity map Id : (M, g) — > 

(M, g) is harmonic exactly when = 0, see [1] for discussion. 

A vacuum data set (^, k) is in CMCSH gauge with respect to g if 

trk = t (Constant Mean Curvature), (2.7a) 

= 0 (Spatial Harmonic coordinates). (2.7b) 

A foliation {M^, t G (T_,T_|_)} in (M^g) is called a CMC foliation if Vtr/c = 0 

for all t e (T_,T+). If the induced data {g,k) on Mt is in CMCSH gauge for 

all t G (T_,T^_), then {Mt} is called a CMCSH foliation. The CMCSH gauge 
conditions imply the following elliptic equations for the lapse and shift 

-AN-^\k\^N = 1, (2.8a) 

AX* + - CxV^ = {-2Nk^^ + 2V"*X”)e*(V^e„ - V„e„) 

+ 2V”*XA:^- VWfcJ*, (2.8b) 

where AX* — ^*****VmVnX*. The ellipticity constant A[^] of g is defined as the 
least A > 1 so that 

h-^g(Y,Y)<9{Y,Y)<^9{YX), VYgTM. (2.9) 

Let g defined in terms of g,N,X by (2.1). Define A[g] by 

= A[^] -h ||V||l'^ + ||V \\X\\lc^ . (2.10) 

Then ^ is a non-degenerate Lorentz metric, as long as A[^] is bounded. 

We refer to [1] for the background and proof of the following theorem and 
for the analysis concepts used in the present paper. 



^For a tensor on M with frame components sij , Cg^Sij = dt(sij) — , ed) — 

If we specialize to a time-independent frame, Cq^sij = dtsij. 
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Theorem 2.1 ([1]). Assume that M is of hyperbolic type with hyperbolic metric g of 
unit negative sectional curvature. Let {g^ ^ kP) G x , s > n/2-\-l, s integer, 
be a vacuum data set on M in CMCSH gauge with respect to g. Let to = tigok^. 
The following holds. 

1. Existence; There are T_ < < 0 that there is a vacuum extension 

{M,g) of {g^ , k^), M = {T-,T^)xM , g G and such that the foliation 

{Mt = {t}xM, te (T_,T+)}, is CMCSH. 

2. Continuation: Suppose that (T_,T_|_) is maximal among all intervals satisfy- 
ing point 1. Then either (T_,T_|_) = (— oo,0) or 

limsup(A[§] + \ \Dg\\L<^ + ||/c||l-) = oo 
as t y T+ or as t\T-. 

3. Cauchy stability: Let g be the space-time metric constructed from the solution 

{g, k, N, X) to the Einstein vacuum equations in CMCSH gauge. The map 
{g^^k^) —^gis continuous H^ x H^~^ H^{{t-,t^) x M), for all t-,t-^, 

satisfying T- < t- < t^ < T^. 

2.2. Hyperbolic cone space-times 

Let (M, 7 ) be a compact manifold of hyperbolic type, of dimension n > 2, with 
hyperbolic metric 7 of sectional curvature — 1 . The hyperbolic cone space-time 
(M,7o) with spatial section M is the Lorentzian cone over (M, 7 ), i.e., 

M = (0, 00) X M, 7 = —dp^ + p^ 7 - 

Let (M, 7 ) be a hyperbolic cone spacetime of dimension n -f 1. The family of 
hyperboloids Mp given by p ^constant has normal 

T = dp. 

Here T is future directed w.r.t. the time function p. Construct an adapted ON 
frame T, on M. A calculation gives 

l^ij — ^ pij -) 

and the mean curvature is given by trk = —njp. The mean curvature time is 
defined by setting t = trk and the t-foliation has lapse 

N = -{dt,T) = ~. 

In terms of the mean curvature time we have 

g(t) = ^ 7 , m = ^ 7 . ( 2 . 11 ) 

In the rest of this section we will consider CMCSH foliations, with the refer- 
ence metric g chosen as ^ = 7 . 




Future Complete Vacuum Spacetimes 



307 



2.3. The constraint set and the slice 

Let M be a compact manifold of hyperbolic type, of dimension n >2 with hyper- 
bolic metric 7 of sectional curvature — 1 . 

For s > n/2, let be the manifold of Riemann metrics of Sobolev class 
on M. Then is a smooth Hilbert manifold and the group of 

diffeomorphisms acts on A symmetric 2 -tensor h on (M,g), which satisfies 
trh = 0, divh = 0, is called a TT-tensor. 

Lemma 2.2. Let s > n/2 + 1 and fix r gR, r ^ 0. There is an open neighborhood 
C of ^7, so that for all g G there is a unique (j) G so that 

(j) : (M, g) (M, 7 ) is harmonic. 

Proof M is compact and 7 has negative sectional curvature. Then there is a 
unique harmonic map (j) G M) from (M^g) to (M, 7 ) [7]. For g close to 

7 , the implicit function theorem shows 6 is close to the identity map Id and hence 
(/>gP"+HM). □ 

Let be as in Lemma 2.2. Let C be defined by 

= {g e : Id : (M,g) (M, 7 ) is harmonic}. (2.12) 

For ^ G if 0 is the harmonic map provided by Lemma 2.2, (f)^g G S^. By 
uniqueness for harmonic maps with target (M, 7 ), it follows that is a local slice 
for the action of on A4. Let 

= {{g,k) G if" X trk = r, 

(g,k) solves the constraint equations (2.4)}, (2.13) 

be the set of solutions to the vacuum Einstein constraint equations, with trk = r. 
As M is a manifold of hyperbolic type, is a smooth Hilbert submanifold of 
Ad" X if^“L To see this, recall that Adf.^, the space of metrics with scalar 
curvature —1, is a smooth Hilbert manifold, and that the space of TT tensors of 
cl£iss on (M,g) is a closed subspace of ii^"\ which depends smoothly on 

g. The standard Lichnerowicz-York construction of vacuum data from conformal 
data now shows that is smooth. See [ 8 ] for a discussion of the case. The 
action of on is the lift of the action on Ad, and therefore the local slice 

C Ad^ lifts to a local slice at (^ 7 , k) E C^, 

E^^ = {(g,k):(g,k)eC^ and g E S^j. 

The slice is a smooth Hilbert submanifold of C^. 

In the rest of this section, let D denote the Frechet derivative in the direction 
(h,p) E It is important to keep in mind that expressions involving D 

are evaluated at ( 7 , — 7 ). 

Lemma 2.3. 

^ .E" = {(h,p) E X h,p TT-tensors w.r.t. 7 }. (2-14) 

^ 7; 
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Proof. We give the proof assuming r = —n, the general case follows by scaling. 
First note 

0 = Dtr/c = tr-^h -f tr^p. (2.15) 

Since = — 7 , (2.15) implies D|/cp = 0 . Let H = R-h (tr/c)^ — |/cp, so that 

the Hamiltonian constraint (2.4a) is 0 = H. By the above, 

0 = BH = DR. 



Any symmetric 2 -tensor can be decomposed as 

h = Htt + 

where is a function, /itt is a TT-tensor and y is a vector field. As 7 is hyperbolic, 
R[y] is constant, and due to covariance of R, DR.Cyj = YR[y] = 0. The Prechet 
derivative of the scalar curvature is the operator 

DR.u = -V''VfcU> + - RijU^^, 

which by the above gives 

DR.h = Di?.(V^ 7 ) 

= — (n — 1 )A ^'0 -f n{n — 

In view of the fact that A is negative semidefinite, 0 = Di^ implies ^ = 0. Thus, 

h = /itt + ^v 7 * (2.16) 

Let V be given by (2.6). Then with p = 7 , 



T>V^ = - ^YtTh, 

2 

where V,T,tr are defined w.r.t. 7 . By definition, V = 0 on Sr, and therefore 
(h,p) G implies using (2.16) 

DV = DV.Ly-i, 

which by the uniqueness of harmonic maps with target 7 implies that Y = 0 and 
hence h = hyy. In particular trh = 0 and therefore by (2.15), trp = 0. 

Let Ci = Vitrk — V^kji so that the momentum constraint (2.4b) is 0 = 

By assumption, V^tr/c = 0, which using h = Hyt and the momentum constraint 
(2.4b) gives 

0 = 



where V is the covariant derivative w.r.t. 7 . By the above, trp = 0 so p is a 
TT-tensor w.r.t. 'y. □ 
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2.4. Flat space-times 

Let (M, 7 ) be a hyperbolic cone space-time of dimension n -h 1, n > 2, with spatial 
section (M, 7 ). Consider a vacuum metric g on M. Then, Ca/S'yd = Ra/s-yS is the 
Weyl tensor and by the structure equations, 

CiTjT = Rij - kimk"^ + kijtrk (2.17) 

CmTij = kmij (2.18) 

where the covariant exterior derivative d^u on symmetric 2 -tensors is 

(d U^ijk ~ ^ k'^ij ^ j'^ik 

Let Eij = CiTjT and Fmij = CmTij ^ considered as tensors on M, and define the 
second-order elliptic operator A on symmetric 2 -tensors by 

Au = V^Vu — nu^ (2.19) 

so that {Au)ij = —V^VkUij — nuij. By [12, Lemma 4] 

ker A = ker tr fl ker (2.20) 

An element of ker d^ is called a Codazzi tensor, i.e., the kernel of A consists of the 
trace-free Codazzi tensors. Clearly, a trace-free Codazzi tensor is also a TT-tensor. 
Let D denote the Frechet derivative in the direction 

(h,p) G , 

as in Section 2.3. 

Lemma 2.4. 

2 D£^( 7 , — 7 )(/i,p) = Ah — {n - 2)h — 2 (n — 2 )p, ( 2 . 21 a) 

DF( 7 , ~'y){h,p) = d^{p -h h). ( 2 . 21 b) 

Proof. By Lemma 2.3, (h,p) are TT-tensors w.r.t. 7 . If h is a TT-tensor, w.r.t. 
7 , then 

T>Rij.h = - nhij = - ^V^S/khij - nhij, (2.22) 

which gives (2.21a) after simplification. The Frechet derivative of is given by 

DT^jk-k^ — jhkm + ^ khjm — ^mhjk)’ (2.23) 

A computation using (2.23) and (2.18) yields 

^^CmTij ~ ^ j him ^ ihjm T ^ jPim ^ iPjrri') 

which gives ( 2 . 21 b). □ 

Consider a curve g\ of vacuum metrics on M, ^0 = 7 , such that {Mt} is 
CMCSH foliation with respect to g\, and let gx,k\ be the induced data on 
Then 

d 

(h,p) = -^{g\,kx) 

X=0 
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satisfy {h,p) € T(^ As above, let D denote the Prechet derivative in the 

direction (h,p). If we further assume that g\ is a family of flat metrics, then 
T>E = 0 and DF = 0. 

Decompose using the L^-orthogonal direct sum decomposition ker A 0 
ker^ A, and write h = 0 p = with h^,p^ G ker A, h^,p^ G ker^ A. 

Then DF = 0 is equivalent to the system of equations 

(n-2)[h^ + 2p^] =0, (2.24) 

Ah^ - (n - 2)h^ - 2 (n - 2 )p^ = 0 . (2.25) 

By Lemma 2.3, h,p are TT-tensors on (M, 7 ). Therefore, by (2.21b), h + p G 
kertrnkerd^, and hence, by (2.20), -\-p^ = 0. This means that equation (2.25) 

is equivalent to 

0 = Ah^ 0 (n — 2)h^ . 

The restriction of A to ker^ A is positive definite, so it follows that = 0. 
However, we know that 0 p^ = 0, and hence =0. Thus we have shown 

that (h,p) = (h^,p^). It remains to make use of (2.24). In case n = 2, this is trivial, 
while if n > 3, 0 2p^ = 0 follows. 

By construction, kerDF n kerDF is precisely the formal tangent space 
FyF(M) at 7 , of the space of flat Lorentz metrics F(M) on M. Recalling that 
in dimension 2, TT-tensors are precisely trace- free Codazzi tensors [2], we have 
proved 

Lemma 2.5. If n = 2, FyF(M) is isomorphic to the direct sum of the space of 
TT-tensors on M with itself, while for n > S, FyF(M) is isomorphic to the space 
of trace- free Codazzi tensors on M . □ 

In case n = 2, M is a Riemann surface of genus > 2, and in this case 
FyF(M) has dimension 12genus(M) — 12, while for n > 3, FyF(M) is trivial in case 
(M, 7 ) has no non- vanishing trace-free Codazzi tensors, a topological condition. 
This motivates the following definition. 

Definition 2.6. A hyperbolic manifold (M, 7 ) of dimension 3, is rigid if it admits 
no non-zero Codazzi tensors with vanishing trace. A hyperbolic cone space-time 
(M, 7 ) is called rigid z/(M, 7 ) is rigid. 

A computation [12] shows that (M, 7 ) is rigid in the sense of Definition 2.6, if 
and only if the formal tangent space at 7 , of the space of flat conformal structures 
on M is trivial. Kapovich [ 11 , Theorem 2 ] proved the existence of compact hyper- 
bolic 3-manifolds which are rigid w.r.t. infinitesimal deformations in the space of 
flat conformal structures. We formulate this as 

Proposition 2.7. The class of rigid hyperbolic 3-manifolds (M, 7 ) (and rigid stan- 
dard space-times in the sense of Definition 2.6, is non-empty. □ 
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3. Weyl fields 

In this section, and in the rest of the paper, let n = 3. A tracefree 4- tensor W 
with the symmetries of the Riemann tensor is called a Weyl field. We define the 
left and right Hodge duals of W by 

(3.1) 

(3.2) 

If W is a Weyl field, then *VF = W* and W = — * (*VF). Define the tensors J and 
r by 







(3.3a) 




= j;^s- 


(3.3b) 


Then 


T* — ^ T 




and 


^[fi^jS]aP — ap’, 


(3.4a) 




^[e 'y5]otP ctp- 


(3.4b) 



The electric and magnetic parts E{W), B{W) of the Weyl field W, with respect 
to the foliation Mt are defined by 



E{W)o.0 = (3.5) 

The tensors E and B are ^-tangent, i.e., E^pT^ = B^/sT^ = 0 and tracefree, 
g^^Ea (3 = 9 ^^Boc (3 = 0. It follows that Eij = Bij = 0. 

In case (M,g) is vacuum, i.e., = 0, the Weyl tensor Cap^s of {M,g) 

satisfies Cocp-^5 = Rap^s the Gauss and Codazzi equations can be written in terms 
of E and B to give 

^ikjm - ^jkim = e^/B{C)im, (3.6a) 

Bij - + kijirk = E{C)ij. (3.6b) 

Note that from the definition (A. 18) of (3.6a) is equivalent to d7 kmij = 
—e-j^Birri’ Using the definition (A. 13) of curl and (A. 19) we get the alternate form 
of (3.6a), valid if (g,k) satisfies the vacuum constraint equations (2.4), 

-{cuTlk)ij = B{C)ij. (3.7) 

The following identities relate W,*W,E = E{W),B = B{W), cf. [6, eq. (7.2.1), 
p. 169] 

W^jkT - ^WijkT = e^j^Emk. 

^^ijk£ — ^ijm^k£nE , ^^ijki — 



(3.8) 
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The tensors VtE, VtB have the property 

= 0 , - 0 , 

i.e., the pull-back of VtE, VtB to M is trace- free, but VtE, VtB are not t- 
tangent in general. The following result allows us to express derivatives of the 
Weyl field W in terms of E{W),B{W), J{W), J* {W). See Appendix A. 2 for the 
definition of div and curl. 

Proposition 3.1. Let E, B he the electric and magnetic parts of a Weyl-field W 
and let J, J* he defined from W hy (SA), Then 

divEi = -\-{k A B)i -h JtzT, (3.9a) 

div^2 ~ E^i T (3.9b) 

^rEij - cmlBij = -N~'^{VN A B)ij - ^{E x k)ij + ^{trk)Eij - JiTj, (3.10a) 

VrBij + cuTlEij = +N~^{'VN A E)ij - x k)ij + Ltrk)Bij - (3.10b) 

Written in terms of Cst, (3.10) becomes 

N~^Ca,Eij = +cuTlBij - N~\VN A B)ij 

- ^{E X k)ij - |(£ ■ k)gij - ^txkEij + N~^CxEij - JiTj, 

(3.11a) 

N~'^Ca,Bij = -cxMlEij + N~\VN A E)ij 

- ^{B X k)ij - ^{B ■ k)gij - ^{ivk)Bij + N-^CxBij - J*tj- 

(3.11b) 

Proof. We write V^Eai in two ways. First, 

divjF^ - V^Ec^i - N-^V^NEji. 

Secondly, by (3.8) and (A. 10), 

V^E^i = V°iy«Tir + 

= JriT + {kA B), + N-^W^NEji. 

This gives (3.9a) and the argument for (3.9b) is similar. To prove (3.10), first note 
the identities 

'^kWiXjT = ^kEij — {e^i^Bmj 4- Bmi)k\, (3.12a) 

Vk*W,TjT = ^kBij + {en^Emj + CjrEmi)k‘k- (3.12b) 
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From this we get, after expanding the covariant derivative, and rewriting using 
(3.8) 



€i"^^VnWmTjT + = 2{cUTlE)ij + 3{B X k)ij - {tvk)Bij, 

(3.13a) 

er^'^n*WmTjT + t n* W mTiT = 2(curl5)^ - 3{E X k)ij + {trk)Eij. 



(3.13b) 

The Bianchi equations (3.4) imply 

e -"VrWmnjT = 2er"V„lT^T,T - 2J*^, (3.14a) 

e = 2£i”^”V„*lT„T,r + 2 ^^t. (3.14b) 

Using (3.8) and (2.2) we get 

er'^^rWmnjT = -2 VtB^j + 2N-\VN A E)ij, (3.15a) 

ei"^^VT*WmnjT = 2VrEij + 2N-\VN A B)ij. (3.15b) 

Using (3.15), multiplying by taking the symmetric parts of (3.14) and using 
(3.13) now gives the identities (3.10). It is straightforward to derive (3.11) from 
(3.10) using (A. 17). □ 



Given a Weyl field IF, the covariant derivative VtIF is again a Weyl field. 
Proposition 3.1 gives the following expressions for £’(VtIF), 5(VtIF)- 

Corollary 3.2. 

E{VTW)ij = -\-cvLTlBij -^{E X k)ij + ^{trk)Eij - JiTj, (3.16a) 

B{VrW)ij = -cnrlEij - ^{B x k)ij + ]^{ivk)Bij - J*^j- (3.16b) 

where in the right-hand side, E,B,J,J* are defined w.r.t. W. 

Proof. From the definition and using (2.2) we have, taking into account the fact 
that E is t-tangent, 

E{VTW)ij = T^T^T'^V^Wi^js 

= T^'V,E{W)^j - N-^^^NW^mjT - N-^V^NWiTjn 

using (3.8) and (A.ll) 

- T‘'V,E{W)ij + N-\VN A B(W))ij, 



which gives (3.16a) using (3.10a). The proof of (3.16b) is similar. 



□ 
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4. The Bel-Robinson Energy 

Given a Weyl field W we can associate to it a fully symmetric and traceless tensor 
Q(W), the Bel-Robinson tensor, given by 

Q(IV)^/3jS = (4.1) 

Q{W) is positive definite in the sense that Q{X,Y, X,Y) > 0 whenever X,Y are 
timelike vectors, with equality only if W vanishes, cf. [5, Prop. 4.2]. Let E = E{W)^ 
B = B{W). The following identities relate QiW) to E and B. 

Q{W)tttt = \E\‘^ + |Bp, (4.2a) 

(4.2b) 



Q{W)iTTT = 2 {EAB)^, 
QC^)ijTT = —{E X E)ij 



{B X B)ij + i(|£;p + \B\^)9ij, (4.2c) 



(4.3) 



(4.4) 



where \Ef = E'^^ Eij = \E\g, and similarly for \B\^. From equations (3.8) and 
(4.2a) it follows that Q{W)tttt = 0 if and only if IT = 0. The divergence of the 
Bel-Robinson tensor takes the form [6, Prop. 7.1.1] 

and the definition of E{W) and B{W) gives 

y^Q{W)^TTT = 2P^{W)J{W)iTj + 2J5'^'(IT) J*(IT),t,. 

Let IT be a Weyl field and let Q(IT) be the corresponding Bel-Robinson tensor. 
Then working in a foliation M^, we define the Bel-Robinson energy Q{t, W) by 

Q{t,W) = [ Q{W)TTTTdllMt' 

JMt 

By the Gauss law, this has the evolution equation 

dtQ{t, W) = - [ NV^Q{W)c.TTTdfiM, 

JMt 

-3 f NQ{W)c0TTTr'^>^dfXM„ 

JMt 

where tt denotes the “deformation tensor” of T, 

The components of tt in terms of an adapted, Fermi-propagated frame are as 
follows: 



(4.5) 



(4.6) 



T^ij = -kij, TTiT = 0, (4.7a) 

TTTi = N~^WiN, tttt = 0. (4.7b) 

We will need control of g in and for this purpose we consider in addition to 
the Bel-Robinson energy of order zero, Qo{t,W) = Q{t,W), the first-order Bel- 
Robinson energy Qi{t,W) = Q(t, V tW). In the vacuum case, J{W) = J*{W) = 
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0, so we may view Qi as a function on the set of solutions to the Einstein vacuum 
constraint equations, by using Corollary 3.2 to compute FJ(VtVF),^(VtFF). 

Expanding dtQ{t,W) using (4.2), (4.4), (4.7), gives 
dtQ(t, W) = -3 f N[{E xE)-k + {BxB)-k- l{\Ef + \B\‘^)trk 

JMt 3 

- N{E A B)i]d^iM, 

-2 f N{E^i JiTj + B^^ J*rj )dfiM, 

JMt 

(perform a partial integration and use (A. 15)) 

= -3 / N[{E xE)-k + {BxB)-k- \{\E\‘^ + |B|2)trifc 

JMt ^ 

- 2curlF^ • B + 2E • curlB]d/iMt 

- 2 [ N{E^^JtTj + j:^^)diiMt • (4.8) 

JMt 

It is straightforward to show that this expression agrees with that obtained after 
a direct computation of dtQ{t,W) using (3.11). 

Let r = trk and specialize to a constant mean curvature foliation {Mr} in 
the following. With the discussion in Subsection 2.2 as a guide we introduce the 
following quantities which vanish when evaluated in the standard foliation on a 
hyperbolic cone space- time, namely the “trace free” part ^ of tt, 

^a/3 = 7Ta/3 + + TaT/?) (4.9) 



and the “perturbed” part of the lapse, 

N = N-\. 



(4.10) 



In the following Lemma we record the form of drQi, i = 0, 1 which will be 
used in the global existence proof. 



Lemma 4.1. In a vacuum space time, the BeERobinson energies Qj(t, W), j = 0,1 
satisfy the following evolution equations. 



drQo{T, W) = -Qo{t, W)-3 f NQ{W)a0-yS7r'^^T->T^dtiM. 

JMr 

■ / NQ{W)TTTTdpMr-> 

JM-r 



-h r 



(4.11) 
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drQi{r,W) = -Qi{t,W)-2 f NQ, {W)dpiM^ 

T Jm^ 

JMt 

5t f 

— / NQ(VTW)TTTTdflM-r^ 

JMr 



where 



gi{w) = E{VTwy^(j{VTW)iTj + 

+ B{VTwy\r{VTW)iTj + ^BiVrwyj). 



In particular, 



(4.12) 



(4.13) 



J{^TW)iTj + '"-E{WTW)ij = + \{E X E)ij - |(B X B)^ 



(4.14a) 

r{^TW)iTj + ^B(VTW)ij = + 3{E x B)ij (4.14b) 

where 

- k^krsEij + k^^ksiErj + k^^k.^e^i^eJjEnp 

- N-^V^N(VrEij + k/e,i^B„j + k,^e,y^Bni) (4.15a) 

Tr^^'^p*Wo.iTj = t^Vsitri^Er^j) 

- k^krsBi, + k^ksiBrj + k^^k,^e,,^ejBnp 

- N-^V’^NiVrBij - k/e,i^Enj - k/e,j^Er,i) (4.15b) 

Remark 4.1. In the proof of the main theorem, it is of central importance that 
the terms in (4.14) are quadratic in tt,VW,W . This has the consequence that the 
term given by (4.13) can be treated as a perturbation term in case of small data. In 
particular the terms ^WodTj ci'nd ^*WaiTj when expanded are seen to be 
of third-order in N~^ViN, kij, Eij, Bij and of second-order in kij,ViEjk, ViBjk- 
We will not make use of the explicit expression for dtQi, but for completeness, it 
is given in equation (4.19) below. 

Proof. In order to evaluate DivQ{'VTW){T,T,T), we need 
J{VTW)iTj and r{VTW)iTj. 

A computation gives 

+ T‘'RS^,Wp^^s + (4-16) 

+ T‘'Ry^^,Wc,0ps + T-Rs^lw^0^p, 
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Note that in vacuum, J{W) = 0 and Ra/s^yS = "^a/3-yS’ Substituting R for W in 
(4.16) and using (3.8) to rewrite the terms quadratic in W gives (4.14a). A similar 
calculation for J * taking into account the fact that in this case, R = W 
and are distinct, gives (4.14b). It is now straightforward to check that (4.11) 
and (4.12) hold, given the definition of Q\ in (4.13). □ 

One can decompose equations (4.14) into symmetric and antisymmetric parts 
to obtain the analogues of equations (3.9) and (3.10). Setting J{W) = J"'{W) = 0 
for the vacuum case, defining Eij = E{VrW)ij and Bij = B{WTW)ij and writing 
Eij\f^ and for V k Eij and VkBij respectively we get, first for the symmetric 

parts (the analogues of equations (3.11)), 

N-^Ca,Eij = + OiAE^'^Eim + + k‘"^Eim - 

+ 2Ei0'^ki^) - SEuE^j - Zk^'^Emj 

- Sk^^Emi - K^kjEim + ^BuB\ 

{Bi^^ — kmsB j|() + —QikC {Bj^^i — kmsB^j^i) 

+ N-^N'‘E,,^i - ^k/k^E,^ - ^k^^k.^Ejm 

+ itvk)[3Eij + ^k^Ejm + ^kj^^Eim - 2{trk)Eij - gijk‘^Eim] 

+ N-^N^^[Brekjrki'^ + Bjek^rkl^ - erjiB\ - eruB^] 

+ N ^ CxEij (4.17a) 

N-^CaAj = 2Bijk‘”^kim + gij[2B^^Eim + k^^kJ^Bi^ + 

+ - 3B7£;i„ - ZB^Ej^ - Zk^Bi, 

- 3k/Bii - k,‘k/Bis + kijk^^Bim 

- \{kjmk^^Bn + k,mk^^Bi,) 

- \gike^'^'^{Emj\i - k^Esj\i) - - k^E,,\i) 

+ {trk)[3Bij + ^kjBij + ^k/Bn - 2{trk)Bij - gijk'-'^Bim] 

- N-^N\^[E\Ckjrk\ + EjCkirk\ - CrjlE\ - erilE^j] 

+ N~^CxBij (4.17b) 

and then for the antisymmetric part (the analogues for equations (3.9)), 

Ej '■"' = kpBmre^i^ - kj^E^J^ + (trfc)e*™”fc„*B«„ - k^ki^B^je^^^ (4.18a) 
Bj IJ' = -kj'^Emre^^^ - kj^B^J^ - {tvk)e^^^k^Esn + k\ki (4.18b) 
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The formula for dtQi that is analogous to that given above for dtQ is given 
explicitly as follows, 

Jm . 

= 2/ Mg 

Jm I 



+ ATMp(trfc) 

+ ggN\^ {E^^Eij\, + B^^Big\e) 

+ 2Npig [km^k^'^) (E^^Eig + 

- 4ATMgfcj + B\b(\ 

+ NfXg 



ZNfig \e^^EuE‘ - P^BieB^j + 2B^^ B^^Eu 



ZN\te^^^^BrrPig + 2 AtK E}Bric'^^^{kek + ^ 3 ifc(trfc)) 



-^Erie^^^'ikke + -^9ki{tTk)) Hg 



- NfXgk^^k [E^^Eim + B^^Bem\ 

- hNUgkfk'^iE^^Eirr^ + B^^Bim) 



4.1. The scale-free Bel-Robinson energy 

In the rest of Section 4, let n = 3, and assume (M, g) is a. vacuum space-time with 
a CMC foliation {Mr} with r = trfc < 0. Let Waff-^s = i?o/37« be the Weyl tensor 
of (M,g). Then W satisfies the homogeneous Bianchi identities, i.e., J{W) = 
J*(U^) =0. 

Since we will be estimating geometric quantities in terms of Qo, Qi via 
Sobolev inequalities which depend on scale, we need scale-free versions of these 
energies. It follows from the definitions that the following variables are scale-free 
if A has dimensions (length)~^. Here indices refer to a coordinate frame. 



9ab — ^ 9 ah') 


fat ^ 


(4.20a) 


f^ab — ^^ab') 


irk = A~^tr/c, 


(4.20b) 


N = X^N, 


fig = X fig. 


(4.20c) 



Note that trfc has dimensions of (length) ^ while we treat spatial coordinates as di- 
mensionless quantities. The Weyl tensor in the (3,l)-form is conformally invariant, 
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and hence the Bel-Robinson tensor is also conformally invariant, and in particu- 
lar scale- free. From this can be seen that the Bel-Robinson energies Qo, Qi have 
dimensions (length)~^ and (length)~^ respectively, so that the expressions 

= z = 0 ,l, 



are scale-free, i.e., Qi is precisely given by Qi evaluated on the scale- free variables 
k etc. In the following we will use the scale factor A, defined by 



|tr/c| 

"" ~Y~ 



irk 

T 



(4.21) 



The scale-free energy function which will be used in the proof of global exis- 
tence is the sum of Qo and Qi, 



£ = Qo-^Qi^ (4.22) 

It is convenient to introduce the logarithmic time a = — ln(— r). Then a y" oo as 
r Z' 0. The logarithmic time a has the property that da = —rdr is scale- free, so 
that for example da£ is scale- free. 

4.2. The Hessian of the Bel-Robinson energy 

Let M be a compact 3-dimensional manifold of hyperbolic type and let 7 be the 
standard hyperbolic metric on M. Let (:^ 7 , 77 ) be data with mean curvature r 
for the hyperbolic cone space-time (M, 7 ). For s > 3, let be the local slice 
for the action of on the constraint set at the hyperbolic cone data with 

mean curvature r. 

The energies Qo^Qi^E may be thought of as functions on the constraint set 
by using equations (3.6) and (3.8). The following lemma is a straightforward 
consequence of the Sobolev embedding theorems. 

Lemma 4.2. The scale-free energies Qo{t,W),Qi{t^W),£{t,W), are func- 
tions on and . 

It is clear that at data corresponding to a fiat spacetime, QotQi,£ and 
their first Frechet derivatives are zero. Let HessQo (75 — 7 ) denote the Hessian of 
the function Qo, evaluated at ( 7 ,- 7 ). A computation shows that for (h,p) G 
r-r.-y)T^-n, 

HessQo{^,--y){{h,p),{h,p)) = ^\\Ah\\l 2 +{Ap,p)l 2 + ^\\h + 2 p\\\ 2 , 

where A is given by (2.19), and || • ||l 2 ,(-,*)l 2 denote the L^-norm and inner 
product defined with respect to 7 . Recall that ker A = {0} if and only if M is 
rigid. It is now straightforward to prove the following Lemma. 

Lemma 4.3. Let M be a compact hyperbolic 3-manifold. The Hessian of the scale- 
free Bel-Robinson energy Qo, defined by equation (4.22), considered as a function 
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on S_ 3 , evaluated at the standard data ( 7 ,- 7 ), satisfies the inequality 

HessQo(7,-7)((/i,P),(/i,P)) >C{\\h\\]j2 +|b|||fi), (4.23) 

if and only if M is rigid. The constant C depends only on the topology of M . □ 

Consider a solution h of the linearized Einstein equations on the hyperbolic 
cone space-time (M, 7 ). The derivative of the Weyl tensor in the direction of /i, 

W' = DW[y].h, 

is a Weyl field on (M, 7 ) which satisfies the homogeneous Bianchi equations, 

J{W') = r{W') = 0, (4.24) 

Let E{W'),B{W') be the electric and magnetic parts of W' at M_s C M. Then 

DE{VtW)\^Ti = E{VtW'), DB{VtW)\^}i = B{VtW'). 

Recall that the second fundamental form of M _3 is k = — 7 . This implies using 
(3.9), (4.24), 

div^(VrW") = divB(VrfE') = 0, (4.25) 

which shows that E{VtW') and B{VtW^) are TT-tensors. It follows from Corol- 
lary 3.2, using k = —7 and (4.24), 

E{VtW) = +curlB(VF') + ^trkE{W'), 

B{VtW') = -cmlE{W') + ^tTkB{W'). 

The scale- free Bel-Robinson energy ^ is a smooth function on E^. Using the above 
it is straightforward, using (A. 23) to prove that the Hessian of S is positive definite 
on X in case M is rigid. We state this as 

2 

Theorem 4.4. The Hessian Hess£^ on E^-, evaluated at the standard data (^ 7 , § 7 )? 
satisfies the inequality 

Hess£{^'r,h)iih,p),{h,p)) > C{\\h\?m + \\p\\h), (4-26) 

if and only if M is rigid. The constant C depend only on the topology of M . 

Results analogous to Theorem 4.4 can easily be proved for even higher-order 
Bel-Robinson type energies. This will not be needed in this paper. 



5. Estimates 

In this section we will introduce a “smallness condition” on the vacuum data {g^k), 
under which we are able to control all relevant geometric quantities in terms of 
the energy function £ defined in Section 4.1. Recall the definition of the slice E^- 
in Section 2.3. In particular, vacuum data {g, k) G E^ satisfy the CMCSH gauge 
conditions. 
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Definition 5.1. Let (^, k) he a vacuum data set on M with mean curvature r. Let 
A he given hy (4.21) and let (g, k) he the rescaled metric and second fundamental 
form as defined in (4.20). Let B{a) he the set of (g,k) G so that 

\\9-1\\h^ + 11 ^ + 711^2 < a. 

We will say that {g^k) satisfies the smallness condition if (g^k) G B{a). □ 

The smoothness of the scale- free Bel-Robinson energy S, Lemma 4.2, together 
with the fact that the Hessian of £, the scale- free Bel-Robinson energy restricted 
to the slice Sr, is positive definite with respect to the Sobolev norm x 
Theorem 4.4, implies, by Taylor’s theorem, the following estimate. 

Theorem 5.2. Assume that M is rigid. There is an a > 0 so that for {g, k) G B{a), 
there is a constant D{a) < oo, depending only on a and the topology of M , such 
that 

D{a)~'^£(g, k) < \\g - 7||^3 + ||fc + 7||^2 < D{a)£(g, k). (5.1) 

In view of the analysis of the elliptic defining equations for N, X in [1], there 
is a neighborhood of ( 7 ,- 7 ) in such that 7V,X are small in VF^’^-norm, 

defined by \\f\\^i,oo = ||/||l°° + \ \Df\\L^. It is straightforward to check 

Corollary 5.3. Let a > 0 he such that the conclusion of Theorem 5.2 holds. There 
is a constant S > 0 so that for (^, k) G B{a) with £{g, k) < 6, it holds that 

max(A, ||^||l«=) < 1/^- 

Lemma 5.4. Let a > 0 he small enough so that the conclusion of Theorem 5.2 
holds. Let (^, k) G B{a) and let N, X he the corresponding solutions of the defining 
equations (2.8). Then there is a constant C such that 



llfclk- 


> < 


(5.2a) 




> < C£, 


(5.2b) 


l|wiu- 


> < C£, 


(5.2c) 




. < Cfi. 


(5.2d) 



Proof. The inequality (5.2a) follows from the definition of B and Sobolev embed- 
ding. The Lapse equation (2.8a) implies by the maximum principle. 




which gives (5.2b) after rescaling. A standard elliptic estimate gives (5.2c). Finally, 
(4.7) together with the above estimates yield HttHloo < C{£^ +^), which after 
using the smallness assumption and redefining C gives (5. 2 d). □ 
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5.1. Differential inequalities for the rescaled Bel-Robinson energies 

In this section we will estimate the time derivatives d^Qi of the scale- free Bel- 
Robinson energies with respect to the logarithmic time a defined in Section 4.1. 

Lemma 5.5. Assume {g, k) G J3{a) for a sufficiently small so that the conclusion 
of Theorem 5.2 holds. Then 

daQo{<r, W) < -(2 - 2C£^/^)Qo, (5.3) 

Proof. Replacing all the fields in the RHS of (4.11) by their scale- free versions, 
noting in particular that f = —3 and t < 0, we get 

<9(7 Qo = — 2Qo H" 

where Fi is the scalefree version of 

F, = -9 f NQabcd^^'’rT’^dnM. +3t f NQtttt 

JMr 

The maximum principle applied to the Lapse equation (2.8a) implies, after a rescal- 
ing, that iV < |. This gives the estimate 

A<C(||^||loo + ||7^|Uoo)Qo(t,IT). 

To finish the proof note that by Lemma 5.4, 

II^IUoo 

using the smallness assumption. We write the resulting inequality in the form (5.3) 
for convenience. □ 

Remark 5.1. The proof of Lemma 5.5 gives the inequality 

^ “(2 — C'(||'^||loo + ||-^||l°°))Qo? 

which is valid without the smallness assumption. □ 

Lemma 5.6. Assume {g, k) G B{a) for a sufficiently small so that the conclusion 
of Theorem 5.2 holds. Then 

da£ < -{2-2C£i)S. (5.4) 

Proof. In view of the smallness condition, the inequality (5.2b) and Lemma 5.5, 
we only need to consider daQi- We proceed as in the proof of Lemma 5.5, using 
the scale- free version of (4.12) taking into account f = —3, we get 

d(jQi = —2Qi -f- p2 
where F 2 is the scale-free version of 

F2 = -6 / Ngi{W)dfiM. ~ 9 f NQ{VTWUcd7r^^T^T‘^d,iM^ 

JMr JM^ 

I NQ{V tW)tttt 

J M-r 
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We see that in order to estimate F 2 , we need to estimate Gi{W), which is given in 
Lemma 4.1. Taking into account the detailed structure of Qi, cf. Remark 4.1 we 
get the estimate 



J Ng,{W) < c[||7r||oo(l + ||fc||oc)(Qo + Qi) 

+ / 7V|i;(VTPr)|(|£;(PF)|2 + \B{W)\^)d^lM^ . 

JM-r -• 

By the Holder inequality, 

J \E{VtW)\{\E{W)\^ + \B{W)\^) < CQY\\\E{W)Wh + \\B{W)\\l,). 

By the Sobolev inequality, we may bound the scale-free version of 

mw)\\h + \\B{w)\\i, 

by CS. We now have the estimate 

JnGi<C (||#|| oo (1 + ||fc||oo)f + ( 5 . 5 ) 

< (5.6) 



for {g,k) G B(a). Proceeding similarly with the other terms in F 2 yields an in- 
equality which we write in the form (5.4) for convenience. □ 



6. Global existence 

Fix To < 0 and let {g{ro), k{ro)) be data for Einstein’s equations with mean cur- 
vature To and assume that {g{ro), k{ro)) G B(a) for an a > 0 small enough so that 
the conclusion of Theorem 5.2 holds. 

We have seen above that for small data, the second-order scale-free Bel- 
Robinson energy £ satisfies the differential inequality (5.4). We will use this to 
prove 

Theorem 6.1 (Global existence for small data). Assume that M is rigid. Let a > 0 
he such that the conclusion of Theorem 5.2 holds. There is an e e (0, a) small 
enough that if {g^ ^ k^) G B{e), then the maximal existence interval in mean curva- 
ture time r, for the vacuum Einstein equations in CMCSH gauge, with data (g^, k^) 
is of the form (T_,0). In particular, the CMCSH vacuum Einstein equations have 
global existence in the expanding direction for initial data in B{e). 

Here e can be chosen as 

e = D{a)~^ min((5, C~^), 

where D{a) is defined in Theorem 5.2, S > 0 is given by Corollary 5.3, and C is 
the constant in (5.4). 
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Proof. Under the assumptions of the theorem, by Theorem 5.2, 

£{g^, k^) < min(5, C~‘^) ( 6 . 1 ) 

holds. Thus the conclusion of Corollary 5.3 holds. By the definition of B{a) we 
may apply Theorem 2.1 to conclude that there is a nontrivial maximal existence 
interval (T_,T+) in mean curvature time r, with T+ < 0, for in x 

We will assume T+ < 0 and prove that this leads to a contradiction, using energy 
estimates and the continuation principle. 

Let y{a) be the solution to the initial value problem 

^ = -2y + 2Cy^/^, y{ao) = yo- ( 6 - 2 ) 

da 

Then if yo = £{g^, k^), is such that y{a) < oo for cr G [<Jo, a-^], we have 

£{cr) < y{a), a G [ao,a^). 

The solution to (6.2) is 

if yo < and in this case y{a) < y{ao) for a G (< jo , oo ). This means that if 

(6.1) holds at a = ao, it holds for a G [cro,cr+). By Theorem 5.2, this implies that 
11^ — 7 II //3 + 11^ + 7 II //2 is uniformly bounded for a G [cro,cr_^). By Corollary 5.3, 
this implies that the inequality 

sup (A[g] + ||-D 5 ||l~ + ||fc||L->) < 

<re[cro,a-^) 

holds. 

In view of the continuation principle. Point 2 of Theorem 2.1, this contradicts 
the assumption that (T_,T+) is the maximal existence interval in mean curvature 
time T, with T+ < 0. It follows that T+ = 0 which completes the proof. □ 

6.1. Geodesic completeness 

Theorem 6.2. Let {M,g^,k^) and (M,g) be as in Theorem 6.1. Then (M,g) is 
causally geodesically complete in the expanding direction. 

Proof. By Theorem 6.1, (M,g) is globally foliated by CMC hypersurfaces to the 
future of (M, g^,k^), i.e., in the expanding direction, with t = trk /" t^ =0. 

Let c(A) be a future directed causal geodesic, with affine parameter A. Let 

{«,«>= I , 

be the normalized velocity, where (*, •) = ^(-, •). The geodesic equation is 

VuU = 0. 

As c is causal, we may use t as parameter. Let 

vP = dt(u) = — . 



(6.3) 
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In order to prove geodesic completeness in the expanding direction, it is sufficient 
to prove that the solution to the geodesic equation exists for an infinite interval of 
the affine parameter, i.e., \imt A(t) = oo or 



1 . f' d\ , 

lim / —-at = oo. 



or using the definition of 



ty't* Jt. 



Suppose that we are able to prove that Nu^ is bounded from above as t 
Then (6.4) holds precisely when 



lim / Ndt = oo. 

Jto 

For a function / on M, we have 

dfjcjt)) ^ dx df{c{t)) _fdty^ dfjcjt)) 1 ^ 

dt dt dX \d\) d\ ^ ^ ^ 

A calculation in local coordinates using the 3 -h 1-form of gives = —N6^^ 
where 5^^ is the Kronecker delta, i.e., (T, V) = -Ndt{V) for any V. This shows 
that 

-Nu^ = (u,T), 



u = Nu^T -h r, ( 6 . 6 ) 

where Y is tangent to M. Let e = 0, 1. Then by assumption, {u,u) — |e| which 

using (6.6) gives 

\Y\l=N\u^f-\e\. 

In particular, we get the inequality 

\Y\g < NvP. (6.7) 

A computation in a Fermi propagated frame gives using (6.6), 

WuT = NvPN-^WiNei - hjY^e,. ( 6 . 8 ) 

By our choice of time orientation we have A > 0 and > 0 and tvk < 0. 

We now compute using VuU = 0, (6.6) and (6.8) 

^ln(7Vu°) = -^1(«,T) = --^{uSuT) 



NvP dV ' ' N{vPy ' ’ “ ' 

-k„Y-Y>) 

+ ATi 21 Zi + _Z!I_ 

NvP NvP Nu^ 3 A^2(u0)2 
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use (6.7) and trk < 0, 

< IIVAIIloo.^ -f \\Nk\\i^oo.g 

use scaling properties of N/k,g, cf. Section 4.1, 

with A = tr/c/3 = t/3. By the proof of the global existence result Theorem 6.1, 
we have £{t) < Ct^ and g is close to 7 . Therefore by Sobolev embedding, we can 
relate the norms w.r.t. g to the norms w.r.t. 7 and we get 

^ln(ATuO) <c(||W|U=o +A-i||iV^|U~). 

Now an application of the estimate (5.2) together with the decay of S gives 

IIWlUoo <Ct^ 

\\Nk\\L^ < Ct, 

which in view of = 3 gives 

\n{Nu^){t) - \n{Nu^){to) < C, 

and hence ln{Nu^) < C for some constant C as t y' = 0. 

We have now proved that Nu^ is bounded from above and therefore it is 
sufficient to prove that 

lim / Ndt = 00 . (6.9) 

Jto 

Write A' = iV + ^ as in (4.10). Using (5.2) and the scaling rule (4.20) to estimate 

N gives N > C as t y = 0. This shows that (6.9) holds and completes the 

proof of Lemma 6.2. □ 
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Appendix A. Basic definitions and identities 

A.l. Conventions 

We begin by recalling some basic facts and definitions. We use the following con- 
ventions for curvature. 

The Riemann tensor is defined by 

R{X, Y)Z = Vx^yZ - Vy^xZ - V^x,y]Z. 

In a coordinate frame {ca} we have 

- VfeVaZ''. 

This gives the conventions for index calculations 

[Va, Vfcjtc = (A.l) 

= (A.2) 

The Ricci curvature and the scalar curvature are defined (in an ON frame) by 
Ric(A, Y) = '^{R{e,,X)Y, e,), (A.3) 



Seal = Ric(ej, Cj), 



or in index notation 



Note also 



Rij — 9 Rikjl ■) 



R = g^^R^j. 



Ric(V,y) = tr(Z R{Z,X)Y). 

The Riemann tensor satisfies the Bianchi identities 

[e^ab]cd ~ eRahcd T ^ aRbecd ^ bReacd) — 0- 

The trace free part of the Riemann tensor in an n-dimensional manifold is 



Cabed — Rabcd ^ ^ (^{.Qacf^hd “1“ Qbd^ac Qbc^ad Qad^bc) 



1 (A.5) 

The totally anti-symmetric tensor e in dimension 3 -h 1 satisfies the identities 

^ ^/3i/32/33/54 



ai 0:20:30:4 



Oi O2O3O4 



^0102/33/54 2 det( 5 ^J )^^ji=3 4, 

€010203/34 — — 6 ( 5 ^^, 



(A. 6a) 



'^01020304 
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In an ON frame adapted to a spacelike hypersurface M in a 3 + 1-dimensional 
manifold we define (c.f. [6, p. 144]) 



^ijk — ^Tijk' 




(A.7) 


= det((5*;“)fc,;=i,2,3 




(A.8a) 


= det((5}f)fe,(=2.3) 


= 24 ? <>5:'. 


(A.8b) 


^ “ J3’ 




(A. 8c) 


. . _ C 




(A.8d) 



In dimension 3 we have the duality relations 

^ab — ^ab Vm-) 



for ^ab = ^[a6], where 




A.2. Operations on symmetric 2-tensors 

Define the following operations on symmetric 2-tensors on a 3-dimensional Rie- 



mann manifold: 

A-B = AabB°-\ (A.9) 

{AAB)a = eJ>‘^At,‘^Bac, (A-10) 

{v A A)ab = da'^VcAdb + ^b’^VcAad, (A.H) 

(A X B)ab = AceBdf + ^(A • B)gab ~ ^{tr A) (trB) gab, (A. 12) 

cmlAab = ^{Ca^^^VdAcb + e^^^VdAca), (A. 13) 

divAa = V>Aab. (A-14) 

The operation A is skew symmetric, while x is symmetric, and the identities 
A’{vAB) = -2v^{Aa B) 

A • (^ X C) = (A X B) • C (if trA = trC = 0) 

hold. The expression A x B can be expanded as 



{A X B)ab — A^Bcb + Ai^^Bca 

- “^{A ■ B)gab + ^(trA){tTB)gab ~ {trA)Bab ~ {trB)Aab- 

A computation shows 

div(A A B) = — (curlA) • B + A • (curlB). 



(A.15) 
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Let A be a symmetric covariant 2-tensor on M and suppose A is t-tangent, 
i.e., = 0. Then in a Fermi propagated frame, 

^xAij = T Aij (A. 16) 

^dt^ij — N'^tAij — V ^(/c X A)ij ' ^)9ij 



--{trk){tTA)gij + {tr A)kij -h {tTk)Aij 



(A.17) 



Define the covariant exterior derivative d^u on symmetric 2-tensors by 

(d ^ (A. 18) 

The operators curl, div, are related by [ 6 , p. 103] 

d^Ukij = ^curlufc; + i(divum - e\j. (A. 19) 

Taking into account the symmetry of curl this implies 

\d'^u\‘^ = 2 (|curlup -h ^|divu — Vtrup). (A. 20) 

If u has compact support then in dimension n, 

[ \d^uf = 2[ IVup- 2 / |divupT 2 / (A. 21 ) 

Jm Jm jm Jm 

This leads to, if tru = 0, 

f (|Vw|2 + - ii?|w|^) = [ (Icurltxp + ||divwp), (A.22) 

in case M is of dimension 3. If we further restrict to (M, 7 ) with 7 hyperbolic, so 
that R[y] = — 6 , we get 

f (jcurlup -h ^|divup) = f (|Vup — 3|u|^). (A. 23) 

J M 2 
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The Cauchy Problem on Spacetimes 
That Are Not Globally Hyperbolic 

John L. Friedman 



Abstract. The initial value problem is well defined on a class of spax:etimes 
broader than the globally hyperbolic geometries for which existence and 
uniqueness theorems are traditionally proved. Simple examples are the time- 
nonorientable spacetimes whose orientable double cover is globally hyperbolic. 
These spacetimes have generalized Cauchy surfaces on which smooth initial 
data sets yield unique solutions. A more difficult problem is to characterize 
the class of spacetimes with closed timelike curves that admit a well-posed 
initial value problem. Examples of spacetimes with closed timelike curves are 
given for which smooth initial data at past null infinity has been recently 
shown to yield solutions. These solutions appear to be unique, and unique- 
ness has been proved in particular cases. Other examples, however, show that 
confining closed timelike curves to compact regions is not sufficient to guaran- 
tee uniqueness. An approach to the characterization problem is suggested by 
the behavior of congruences of null rays. Interacting fields have not yet been 
studied, but particle models suggest that uniqueness (and possibly existence) 
is likely to be lost as the strength of the interaction increases. 



1. Introduction 

Motivating the definition of a globally hyperbolic spacetime are two facts: On glob- 
ally hyperbolic spacetimes, wave equations have a well-defined initial value for- 
mulation; and the ordinary causal structure of a globally hyperbolic spacetime 
mirrors the ordinary causal structure observed in the universe. The requirement 
that the initial value problem be well defined, however, picks out a broader class 
of spacetimes. And the causal structure of the physical universe on the largest and 
smallest scales may not conform to that of a globally hyperbolic spacetime. 

In particular, a class of spacetimes that are not globally hyperbolic and nev- 
ertheless admit a well-defined initial value problem are Lorentzian 4-geometries 
with a single spacelike boundary - Lorentzian universes- from-nothing (Friedman 
and Higuchi [1, 2]). These are the metrics that arise in a Lorentzian path-integral 
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construction of the Hartle-Hawking wave function of the Universe. There is large 
class of such geometries, spacetimes that are compact on one side of a spacelike 
boundary. A simple two-dimensional example, considered in more detail below, is 
a Mobius strip with a flat Lorentz metric, for which the direction orthogonal to the 
median circle is timelike. On each underlying manifold of such a spacetime, one 
can choose metrics that have no closed timelike curves and for which the bound- 
ary remains spacelike; time nonorientability is then its only causal pathology. With 
metrics so chosen, these spacetimes provide the only examples of topology change 
in which one has a smooth, nondegenerate Lorentzian metric without closed time- 
like curves. The initial value problem for these spacetimes is discussed in Section II. 

The more difficult problem is to characterize the class of spacetimes that 
have closed timelike curves (CTCs) and that nevertheless allow a well-defined ini- 
tial value problem for hyperbolic systems. This brief review outlines recent work 
that has been done in proving existence and uniqueness of solutions to the scalar 
wave equation on a class of spacetimes with closed timelike curves. Section III 
introduces the subject with several two-dimensional examples that are easily an- 
alyzed and illustrate the obstacles to the existence of a generalized initial value 
problem. These obstacles are less severe in four dimensions, and Section IV consid- 
ers four-dimensional examples in which existence and uniqueness theorems have 
been proved. These 4-dimensional examples are so far restricted to stationary, 
asymptotically flat wormhole spacetimes, with data specified at past null infinity: 
Friedman and Morris [24] proved existence and a weak uniqueness theorem for a 
massless free field on a class of such spacetimes, in which the CTCs loop through 
a static wormhole. More recently, Bachelot[19] proved existence and uniqueness 
for another class of stationary, asymptotically flat spacetimes. Finally, Section V 
outlines the heuristic arguments that have been made for the existence of a well- 
defined initial value problem in a much broader class of spacetimes. The section 
concludes with two conjectures that would partly characterize such a class. 

Let us first generalize the definition of a Cauchy surface to allow spacetimes 
that are not globally hyperbolic. Let M, ^ be a smooth spacetime, a manifold M 
together with a Lorentz-signature metric g. Recall that a set S' C M is achronal if 
no two points are timelike separated. [3]) 

Definition. A generalized Cauchy surface E is an achronal hypersurface of M for 
which the initial value problem for the scalar wave equation is well defined: 

For any smooth data in L 2 (E) with finite energy, for a scalar field there is a 
unique solution ^ on M. 

One can then ask what the class is of spacetimes for which the initial value 
problem is well defined. To see that this class is larger than the class of globally hy- 
perbolic spacetimes, we begin with the time non-orientable spacetimes mentioned 
above. 
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2. Time-nonorientable spacetimes with a well-defined 
initial value problem 

We begin with a two-dimensional example and then describe a general class of 
geometries on a countably infinite set of 4-manifolds. Consider the Mobius strip 
M with a metric for which its median circle is spacelike. One can construct such 
a 2-dimensional spacetime from a cylinder M = M x *9^, with an obvious choice of 
Minkowski metric that makes copies of M into timelike lines orthogonal to copies of 
S^.ln terms of the natural chart onM, the metric is —dt^-\-a^d(j)^^ some length 

a. To construct the Mobius strip, identify each point (t, (j)), with its antipodal point 

( 1 ) 

The Mobius strip is the quotient space M = M/A\ because A is an isometry, M 
inherits a flat Lorentzian metric for which its median circle E (the image of the 
circle ^ = 0) is spacelike. 

It is easy to see that the median circle E is a generalized Cauchy surface (as 
is any boosted image of it). Initial data is a pair (with V the 2-dimensional 

gradient) on E. Data on E lifts to initial data on a Cauchy surface E of the cylin- 
der, and the data is antipodally symmetric. Because the the cylinder is globally 
hyperbolic, there is a unique solution ^ to the wave equation with this data, and 
that solution is itself antipodally symmetric. Thus there is a field ^ on the Mobius 
strip, whose lift to the cylinder is and ^ is the unique solution to the wave 
equation on M with the specified initial data. 

In this flat example, the Mobius strip has closed timelike curves (CTCs) and 
is time-nonorientable. If one chooses a deSitter metric on the cylinder instead of 
the flat metric, the antipodal map remains an isometry, and the Mobius strip 
inherits a local deSitter metric, a metric for which it has no CTCs. (CTCs arise 
from timelike lines that emerge in opposite directions - forward and backwards 
with respect to a locally defined time direction; in the deSitter geometry circles far 
from the median circle are large, and they expand fast enough that the timelike 
lines never meet.) In both the flat and the deSitter case (i.e., with and without 
CTCs), because the orientable double-cover of M^g is globally hyperbolic, the 
spacetime has a generalized Cauchy surface. 

More generally let E be any 3-manifold that admits a free involution, a diffeo I 
that has no fixed points. There are countably many spherical spaces and countably 
many hyperbolic spaces that admit such involutions. As in the above construction, 
one defines on a cylinder M = M x E an antipodal map A = Tx I, where T : M — > R 
is time reversal: 



A{t,p) = {~t,I{p)). (2) 

A is again a free involution, and the manifold of the spacetime is again the quotient 

M = M/A. (3) 
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We will choose a metric for which the 3-manifold E = {0}xS/Aisa gen- 
eralized Cauchy surface. Any metric ^ on M, for which each of the surfaces cor- 
responding to {t} X E are spacelike, will do. The pull-back of ^ to M is a metric 
for which M is foliated by the spacelike hypersurfaces {t} x E and is therefore 
globally hyperbolic. (For example, let be any Riemannian metric on E, its 
pull-back to M. The metric —dt^ -\-^g on M is antipodally symmetric and induces 
a suitable metric on M.) 

By our construction of g, the antipodal map A is an isometry. Again, the lift 
to E of data on E is an initial data set that is antipodally symmetric 

(invariant under A). Because M,g is globally hyperbolic, this data has a unique 
time evolution, because both the data and the spacetime M, g are antipodally 
symmetric, $ is antipodally symmetric. The field ^ is therefore the lift to M of 
a solution $ to the scalar wave equation on M. Finally, ^ is unique because $ is 
unique. 

Classically, spacetimes of the kind considered in this section (nonorientable 
spacetimes whose orientable double cover is globally hyperbolic), are locally indis- 
tinguishable from their covering spacetimes. Treatments of classical spinor fields 
and of quantum field theory on such spacetimes are given in Refs. [4, 5, 1] 

3. Two-dimensional spacetimes with closed timelike curves 

On spacetimes with CTCs, the initial value problem is more subtle. Simple ex- 
amples show that some spacetimes with CTCs have a generalized Cauchy surface; 
but the Cauchy problem is not well defined in generic two-dimensional spacetimes, 
and other examples in this section illustrate several essentially different ways in 
which CTCs can block the existence of smooth solutions or allow more than one 
solution for the same initial data on a spacelike surface. 

We again begin with two-dimensional spacetimes, built from Minkowski 
space. Obstacles are most severe here, and we will see that some can be over- 
come in higher dimensions. First a familiar case in which one’s naive expectation 
of the way CTCs prevent solutions is fullfilled. Identify the edges of the strip of 
Minkowski space between two parallel, straight timelike lines, t = 0 and t = T: 

{t = 0,x) = {t = T,x). (4) 

Here the only candidates for an initial value surface are spacelike lines E extending 
to spatial infinity. Minkowski space M covers this spacetime, and data on any one 
of the spacelike lines of M that covers E can be uniquely evolved in the covering 
space, but the resulting solution corresponds to a solution on the original spacetime 
only if it is suitably periodic. It must have the same value on each covering line 
E; and almost no data yields such a solution. This is essentially the grandfather 
paradox: Locally one can construct a unique solution on M; but when extended, 
the locally evolved solution returns to E with a value that is inconsistent with its 
initial data. 
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Flat cylinders with infinite extent in a timelike direction are obtained by 
identifying the left and right edges of the strip of Minkowski space between two 
parallel straight spacelike lines, x = 0 and x = d, after a time translation by r: 

(t, X == 0) = (t + r, X = d). (5) 

For T > d, lines joining identified points are CTC’s. These spacetimes are every- 
where dischronal: A CTC passes through every point, and there is no candidate for 
an initial value surface - no complete spacelike surface transverse to all timelike 
curves. On spacetimes with no generalized Cauchy surface, one can ask a related 
question, more closely tied to our knowledge of the universe’s causal structure: 
whether the spacetime is benign [6]. A spacetime is benign if, at each point x, 
there is a finite spacelike surface S containing x for which arbitrary smooth data 
on S can be extended to a solution on the spacetime. For the massive wave equa- 
tion, the cylinder spacetimes seem not even to be benign: A single massive particle 
leaving any spacelike surface S can be aimed to return to the surface at a point 
different from the one from which it left. 

Problem: Prove (or disprove) the conjecture that the fiat cylinders, given by the 
identifications (5), are not benign for the massive scalar wave equation. 

One spacetime M, g that avoids the problems so far encountered - the grand- 
father paradox and the lack of a candidate Cauchy surface - is akin to spaces dis- 
cussed by Geroch and Horowitz [10] and by Politzer[8j. Heuristically, as illustrated 
in Fig. 1, one removes from Minkowski space two parallel, timelike slits that are 
related by translation along a different timelike direction. The inner edges of the 
two slits are then glued; and the outer edges of the two slits are similarly glued. 
The formal construction and details of the initial value problem outlined below 
are given in Friedman and Morris [24]. Analysis of the initial value problem for a 
related spacetime with spacelike slits is given by Goldwirth et al.[ll] 

Because corresponding points on the left and right slits are related by a 
timelike translation, closed timelike curves extend from the left to the right slit, 
e.g., from the point labelled Q on the left to the identified point labelled T{Q) 
on the right. The dischronal region A of a spacetime is the set of points through 
which there are closed timelike or null curves. Here it is a bounded region within 
the intersection of the past light cone of the top slit endpoint and the future light 
cone of the bottom slit endpoint. A hypersurface E that lies in the past of A and 
is a Cauchy surface of Minkowski space is an obvious candidate for a generalized 
Cauchy surface of M^g. In fact, it is easy to see that initial data in L 2 (E) leads 
to a solution in L 2 {M). In the past of A, solutions to the massless wave equation 
can be written as the sum f(t — x) g{t x) of a right- moving and left-moving 
solution. To obtain a solution in the spacetime M, one simply propagates left 
moving data that encounters the slit in the obvious way. For example, if a left- 
moving wave enters the left slit at Q, it emerges unaltered from the right slit at 
T{Q). The solution is unique. But it is discontinuous along future-directed null 
rays that extend from the endpoints of the slits, because the result of the wave 
propagation is to piece together solutions from disjoint parts of the initial data 
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T{Q)\ 




Figure 1. A simple spacetime with CTCs and a generalized 
Cauchy surface is shown in this figure. Two parallel segments 
of equal length are removed from Minkowski space, two disjoint 
edges are joined to the left and right sides of each slit, and edge 
points related by the timelike translation T are then identified. 



surface. For example, the right-going solutions on adjacent sides of a right-directed 
null ray from any endpoint are Minkowski space solutions obtained from data that 
came from segments of E that are not adjacent. 

The existence of solutions in L 2 , however, is not a generic property of two- 
dimensional spacetimes with a Cauchy horizon. If, for example, the two timelike 
slits were not parallel, the resulting spacetime would have an unstable Cauchy 
horizon: If E is a Cauchy surface for the past of A, data on E leads to a solution 
that diverges on the boundary of the past of A. The paradigm for this generic case 
is Misner space [7, 3, 15]. 

Misner space can be constructed by identifying the edges of a strip of Min- 
kowski space between two parallel null lines. As in the previous example, the 
CTCs of Misner space are confined to a spatially bounded region, and one can ask 
whether spacelike surfaces lying to the past or future of the dischronal region A 
are generalized Cauchy surfaces. 

To construct the space, let u = t — x, v = t x, and consider the null strip 
uo < u < Buq, where ixq > 0, and a boost B of Minkowski space corresponding to 
velocity F > 0 is given by 

u Bu, V B~^v, (6) 



with 



1 + F 



B = 



1-F* 



( 7 ) 
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Figure 2. Misner space is the region between the two null rays 
u = uo 9 .nd u = Buq^ with points of the null boundaries identified 
by the boost B. The curve C — NN' is a chronology horizon, a 
closed null geodesic that separates the dischronal region above it 
from the globally hyperbolic spacetime to its past. 

Points at the boundaries of the strip are identified after a boost: 

{uo,v) = {Buo,B~^v). (8) 

Identified points are spacelike separated for ?; < 0 (e.g., P and P' in Fig. 2), null 
separated at u = 0 (e.g., N and N')^ and timelike separated for f > 0 (e.g., Q and 
Q'). Closed timelike curves (e.g., the segment QQ') thus pass though each point 
of the region u > 0. Misner space has a single closed null geodesic, C = NN' , and 
the past 7^ of C is globally hyperbolic. The future of C is dischronal, so C is a 
chronology horizon, a Cauchy horizon that bounds the dischronal region. Initial 
data for the scalar- wave equation can be posed on a Cauchy surface E of P, but 
solutions have divergent energy on the chronology horizon. 

This globally hyperbolic past part of Misner space can obtained from a 1- 
dimensional room whose walls are moving toward each other - by identifying left 
and right walls at the same proper time read by clocks on each wall (see, e.g., 
Thorne [1994]). This construction makes it obvious that light rays are boosted 
each time they traverse the space, in the same way that a light ray is boosted 
when reflected by a moving mirror. 

The reason solutions diverge is then clear in the geometrical optics limit. A 
light ray 7 , starting from E, loops about the space and is boosted each time it 
loops. That is, trajectories of a (locally-defined) timelike Killing vector cross the 
null geodesic at a sequence of points. The Killing vector can be used to compare the 
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affine parameter at successive crossing points by time-translating a segment of the 
geodesic to successively later segments. Compared in this way, the affine parameter 
of a given segment will will be less than that of the next segment by the blueshift 
factor [(1 -h V)/{1 — Because 7 loops an infinite number of times before 

reaching C, its frequency and energy diverge as it approaches the horizon. The 
ray 7 is an incomplete geodesic: It reaches the horizon in finite affine parameter 
length, because each boost decreases the affine parameter by the blueshift factor 

[(l + V)/(l_y)]l/2. 

This behavior is not unique to Misner space: A theorem due to Tipler [16] 
shows that geodesic incompleteness is generic in spacetimes like Misner space in 
which CTCs are “created” - spacetimes whose dischronal region lies to the future 
of a spacelike hypersurface. A similar argument by Hawking underpins the classical 
part of his Chronology Protection Conjecture. [17] (See also Chrusciel and Isenberg 
[18], who show that the generic, compactly generated horizon has generators whose 
structure is more complex than that considered by Hawking.) 

When the horizon is not compactly generated, classical fields need not di- 
verge, and a class of Gott spacetimes [9] serve as an example. Cutler [ 12 ] shows 
that a spacelike hypersurface E extends to spatial infinity and lies to the past of 
the dischronal region. Here CTCs run to spatial infinity. These characteristics hold 
for the particular Gott spacetime introduced here, but an additional key feature 
is that its covering space is three-dimensional Minkowski space (with images of 
the string singularities removed). Carinhas [13] has shown for the massless scalar 
wave equation that data on E satisfying suitable asymptotic conditions leads to 
solutions on a set of Gott spacetimes (see also Boulware [14]). 



4. Existence and uniqueness theorems for some four-dimensional 
spacetimes with CTCs 

In four spacetime dimensions, existence and uniqueness theorems have been proved 
for a class of stationary, asymptotically flat spacetimes. [24, 19] In these spacetimes, 
the dischronal region is bounded in space, but there is no Cauchy horizon, and 
CTCs are always present. Because the spacetimes are asymptotically flat, one can 
define future and past null infinity [3] In Minkowski space is a generalized 
Cauchy surface for massless wave equations, and the goal here is to show that 
is a also generalized Cauchy surface for a class of spacetimes with CTCs. 

We first review in some detail work by Friedman and Morris [24] on space- 
times with topology = A4 x M, where A4 is a hyperplane with a handle (worm- 
hole) attached: A4 = M^^(S'^ x S^). The metric on Af is smooth (C^), and, 
for simplicity in treating the asymptotic behavior of the fields, we will assume that 
outside a compact region 1Z the geometry is flat, with metric rjap. 

One can construct the 3-manifold M from by removing two balls and 
identifying their spherical boundaries, E/ and E//, as shown in Fig. 3. The sphere 
obtained by the identification will be called the “throat” of the handle. (Its location 
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Ri Rii 





Figure 3. An orientable 3- manifold M is constructed by identi- 
fying points of E/ and points of E// that are labelled by the same 
letter, with subscripts I and II. 



is arbitrary: After removing any sphere, E, from the handle of M. one is left with a 
manifold homeomorphic to whose boundary is the disjoint union of 

two spheres.) One can similarly construct the spacetime M from by removing 
two solid cylinders and identifying their boundaries Cj and Cjj. We will denote 
by T the map from Cj to Cu that relates identified points. For the spacetimes we 
will consider, the identified points will be timelike separated. 

A static metric on J\f is given by 

9a/3 — ^ T (^) 

where = 0. 

If the Minkowski coordinate t is extended to Af\C by making ^ t = 
constant surface, then = 1, and the metric (9) can be 

written on Af\C in the form 

9ai3 = -e^'^datdgt + hag. (10) 

It will be convenient to single out a representative hypersurface, 

M:=Mo. ( 11 ) 

We will denote by hat the corresponding spatial metric on A4; that is, hab is the 
pull-back of ha /3 (or to A4. 

We consider the wave equation 

□ ^ = = ( 12 ) 

for a massless scalar field 

Initial data in Minkowski space on a future null cone is simply a specification 
of the field ^ on that cone. On the field itself vanishes, but the field rescaled 
by a radial coordinate is finite; initial data on can then be written in terms 
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of the standard ingoing null coordinate v — t + r, radial coordinate r, and unit 
radial vector f as 

f{v,r)= lim r^{v^rr). (13) 

r—^oo 

The same definition of data on can be used for the spacetimes J\f,g, and the 
data again determines a solution to the wave equation in these spacetimes. 

For readers unfamiliar with the following description suffices for this 
review. Denote by u = t — r the outgoing null coordinate. One can adjoin a 
future causal boundary to Minkowski space by adding a future endpoint 
u = oo,v,6,(f) to each outgoing null geodesic v,0,(l) constant. Similarly, one can 
adjoin a past causal boundary adding a past endpoint v = oOyU,0,(j) to each 
ingoing null geodesic, u,6^(j) = constant. The simple, standard, formal construc- 
tion of (see, e.g., [3]) exploits the fact that spacetimes with conformally related 
metrics have the same set of null geodesics; one introduces a metric that is con- 
formally related to Minkowski space and for which Minkowski space is a compact 
region bounded by future and past null cones. We will not, however, use the for- 
mal construction of J^. All that is needed is a definition of initial data at past null 
infinity for a scalar field ^ as a limit (13). 

Proposition 1. [24] For almost all spacetimes M,g of the kind just described (for 
almost all parameters r), the following existence theorem holds. Let f be initial 
data on for which f and all its derivatives are in L 2 (J^”). Then there exists a 
solution ^ to the scalar wave equation that is smooth and asymptotically regular 
at null and spatial infinity and that has f as initial data. 

Because the geometry is static, we can express solutions as a superposition 
of functions with harmonic time dependence. The fact that there is no foliation 
by spacelike slices leads to a lack of orthogonality of the eigenfunctions, and the 
spectral theorem cannot be used. Instead we explicitly prove convergence of a 
superposition of the form 

$(t,x) = J duj (j){(jj,x) (14) 

Here x is naturally a point of the manifold of trajectories of but we can 
identify it with a point of a simply connected spacelike hypersurface AJ, with 
spherical boundaries E/ and E//. Let (t,x/) and {t -h r, x//) be points of Af\C 
that are identified in J\f. Continuity of ^ and its normal derivative at the identified 
points is expressed by 

<F(x//) = ^{xi) (15) 

flu • V^(x//) = —hi • V^(x/). (16) 

The harmonic components of ^ on Af can be regarded as fields x) on A4 
satisfying elliptic equations of the form 

(cj^ + L)(/> = 0 , 



(17) 
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where C can be defined by the action of on time independent fields / on M'. 

C = e^D^e^Da, (18) 

and Da is the covariant derivative of the 3-metric hab on A4. The major difficulty 
lies in the fact that, because the boundary conditions (15,16) involve a time- 
translation by Killing parameter r, the corresponding boundary conditions on the 
harmonic components (j) depend on the frequency a;, via a phase rj = cut: 

Xu) = X/), (19) 

flu • V(j){u,xu) = • V(/)(a;,x/). (20) 

As a result, eigenfunctions associated with different frequencies are eigen- 
functions of different operators; they are not orthogonal, and their completeness 
is not guaranteed by the spectral theorem. 

Instead, the following steps outline the construction of a solution. (The proof 
involves a standard relation between the norm of a function in a Sobolev space 
Hs and the norm of its fourier transform in a weighted L 2 space I/2,s. See the 
following footnote and references mentioned there.) ^ 

1. For a fixed value 77 of the phase, the operator with boundary conditions (19, 
29) is self-adjoint on the space L 2 {M) with domain H2. 

Here the boundary conditions enforce the symmetry of the operator 

(/ I ^r, 9 ) = {^r,f I 5) = I 9), ( 21 ) 

by requiring that the current entering E/ coincide with the current leaving E//: 

f dSae-' ifD^g - gD^f) + f dSae~'' {jD<^g - gD^f). (22) 

J j J Ylj 

2. Eigenfunctions exist whose incoming part coincides with the incoming part of a 
plane wave for each wave vector k. These are solutions F{r], k, x) to Eq. (17) that, 
for r > R, have the form 

F = + outgoing waves., (23) 

Existence is proved, following Wilcox [26], by the limiting absorption method: One 
adds an imaginary part to the frequency uj — |A:|. Because Cr^ is self-adjoint, Cr^-]-ie 
is invertible in L2. One can rewrite the homogeneous equation = 0, for F 

with asymptotic behavior (23), as an inhomogeneous equation Crj-^i^Fout — with 
Eout purely outgoing for r > R. The sign of the imaginary part of the frequency 
enforces an outgoing solution, and F is then found from the limit, as the imaginary 
part goes to zero, of a family of functions Fout in L2. 



^The Sobolev spaces are Hilbert spaces of functions with norm ||/||s = [/ <i^|/(/c)p(l-h 

j^ 2 y/ 2 ]i/ 2 ^ where / is the Fourier transform of /. The spaces L2,r are similarly Hilbert spaces 
with norm ||/||2,r = [/ d^x |/(x)p(l + The extension of these definitions to functions 

on manifolds is straightforward. [24, 25] 
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3. In flat space, the solution for data / on can be written in terms of the 
Fourier transform / of / in the form 



= Re 2y^ d^k 



■Ujt) 



where 

f{uj,r) = iiua{—Cjuf), lu > 0. 

Here, ^ is replaced by F{r] = cur^k^x), and one shows convergence of the cor- 
responding superposition. 



4>(t, x) = Re 2 J dkF{rj = cor, k, x)a[k). 



(24) 



Although one cannot directly use the spectral theorem, convergence of the 
integral does rely on a related unitarity relation for the eigenfunctions F of the 
Hermitian operator for fixed boundary phase rj. That is, regarded as a map 
from L 2 {M) to £ 2 ( 1 ^^), F is norm- preserving: 

II^IIl 2 (A 1 ) = II / dV:,F{r],k,x)g{x) . (25) 

\\d L2(K3) 

This allows us to bound the norm of a truncated Fourier transform of F: Let 
X be a smooth step function, satisfying 

■ 

Then 

F{r],k,y) := J dK e~‘' F{r],k,x)x{x) 
has uniformly bounded norm in A;-space, 

< \/v,y. 



F(ri, *, y)\ 

From this uniform bound, one can show 



(26) 

(27) 



I 



drdkdy 



< 00. 



' L-3l2-e 



(l+o;2)"(l+y2)3/2+e 

This inequality, in turn implies 

k, y) G L 2 {I) ® L 2 ,-„(M^) <S 
V^F{iOT,k,x) € 1/2(7) ® 7/2,-n(R^) ® H^ 3 / 2 -e{MD) 
=> F{u>T, k, x) G L 2 {I) <8> T 2 ,-n(R^) <8> /7„_3/2-£(-A7 d)- 
Thus, for almost all r, 

F{uJT,k,x) G L 2 ,-n(]R^) ® 77n-3/2-e(A7£>) 

==> / dk a{k)F{ujT,k,x) G 77„_3/2-£(A7d). 



(28) 



(29) 



Finally, / G Hn{y ), all n, implies / G L 2 ,-m all n, whence $ given by Eq. (24) 
is smooth. 




The Cauchy Problem on Spacetimes 



343 



4. Asymptotic regularity of $ follows from its explicit form for r > R in terms 
of the value of ^ and at r = i?. That is, one can use the flat-space Green 
function to write ^ outside r = R. 

More recently, Bachelot [19] has proved a similar existence theorem and 
a strong uniqueness theorem for another family of stationary, four-dimensional 
spacetimes that are flat outside a spatially compact region. These spacetimes have 
Euclidean topology and their dischronal regions have topology (solid torus) xR. 
The metric is axisymmetric, with one free function a that describes the tipping of 
the light cones in the direction of the rotational Killing vector d^f). 

g = —{dt — a dcf))^ + dr^ + r^dO^ + sin^ O^dcf)^ . (30) 

Circles about the axis of symmetry are CTCs when is spacelike - that is, when 

r sinO < a. By choosing a = 0 outside a torus, one can restrict CTCs to the interior 
of a smaller torus. Again data at for ^ yields a smooth, asymptotically regular 
solution and Bachelot shows that is unique. This is a significantly stronger 
result than the weak uniqueness obtained for the wormhole spacetimes described 
above, and it suggests that a strong uniqueness theorem should hold for those 
spacetimes as well. 

5. Conjectures for more general four-dimensional spacetimes 

As noted in Section 3 four-dimensional spacetimes that have Cauchy horizons and 
satisfy the null energy condition are geodesically incomplete. In two dimensions, an 
incomplete null geodesic that approaches a closed null geodesic as it approaches 
the chronology horizon leads to instability of that horizon. In four dimensions, 
however, an incomplete null geodesic 7 does not always imply that the chronology 
horizon is unstable. This is because there may be only a set of measure zero of 
such geodesics, so that the energy may remain finite on the chronology horizon. 
For the time-tunnel spacetimes considered in references [20, 21, 22], a congruence 
of null rays initially parallel to 7 spreads as the rays approach the chronology 
horizon. When the spreading of the rays overcomes the successive boosts (when 
the fractional decrease in flux is greater than the fractional increase in squared 
frequency), the horizon is stable in the geometrical optics approximation, and we 
will call it optically stable. (A precise, but long-winded definition of optical stability 
is given in Ref. [24]; a similar definition, applicable in a more restricted context, 
is given by Hawking [17].) Because the instability of the chronology horizon (or of 
the spacetime to its future) appears to be the obstacle to existence of solutions 
for data on candidate generalized Cauchy surfaces, we are led to a conjecture that 
relates optical stability to the existence of solutions. 

Existence Conjecture. Let Af,g be a smooth, asymptotically flat spacetime for 
which past and future regions V = Af\J~^{A) and T = Af\J~{A) of a compact 
4 -dimensional submanifold A are globally hyperbolic. If Af, g is optically stable, 
solutions to massless wave equations (for scalar. Maxwell, and Weyl fields) exist 
on M, g for smooth data on a Cauchy surface for V. 
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A conjecture relating uniqueness for massless fields to uniqueness in a geo- 
metric-optics sense is easier to formulate. 

Uniqueness Conjecture. Again let J\f,ghe a, smooth, asymptotically fiat spacetime 
for which past and future regions V = Af\J~^{A) and T = J\f\J~{A) of a compact 

4- dimensional submanifold A are globally hyperbolic. Let S± be Cauchy surfaces 
for J\f\J^{A). If all but a set of measure zero of null geodesics intersect 5+ and 

5- , then solutions to massless wave equations on Af are unique for initial data on 
S- (and for initial data on S^). 

If one omits the restriction on null geodesics, uniqueness fails: It is not difficult 
to construct spacetimes satisfying the remaining conditions of the conjecture for 
which solutions to the massless scalar wave equation have support on a compact 
region. [24] One example begins with a 4-torus with flat Lorentz metric chosen 
to make two of the generators null and the other two spacelike. The metric al- 
lows a nonzero plane- wave solution whose support is not the entire torus. On can 
smoothly glue the torus to an asymptotically flat Lorentzian spacetime without 
altering the metric on the support of the scalar field. 

For no asymptotically flat spacetime in 4 dimensions, in which CTCs are 
confined to a compact region, am I aware of a rigorous demonstration that finite- 
energy solutions to the scalar wave equation do exist for arbitrary initial data, or 
that solutions are unique. 

Still less is known about interacting fields. 

The well-known billiard-ball examples of Echeverria et al. [22, 27] are the 
basis for our present intuitive understanding. These examples exhibit a multiplicity 
of solutions for the same initial data, suggesting that uniqueness in spacetimes 
with CTCs is likely to hold only for free or weakly interacting fields. Because 
solutions seem always to exist for the billiard ball examples in the spacetimes they 
considered, it may be that classical interacting fields have solutions on spacetimes 
for which solutions to the free field equations exist. 

Fewster, Higuchi and Wells [28] looked at a model of an interacting field 
theory in which space is discrete, and time is identified to obtain a discrete version 
of 2-dimensional Minkowski space with two horizontal slits removed and opposite 
edges of the slits identified. The field xjj satisfies an equation of the form 

dt'ip = L'lp -h AV^'^'0'0, 

where L is a linear operator, and A is real. 

Fewster et al. find that solutions exist for arbitrary data and arbitrary A and 
that they are unique for small A. For large A, however, uniqueness is lost. 

An obvious question is whether generalized Cauchy surfaces for free fields 
similarly serve as generalized Cauchy surfaces for weakly interacting fields; and 
whether, as the toy models suggest, uniqueness is fails above some critical value 
of the interaction parameter. 
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Cheeger- Gromov Theory and 
Applications to General Relativity 

Michael T. Anderson 



Abstract. This paper surveys aspects of the convergence and degeneration 
of Riemannian metrics on a given manifold M, and some recent applica- 
tions of this theory to general relativity. The basic point of view of con- 
vergence/degeneration described here originates in the work of Gromov, cf. 
[31]-[33], with important prior work of Cheeger [16], leading to the joint work 
of [18]. 

This Cheeger- Gromov theory assumes bounds on the full curvature 
tensor. For reasons discussed below, we focus mainly on the generalizations 
of this theory to spaces with L^, (or L^) bounds on the Ricci curvature. 
Although versions of the results described hold in any dimension, for the 
most part we restrict the discussion to 3 and 4 dimensions, where stronger 
results hold and the applications to general relativity are most direct. The 
first three sections survey the theory in Riemannian geometry, while the last 
three sections discuss applications to general relativity. 



1. Background: Examples and definitions 

The space M of Riemannian metrics on a given manifold M is an infinite-dim- 
ensional cone, (in the vector space of symmetric bilinear forms on M), and so is 
highly non-compact. Arbitrary sequences of Riemannian metrics can degenerate 
in very complicated ways. 

On the other hand, there are two rather trivial but nevertheless important 
sources of non-compactness. 

• Diffeomorphisms. The group T> of diffeomorphisms of M is non-compact 
and acts properly on M by pull-back. Hence, if g is any metric in M and (j)i is any 
divergent sequence of diffeomorphisms, then gi = (j)*g is divergent sequence in M, 
(at least if the manifold M is compact for instance). However, all the metrics gi are 
isometric, and so are indistinguishable metrically. In terms of a local coordinate 
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representation, the metrics locally are just different representatives of the fixed 
metric g. 

Thus, for most problems, one considers only equivalence classes of metrics [g] 
in the moduli space 

M = M/V. 

(A notable exception is the Yamabe problem, which is not well defined on A4, 
since it is not invariant under P.) 

• Scaling. For a given metric g and parameter A > 0, let g\ = \^g so that all 
distances are rescaled by a factor of A. If A ^ oo, or A ^ 0, the metrics g\ diverge. 
In the former case, the manifold (M, say compact, becomes arbitrarily large, 
in that global invariants such as diameter, volume, etc. diverge to infinity; there 
is obviously no limit metric. In the latter case, {M,g\) converges, as a family of 
metric spaces, to a single point. Again, there is no limiting Riemannian metric 
on M. 

Although one has divergence in both cases described above, they can be 
combined in natural ways to obtain convergence. Thus, for g\ as above, suppose 
A ^ oo, and choose any fixed point p ^ M. For any fixed k > 0, consider the 
geodesic ball Bp = Bp{k/X), so the ^-radius of this ball is k/X — > 0, as A oo. 
On the other hand, in the metric g\, the ball Bp is a geodesic ball of fixed radius 
k. Since k/X is small, one may choose a local coordinate system lA = {ui} for Bp, 
with p mapped to the origin in Let = Xui — (j)\o m, where (j)\{x) = Ax. 
Thus </>A is a divergent sequence of diffeomorphisms of EJ^, and U\ = is a 

new collection of charts. One then easily sees that 

gx{d/dui,d/duj) = g{dldui,dlduj) = gij. ( 1 . 1 ) 

As A — > OO, the ball Bp shrinks to the point p and the coefficients gij tend to the 
constants gij{p)- On the other hand, the metrics g\ are defined on the intrinsic 
geodesic ball of radius k. Since k is arbitrary, the metrics (/)x9\ converge smoothly 
to the limit flat metric go on the tangent space Tp{M), induced by the inner 
product gp on Tp{M), 

{M,rx9x)^{TpM,go). (1.2) 

This process is called “blowing up”, since one restricts attention to smaller 
and smaller balls, and blows them up to a definite size. Note that the part of M at 
any definite ^-distance to p escapes to infinity, and is not detected in the limit go- 
Thus, it is important to attach base points to the blow-up construction; different 
base points may give rise to different limits, (although in this situation all pointed 
limits are isometric). 

There is an analogous, although more subtle blowing up process for Lorentzian 
metrics due to Penrose, where the limits are non-flat plane gravitational waves, 
cf. [42]. 

If (M, g) is complete and non-compact, one can carry out a similar procedure 
with A ^ 0, called “blowing down”, where geodesic balls, (about a given point). 
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of large radius Bp{k/X) are rescaled down to unit size, i.e., size k. This is of 
importance in understanding the large scale or asymptotic behavior of the metric 
and will arise in later sections. 

This discussion leads to the following definition for convergence of metrics. 
Let be a domain in and let denote the usual Holder space of functions 

on 17 with a-Holder continuous kX^ partial derivatives. Similarly, let denote 
the Sobolev space of functions with k weak derivatives in L^. Since one works only 
locally, we are only interested in the local spaces and and corresponding 
local norms and topology. 

Definition 1.1. A sequence of metrics gi on n-manifolds Mi is said to converge in 
the topology to a limit metric g on the n-manifold M if there is a locally 
finite collection of charts {cpk} covering M, and a sequence of diffeomorphisms 
Fi : M Mi, such that 

9i)oi(3 ^ 9oif3i ( 1 -^) 

in the topology. Here and gaf 3 are the local component functions of 

the metrics gi and g in the charts 0/^. 

The same definition holds for convergence in the topology, as well as 

the weak topology. (Recall that a sequence of functions fi e Lp{Q) converges 

weakly in to a limit / G L'p{Q) iff J fig ^ f fg, for all g e where 

p~^ -f = 1.) 

It is easily seen that this definition of convergence is independent of the 
choice of charts {0/J covering M. The manifolds M and Mi are not required to 
be compact. When M is non-compact, the convergence above is then uniform on 
compact subsets. 

In order to obtain local control on a metric, or sequence of metrics, one 
assumes curvature bounds. The theory described by Cheeger-Gromov requires a 
bound on the full Riemann curvature tensor 

I Riem | < K, (1-4) 

for some K < oo. Since the number of components of the Riemann curvature 
is much larger than that of the metric tensor itself, (in dimensions > 4), this 
corresponds to an overdetermined set of constraints on the metric and so is overly 
restrictive. It is much more natural to impose bounds on the Ricci curvature 

|Ric|<A;, (1.5) 

since the Ricci curvature is a symmetric bilinear form, just as the metric is. Of 
course, assuming bounds on Ricci is natural in general relativity, via the Einstein 
equations. Thus throughout the paper, we emphasize (1.5) over (1.4) whenever 
possible. 

The Cheeger-Gromov theory may be viewed as a vast generalization of the 
basic features of Teichmuller theory to higher dimensions and variable curvature. 
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(although it was not originally phrased in this way). Recall that Teichmiiller theory 
describes the moduli space oi constant curvature metrics on surfaces, cf. [46] 
and references therein. On closed surfaces, one has a basic trichotomy for the 
behavior of sequences of such metrics, normalized to unit area: 

• Compactness/ Convergence. A sequence gi £ Aic has a subsequence con- 
verging smoothly, (C^), to a limit metric g G Adc- As in the definition above, 
the convergence is understood to be modulo diffeomorphisms. For instance this is 
always the case on 5^, since the moduli space A4c is a single point for S^. 

• Collapse. The sequence gi E Aic collapses everywhere, in that 

injgj(x)^0, (1.6) 

at every x, where inj^. is the injectivity radius w.r.t. g{. This collapse occurs 
only on the torus and such metrics become very long and very thin, (if the 
area is normalized to 1). There is no limit metric on T^. Instead, by choosing 
(arbitrary) base points x^, one may consider based sequences (T^, 5 ^i,Xi), whose 
limits are then the “collapsed” space (M, 5 ^ 00 ? ^oo)- Here M is the real line, and g^o 
is any Riemannian metric on M; recall that all metrics on M are isometric. The 
convergence here is that of metric spaces, i.e., in the Gromov-Hausdorff topology, 
cf. [31], [43]. 

• Cusp Formation. This is a mixture of the two previous cases, and occurs 
only for hyperbolic metrics, i.e., on surfaces of genus ^ > 2. In this case, there 
are based sequences (E^,^i,Xi) which converge to a limit (E, 5 ^ 00 , ^cx)) which is 
a complete non-compact hyperbolic surface of finite volume, hence with a finite 
number of cusp ends x M"*". The convergence is smooth, and uniform on compact 
subsets. As one goes to infinity in any such cusp end x M+, the limit metric 
collapses in the sense that mig^{zk) 0, as Zk 00 . There are other based 
sequences (T,,gi,yi) which collapse, i.e., (1.6) holds on domains of arbitrarily large 
but bounded diameter about pi. As before, limits of such sequences are of the form 

(J^7 9oO 5 2 / 00 ) • 



2 . Convergence / compactness 

To prove the (pre)-compactness of a family of metrics, or the convergence of a 
sequence of metrics, the main point is to establish a lower bound on the radius of 
balls on which one has a priori control of the metric in a given topology, say 
or L^’^. Given such uniform local control, it is then usually straightforward to 
obtain global control, via suitable global assumptions on the volume or diameter. 
(Alternately, one may work instead on domains of bounded diameter.) 

To obtain such local control, the first issue is to choose a good “gauge”, i.e., 
representation of the metric in local coordinates. For this, it is natural to look 
at coordinates built from the geometry of the metric itself. In the early stages of 
development of the theory, geodesic normal coordinates were used. Later, Gromov 
[31] used suitable distance coordinates. However, both these coordinate systems 
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entail loss of derivatives ~ two in the former case, one in the latter. It is now 
well known that Riemannian metrics have optimal regularity properties in har- 
monic coordinates, cf. [23]; this is due to the special form of the Ricci curvature 
in harmonic coordinates, known to relativists long ago. 

Given the choice of harmonic gauge, it is natural to associate a harmonic 
radius : M — ^ ]R~*" , which measures the size of balls on which one has harmonic 
coordinates in which the metric is well controlled. The precise definition, cf. [1], is 
as follows. 

Definition 2.1. Fix a function topology, say and a constant Co > 1. Given 

X G (M, g), define the harmonic radius to be the largest radius rh{x) = 
such that on the geodesic ball Bx{rh{x)) one has a harmonic coordinate chart 
U = {ua} in which the metric g = g^p is controlled in L^’^-norm: thus, 

< gcxp < CoSotp, (as bilinear forms), (2.1) 

[rh{x)t^-^ [ \d^gap\^dV <Co-l. ( 2 . 2 ) 

JBa:{rh{x)) 

Here, it always assumed that kp > n = dimM, so that embeds in (7^, 
via Sobolev embedding. The precise value of Cq is usually unimportant, but is 
understood to be fixed once and for all. Both estimates in (2.1)-(2.2) are scale 
invariant, (when the harmonic coordinates are rescaled a^ in (1.1)), and hence the 
harmonic radius scales as a distance. 

Note that if rh{x) is large, then the metric is close to the fiat metric on large 
balls about x, while if r^(x) is small, then the derivatives of g^p up to order k are 
large in on small balls about x. Thus, the harmonic radius serves as a measure 
of the degree of concentration of g^p in the L^’^-norm. 

It is important to observe that the harmonic radius is continuous with respect 
to the (strong) topology on the space of metrics, cf. [1], [3]. In general, it is 
not continuous in the weak topology. 

One may define such harmonic radii w.r.t. other topologies, for instance 
in a completely analogous way; these have the same properties. 

Suppose gk is a sequence of metrics on a manifold M, (possibly open), with a 
uniform lower bound on r^. On each ball, one then has control of the metric 
components. The well-known Banach- Alaoglu theorem, (bounded sequences are 
weakly compact in refiexive Banach spaces), then implies that the metrics on the 
ball have a weakly convergent subsequence in so one obtains a limit metric 
on each ball. Using elliptic regularity associated with harmonic functions, it is 
straightforward to verify that the overlaps of these charts are in and so 

one has a limit metric on M. The convergence to limit is in the weak 
topology and uniform on compact subsets. Strictly speaking, one also has to prove 
that the harmonic coordinate charts for gk also converge, or more precisely may 
be replaced by a fixed coordinate chart, but this also is not difficult, cf. [1], [3] for 
details. 
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The same type of arguments hold w.r.t. the topology, via the Arzela- 

Ascoli theorem; here weak convergence is replaced by convergence in the 
topology, for a' < a. 

Thus, the main issue in obtaining a convergence result is to obtain a lower 
bound on a suitable harmonic radius Vh under geometric bounds. The following 
result from [1] is one typical example. 

Theorem 2.2. (Convergence I). Let M he a closed n-manifold and let A4(X,io, D) 
be the space of Riemannian metrics such that 

I Ric I < k, inj > Zo, diam < D. (2-3) 

Then Ai(X,io, D) is precompact in the and weak topologies, for any a < 
1 and p < oo. 

Thus, for any sequence, there is a subsequence which converges, in these 
topologies, to a limit fl metric poo on M. 

Sketch of Proof: As discussed above, it suffices to prove a uniform lower bound on 
the harmonic radius rh = i.e., 

rh{x) >ro = ro{k, io, D), (2.4) 

under the bounds (2.3). 

Overall, the proof of (2.4) is by contradiction. Thus, if (2.4) is false, there is 
a sequence of metrics gi on M, satisfying the bounds (2.3), but for which rh{xi) 

0, for some points Xi E M. Without loss of generality, (since M is closed), assume 
that the base points Xi realize the minimal value of rn on {M,gi). Then rescale 
the metrics gi by this minimal harmonic radius, i.e., set 

9i = rh{xiy^ ■ gi. ( 2 . 5 ) 

If fh denotes the harmonic radius w.r.t. g, by scaling properties one has 

rh{xi) = 1, and fhivi) > 1, (2.6) 

for all Pi G (M,gi). By the remarks preceding the proof, the pointed Riemann- 
ian manifolds (M,gi,Xi) have a subsequence converging in the weak topol- 
ogy to a limit Riemannian manifold (A/', ^oo)- (Again, this convergence 

is understood to be modulo diffeomorphisms, as in Definition 1.1.) Of course 
diam^. M oo, so that the complete open manifold N is distinct from the original 
compact manifold M. The convergence is uniform on compact subsets. 

So far, nothing essential has been done - the construction above more or less 
amounts to just renormalizations. There are two basic ingredients in obtaining 
further control however, one geometric ahd one analytic. 

We begin with the geometric argument. The limit space (TV, §oo) is Ricci-fiat, 
since the bound (2.3) on the Ricci curvature of gi becomes in the scale gt, 

I Ric^i I < ^ • rh{xi) ^0, as i oo. 



(2.7) 
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Actually, it is Ricci-flat in a weak sense, since the convergence is only in weak 
However, it is easy to see, (cf. also below), that weak solutions of the 
(Riemannian) Einstein equations are real- analytic, and so the limit is in fact a 
smooth Ricci-flat metric. 

Next, by (2.3), the injectivity radius of gi satisfles 

injg. > io • rh{xi)~'^ — > oo, as i — » oo, (2.8) 

SO that, roughly speaking, the limit (N^g^) has inflnite injectivity radius at every 
point. More importantly, the bound (2.8) implies that (M,gi) contains arbitrarily 
long, (depending on z), minimizing geodesics in any given direction through the 
center point Xi. It follows that the limit (N.goo) has inflnitely long minimizing 
geodesics in every direction through the base point Xoo- This means that (AT, ^oo) 
contains a line in every direction through Xoo- 

Now the well-known Cheeger-Gromoll splitting theorem [17] states that a 
complete manifold with non-negative Ricci curvature splits isometrically along 
any line. It follows that (N^g^o) splits isometrically in every direction through 
Xoo, and hence (A', ^oo) = (M’^,^o), where go is the flat metric on 

Now of course (M^,^o) has inflnite harmonic radius. If the convergence of 
(N,gi) to the limit (IR^,^o) can be shown to be in the strong topology, then 
the continuity of Vh in this topology immediately gives a contradiction, since by 
(2.6), the limit (A,^oo) has r/,(xoo) = 1- 

The second or analytic part of the argument is to prove strong con- 
vergence to the limit. The idea here is to use elliptic regularity to bootstrap or 
improve the smoothness of the convergence. 

In harmonic coordinates, the Ricci curvature of a metric g has the following 
especially simple form: 

-^Agf„/3 + Qaf 3 {g,dg) = RiCa/ 3 , (2.9) 

where A = g°‘^dadj 3 is the Laplacian w.r.t. the metric g and Q is quadratic in 
its inverse, and dg. In particular, if rh{x) = 1 and rh{y) ^ > 0, for all 

y G then one has a uniform bound on Q and uniform bounds on 

the coefficients for the Laplacian within + ^^o)* 

If now Ric is uniformly bounded in then standard elliptic regularity 
applied to (2.9) implies that g^f^ is uniformly controlled in for any q < oo, 

(in particular for q> p). More importantly, if gi is a sequence of metrics for which 
(Ric^Ja^ converges strongly in to a limit (Ric^^)a/ 3 , then elliptic regularity 
again implies that the metrics {gi)oc (3 converge strongly in to the limit (^oo)a/ 3 - 
For the metrics gi^ (2.7) implies that Ric ^ 0 in and so Ric — ^ 0 strongly in 
for any q < oc. 

These remarks essentially prove that the harmonic radius is continuous 
w.r.t. the strong topology. Further, when applied to the sequence gi and using 
(2.6), they imply that the metrics gi converge strongly in to the limit ^oo- 
This completes the proof. 
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It is easy to see from the proof that the lower bound on the injectivity radius 
in (2.3) can be considerably weakened. For instance, define the 1-cross Croi(x) 
of (M, g) at X to be the length of the longest minimizing geodesic in (M, g) with 
center point x and set 

Croi(M, = inf Croi(x). 

X 

We introduce this notion partly because it has a natural analogue in Lorentzian 
geometry, when a minimizing geodesic is replaced by a maximizing time-like geo- 
desic, cf. §5. Then one has the following result on 4-manifolds, cf. [4]. 

Theorem 2.3. (Convergence II). Let M he a A-manifold. Then the conclusions of 
Theorem 2.2 hold under the hounds 

|Ric| < /c,Croi > Co, vol > t’o,diam < D. (2.10) 

The proof is the same as that of Theorem 2.2. The lower bound on Croi 
implies that on the blow-up limit {N^goo^Xoo) above, one has a line. Hence, the 
splitting theorem implies that N = N' x R. It follows that N' is Ricci-fiat and 
hence, since dim AT' = 3, N' is flat. Using the volume bound in (2.10), it follows 
that (N,goo) = cf. (2.12)-(2.13) below. (The volume bound rules out the 

possibility that iV' is a non-trivial flat manifold of the form IR^/F.) This gives the 
same contradiction as before. 

Of course, in dimension 3 any Ricci-flat manifold is necessarily flat, and so 
the same proof shows that one has and precompactness within the class 
of metrics on 3-manifolds satisfying 

I Ric I < k, vol > Vo, diam < D. (2.11) 

Thus, no assumptions on inj or Croi are needed in dimension 3. 

Remark 2.4. 

(i) Although (2.4) gives the existence of a lower bound on r^ in terms of the 
bounds k, io and D, currently there is no proof of an effective or computable 
bound. Equivalently, there is no direct proof of Theorem 2.2, which does 
not involve a passage to limits and invoking a contradiction. This is closely 
related to the fact there is currently no quantitative or finite version of the 
Cheeger-Gromoll splitting theorem, where one can deduce definite bounds on 
the metric in the presence of (a collection of) minimizing geodesics of a finite 
but definite length. 

If however the bound on | Ric | in (2.3) is strengthened to a bound on | Riem |, 
as in (1.4), then it is not difficult to obtain an effective or computable lower 
bound on r^, cf. [36]. 

(ii) The proof above can be easily adapted to give a similar result if the 
bound on Ric is replaced by an bound, for some q > n/2; one then 
obtains convergence in weak 

In the opposite direction, the convergence can be improved if one has bounds 
on the derivatives of the Ricci curvature. This will be the case if Ric satisfies 
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an elliptic system of PDE, for instance the Einstein equations. In this case, 
one obtains convergence to the limit. 

(iii) The assumption that M is closed in Theorem 2.2 is merely for convenience, 
and an analogous result holds for open manifolds, away from the boundary. 



The bounds on injectivity radius in (2.3), or even the 1-cross in (2.10), are 
rather strong and one would like to replace them with just a lower volume bound, 
as in (2.11). 

An elementary but important result, the volume comparison theorem of 
Bishop-Gromov [31], [43], states that if Ric > (n - l)k, for some k, on (M,g), 
n = dimM, then the ratio 



vol Bx{r) 



( 2 . 12 ) 



vol Bk{r) 

is monotone non- increasing in r; here Yo\Bk{r) is the volume of the geodesic r- 
ball in the n- dimensional space form of constant curvature k. In particular, if the 
bounds (2.11) hold, in dimension n, then (2.12) gives a lower bound on the volumes 
of balls on all scales: 



Yo\ B:c{r) > 



volM 

volRfc(D) 



vol Bk{r) 



(2.13) 



Note that the estimate (2.13) also implies that, for any fixed r > 0, if vol^a;(r) > 
> 0, then yo\ By{r) > > 0, where vi depends only on and dist^(x,2/). 

Thus, the ratio of the volumes of unit balls cannot become arbitrarily large or 
small on domains of bounded diameter. 

Now a classical result of Cheeger [16] implies that if (2.11) is strengthened to 



Kp > —K,yo\ > i;o,diam < D, (2.14) 

where Kp is the sectional curvature of any plane P in the tangent bundle TM, 
then one has a lower bound on the injectivity radius, inj^(M) > io{K,Vo,D). 
However, it was observed in [2] that this estimate fails under the bounds (2.11). 
It is worthwhile to exhibit a simple concrete example illustrating this. 



Example 2.5. Let g\ be the family of Eguchi-Hanson metrics on the tangent bundle 
TS^ of 5^. The metrics g\ are given explicitly by 

9A = [1 - + r2[l - + r^el + Ol). (2.15) 

Here Oi, 02,0s are the standard left-invariant coframing of 50(3) = (the 

sphere bundles in T5^) and r > A. The locus r = A is the image of the 0-section 
and is a totally geodesic round S^{\) of radius A. 

The metrics g\ are Ricci-fiat, and are all homothetic, i.e., are rescalings (via 
diffeomorphisms) of a fixed metric; in fact, 

gx = Y ■i’Uai), (2.16) 

where = Ar, and 'ipx acts trivially on the 50(3) factor. As A ^ 0, i.e., as one 

blows down the metrics, g\ converges to the metric go, the fiat metric on the cone 
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C(RP^). The convergence is smooth in the region r > ro, for any fixed To > 0, but 
is not smooth at r = 0. Since S'^(A) is totally geodesic, the injectivity radius at 
any point of S^{\) is 27 tA, which tends to 0. On the other hand, the volumes of 
unit balls, or balls of any definite radius, remain uniformly bounded below. 

One sees here that the metrics (TS^,g\) converge as A ^ 0 to a limit metric 
on a singular space The limit is an orbifold M^/Z 2 , where Z 2 acts by 

refiection in the origin. 

The Eguchi-Hanson metric is the first and simplest example of a large class 
of Ricci-flat ALE (asymptotically locally Euclidean) spaces, whose metrics are 
asymptotic to cones C(5^/r), F C 50(4), on spherical space forms. This is the 
family of ALE gravitational instantons, studied in detail by Gibbons and Hawking, 
cf. [30] and references therein, in connection with Hawking’s Euclidean quantum 
gravity program. 

It is straightforward to modify the construction in Example 2.5 to obtain 
orbifold degenerations on compact 4-manifolds satisfying the bounds (2.11). Thus, 
one does not have or even (pre)-compactness of the space of metrics on 
M under the bounds (2.11). Singularities can form in passing to limits, although 
the singularities are of a relatively simple kind. The next result from [1] shows 
that this is the only kind of possible degeneration or singularity formation. 

Theorem 2.6. (Convergence III). Let {gi} he a sequence of metrics on a A-manifold, 
satisfying the bounds 

I Ric I < k, vol > Vo, diam < D. (2.17) 

Then a subsequence converges, (in the Gromov- Haus dor jf topology), to an orbifold 
(y,g), with a finite number of singular points {qj}. Each singular point q has a 
neighborhood homeomorphic to a cone C{S^/T), forV a finite subgroup o/50(4). 

The metric g is or on the regular set 

Vo = V\U{qj}, 

and extends in a local uniformization of a singular point to a Riemannian 
metric. Further, there are embeddings 

Fi : Vo -^M 

such that Ff{gi) converges in the topology to the metric g. 

Here, convergence in the Gromov-Hausforff topology means convergence as 
metric spaces, cf. [31], [43]. We mention only a few important issues in the proof of 
Theorem 2.6. First, the Chern-Gauss-Bonnet formula implies that for metrics with 
bounded Ricci curvature and volume on 4-manifolds, one has an a priori bound 
on the Z/^-norm of the full curvature tensor: 

\R\^dV<x{M) + C{k,Vo), 

J M 

where C{k, Vo) is a constant depending only on k from (2.17) and an upper bound 
Vo on vol^ M: x{^) is the Euler characteristic of M. Second, with each singular 
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point q ^ V, there is a associated a sequence of rescalings §i = Xfgi^Xi — ^ oo, 
and base points Xi G M, Xi q, such that a subsequence of {M^gi^Xi) converges 
in n to a non-trivial Ricci-flat ALE space (N^goo) as above. It is not 

difficult to see that any such ALE space has a deflnite amount of curvature in . 
This implies basically that there are only a flnite number of such singular points. 
Further, the ALE spaces N are embedded in M, in a topologically essential way. 



3. Collapse/formation of cusps 

In this section, we consider what happens when 

vol 0 or diam — ^ oo 

in the bounds (2.11). This involves the notion of Cheeger-Gromov collapse, or 
collapse with bounded curvature. 

For simplicity, we restrict the discussion to dimension 3. While there is a 
corresponding theory in higher dimensions, cf. [18], there are special and advan- 
tageous features that hold only in dimension 3 in general. Further, the relations 
with general relativity are most direct in dimension 3, in that the discussion can 
be applied to the behavior of space-like hypersurfaces in a given space-time. 

The simplest non-trivial example of collapse is the Berger collapse of the 3- 
sphere along flbers of the Hopf flbration. Thus, consider the family of metrics 
on given by 

g\ = -h (^2 T ^ 3)5 (3-1) 

where ^ 1 ,^ 2, ^3 are the standard left- invariant coframing of S^. The metrics g\ 
have an isometric action, with Killing held K dual to ^ 1 , with length of the 
orbits given by 2ttX. Thus, in letting A — ^ 0, one is blowing down the metric 
in one direction. (This is exactly what occurs on approach to the horizon of the 
Taub-NUT metric, cf. [35].) A simple calculation shows that the curvature of g\ 
remains uniformly bounded as A — ^ 0. Clearly vol^^ ~ A ^ 0. The metrics g\ 
collapse to a limit space, in this case S^. 

This same procedure may be carried out, with the same results, on any 3- 
manifold (or n-manifold) which has a free or locally free isometric action; locally 
free means that the isotropy group of any orbit is a finite subgroup of , i.e., there 
are no fixed points of the action. Similarly, one may collapse along the orbits, as 
in (3.1), of a locally free T^-action, where is the A:-torus. Remarkably, Gromov 
[32] showed that more generally one may collapse along the orbits of an isometric 
nilpotent group action, and furthermore, such groups are only groups which allow 
such a collapse with bounded curvature. Thus for instance collapsing along the 
orbits of an isometric G-action, where G is semi-simple and non-abelian, increases 
the curvature without bound. 

A 3- manifold which admits a locally free action is called a Seifert fibered 
space. Such a space admits a fibration over a surface K, with fibers. Where 
the action is free, this fibration is a circle bundle. There may exist an isolated 
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collection of non- free orbits, corresponding to isolated points in V. Topologically, a 
neighborhood of such an orbit is of the form x 5^, where the acts by rotation 
on the factor and by rotation through a rational angle about {0} in D^. 

The collection of Seifert fibered spaces falls naturally into 6 classes, according 
to the topology of the base surface F, i.e., V = T^, or ^ > 2, and according 

to whether the bundle is trivial or not trivial. These account for 6 of the 8 
possible geometries of 3-manifolds in the sense of Thurston [46] . These geometries 

are: S‘^ x E, E^, x E, 5^, Nil, and 5Z/(2,E), respectively. The two remaining 
geometries are Sol, corresponding to non-trivial torus bundles over 5^, and the 
hyperbolic geometry 

Now suppose iV is a compact Seifert fibered space with boundary. The bound- 
ary is a finite collection of tori, on which one has a free action. In a neighbor- 
hood of the boundary, this action then embeds in the standard free action 
on X I. Given a collection of such spaces A/^, one may then glue the toral bound- 
aries together by automorphisms of the torus, i.e., by elements of 5L(2,Z). For 
example, the gluing may interchange the fiber and base circles. 

Definition 3.1. A graph manifold G is a 3-manifold obtained by gluing Seifert fibered 
spaces by toral automorphisms of the boundary tori. 

Thus, a graph manifold has a decomposition into two types of regions, 

G = SUL. (3.2) 

Each component of S' is a Seifert fibered space, while each component of L is 
X I, and glues together different boundary components of elements in S. The 
exceptional case of gluing two copies of x / by toral automorphisms of the 
boundary is also allowed; this defines the class of Sol manifolds, up to finite covers. 
The Seifert fibered components have a locally free S^ action, the x / components 

have a free action; in general, these group actions do not extend to actions on 
topologically larger domains. 

Graph manifolds are an especially simple class of 3- manifolds; they were 
introduced, and their structure was completely classified, by Waldhausen [48]. 
The terminology comes from the fact that one may associate a graph to G, by 
assigning a vertex to each component of S', and an edge to each component of L 
which connects a pair of components in S. 

It is not difficult to generalize the construction above to show that any closed 
graph manifold G admits a sequence of metrics gi which collapse with uniformly 
bounded curvature, i.e., 

I I < vol^. G — > 0. (3.3) 

The metrics gi collapse the Seifert fibered pieces along the 5^ orbits, while col- 
lapsing the toral regions T‘^ x I along the tori. Thus the collapse is rank 1 along 
5, while rank 2 along L. (Of course a bound on the full curvature is the same as 
a bound on the Ricci curvature in dimension 3.) 
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If the graph manifold is Seifert fibered, then the collapse (3.3) may be carried 
out with bounded diameter, 

diam^. S < D, for some D < oo. (3.4) 

In fact, if is a Nil-manifold, then the collapse may be carried out so that 
diam^^ S' 0, cf. [32]. 

On the other hand, suppose G is non- trivial in that it has both S and L 
components. If N denotes any S or L component, then it follows from work of 
Fukaya [27] that 

diam^. N oo (3.5) 

under the bounds (3.3). This phenomenon can be viewed as a refinement of the 
remark following (2.13), in that one has uniform control on the relative size of the 
injectivity radius on domains of bounded diameter, (cf. also [31]). In particular, 
the transition from Seifert fibered domains to toral domains takes longer and 
longer distance the more collapsed the metrics are. One obtains different collapsed 
“limits” depending on choice of base point. This “pure” behavior on regions of 
bounded diameter is special to dimension 3, cf. [5] for further details. 

The discussion above shows that one may collapse graph manifolds with 
bounded curvature. The Cheeger-Gromov theory, [18], see also [33], implies that 
the converse also holds. 

Theorem 3.2. (Collapse). If M is a closed 3-manifold which collapses with bounded 
curvature, i.e., there is a sequence of metrics such that (3.3) holds, then M is a 
graph manifold. 

In fact, this result holds if M admits a sufficiently collapsed metric, i.e., 

I HiCg I < k and vol^ M < So, for some e = eo{k) sufficiently small. Note of course 
that a collapsing sequence of metrics pi is not necessarily invariant under the or 
actions associated with the graph manifold structure; these local group actions 
are smooth actions, but need not be isometric w.r.t. a highly collapsed metric. 

In a certain sense, the vast majority of 3-manifolds are not graph manifolds, 
and so Theorem 3.2 gives strong topological restrictions on the existence of suffi- 
ciently collapsed metrics. 

Idea of proof: First, it is easy to see from elementary comparison geometry, cf. 
[43], that 

vol^. ^x(l) 0 inj^.(x) 0. 

At any x, rescale the metrics gi to make inj(x) = 1, i.e., set 

9i = ■ gi. 

Now the bound (3.3) gives | Ric^^ | ~ 0. Thus, the metrics §i are close to fiat 
metrics on M^/F, where F is a non- trivial discrete group of Euclidean isometries, 
(by Theorem 2.2 for instance). Thus, essentially, M^/F = x , or R x x . 
It follows that the local geometry, i.e., the geometry on the scale of the injectivity 
radius, is modeled by non-trivial, flat 3-manifolds. One then shows that these local 
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structures for the geometry and topology can be glued together consistently to give 
a global graph manifold structure. 

If S' is a closed Seifert fibered space, the orbits of the S^ action always inject 
in 7Ti(S), i.e., 

7Ti(S^) 7Ti(S), 

unless S = S^/T. In case S has non-empty toral boundary components, the tori 
in dS always inject in 7 Ti(S) except in the single case of S = x S^, cf. [41]. 
Thus, if a graph manifold G is not a spherical space form, or does not have a solid 
torus component in its Seifert fibered decomposition (3.2), then the fibers of the 
decomposition, namely circles and tori, always inject in tti: 



7Ti (fiber) ^ 7 Ti(G). (3.6) 

Hence, in this situation, one can pass to covering spaces to unwrap any collapse. 
If Qi is a collapsing sequence of metrics, by passing to larger and larger cover- 
ing spaces, based sequences will always have convergent subsequences (in domains 
of arbitrary but bounded diameter). In addition, the isometric covering transfor- 
mations on the covers have displacement functions converging uniformly to 0 on 
compact subsets. Hence, all such limits have a free isometric or action, de- 
pending on whether the collapse is rank 1 or 2 on the domains. This means that the 
limits have an extra symmetry not necessarily present on the initial collapsing se- 
quence. Again, this feature of being able to unwrap collapse by passing to covering 
spaces is special to dimension 3, cf. [5] for further discussion and applications. 



Finally, we discuss the third possibility, the formation of cusps. This case, 
although the most general, corresponds to a mixture of the two previous cases 
convergence/collapse, and so no essentially new phenomenon occurs. To start, 
given a complete Riemannian manifold (M, ^), choose e > 0 small, and let 

= {xeM : vo\B:r{l) > ^}, Me = {x e M : volJ5^(l) < s}. (3.7) 

is called the e-thick part of while Me is the e-thin part. 

Now suppose gi is a sequence of complete Riemannian metrics on the mani- 
fold M. 

• If Xi G M^, for some fixed e > 0, then one has convergence, (in subsequences), 
in domains of arbitrary but bounded diameter about {x^}, see the discussion 
concerning (2.13). Essentially, the bounds (2.11) hold on such domains in this 
case. 

• If ^2 G for So sufficiently small, then domains of bounded, depending on 
£o, diameter about {pi} are graph manifolds, in fact Seifert fibered spaces. 

• If 2^2 G M^., £i 0, then domains of arbitrary but bounded diameter about 
{zi} are collapsing. 

If {Me,gi) — 0, for some fixed e > 0, then one is in the convergence situation. 
If {M^,gi) == 0, for all £ > 0 sufficiently small, depending on z, then one is in 
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the collapsing situation. The only remaining possibility is that, for any fixed small 

£ > 0 , 

and(M„^,)/0* (3-8) 

This is equivalent to the existence of base points such that, 

vo\Bx^{l) > 6i, volB^.(l) -> 0, (3.9) 

for some £i > 0. Observe that the volume comparison theorem (2.13) implies that 
dist^. (x{, y^) oc as z — ^ (X), so that these different behaviors become further and 
further distant as i — ^ cxd. 

This leads to the following result, cf. [5], [18] for further details. 

Theorem 3.3. (Cusp Formation). Let M he a 3-manifold and gi a sequence of unit 
volume metrics on M with uniformly bounded curvature, and satisfying (3.8). Then 
pointed subsequences {M,gi,pi) converge to one of the following: 

• complete cusps {N , goo^Poo) • These are complete, open Riemannian 3-manifolds, 

of finite volume and with graph manifold ends, which collapse at infinity. The 
convergence is in the and weak topologies, uniform on compact subsets. 

• Graph manifolds collapsed along local or T^ actions to lower- dimensional 
metric spaces of infinite diameter. The convergence is in the Gromov- Haus dor ff 
topology. 

In contrast to the topological implications of collapse in Theorem 3.2, (i.e., 
collapse implies M is a graph manifold), in general there are no a priori topological 
restrictions on M imposed by Theorem 3.3. To illustrate, let M be an arbitrary 
closed 3-manifold and let {Ck) be a collection of disjoint solid tori x em- 
bedded in M; for example {Ck} may be a tubular neighborhood of a (possibly 
trivial) link in M. Then it is not difficult to construct a sequence of metrics of 
bounded curvature which converge to a collection of complete cusps on M \ 
and collapse along the standard graph manifold structure on each Ck- 

The ends of the cusp manifolds N in Theorem 3.3, i.e., the graph manifolds, 
necessarily have embedded tori. If such tori are essential in M, i.e., inject on the tti 
level, then Theorem 3.3. does imply strong topological constraints on the topology 
of M; cf. §6 for some further discussion. 

Remark 3.4. We point out that there are versions of Theorems 3.2 and 3.3 also 
in dimension 4, as well as in higher dimensions. The concept of graph manifold 
is generalized to manifolds having an “F-structure” , or an “N-structure” (F is for 
fiat, N is for nilpotent), cf. [18], provided bounds are assumed on the full curvature, 
as in (1.4). In dimension 4, this can be relaxed to bounds on the Ricci curvature, 
as in (1.5), provided one allows for a finite number of singularities in F-structure, 
as in Theorem 2.6. 
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4. Applications to static and stationary space-times 

In this section, we discuss applications of the results of §2-3 to static and stationary 
space-times, i.e., space-times (M, g) which admit a time-like Killing field K. These 
space-times are viewed as being the end or final state of evolution of a (time- 
dependent) gravitational field. Since they are time- independent in a natural sense, 
they may be analyzed by methods of Riemannian geometry, which are not available 
in general for Lorentzian manifolds. 

Throughout this section, we assume that (M, g) is chronological, i.e., (M, g) 
has no closed time-like curves, and that A" is a complete vector field. 

Let E be the orbit space of the isometric M-action generated by the Killing 
field K, and let tt : M ^ E be the projection to the orbit space. The 4-metric g 
has the form 

g = — + 6>)^ + 7T*(5), (4.1) 

where K — djdt,0 is a connection 1-form for the bundle tt, — —g{K,K) > 0 
and g = is the metric induced on the orbit space. 

The vacuum Einstein equations are equivalent to an elliptic system of P.D.E’s 
in the data (E, g, u, 0). Let uj be the twist 1-form on E, given by 2uj = *(k A cIk) = 
where k = —u^(dt -f 0) is the 1-form dual to K. (The first * operator is 
on M while the second is on E.) Then the equations on E are: 

RiCg = u~^D^u + 2u~^{io <S> UJ — \uj\‘^g), (4.2) 

Au = — (4-3) 
dou - 0. (4.4) 

The maximum principle applied to (4.3) immediately implies that if E is a 
closed 3-manifold, then (E,^) is flat and u = const, and so (M, g) is a (space-like) 
isometric quotient of empty Minkowski space (M^, g). Thus, we assume E is open, 
possibly with boundary. 

Locally of course there are many solutions to the system (4.2)-(4.4); to obtain 
uniqueness, one needs to impose boundary conditions. 

We consider first the global situation, and so assume that (E, g) is a complete, 
non-compact Riemannian 3-manifold. Boundary conditions are then at infinity, i.e., 
conditions on the asymptotic behavior of the metric. In this respect, one has the 
following classical result, cf. [37], [24]. 

Theorem 4.1. (Lichnerowicz). The only complete, stationary vacuum space-time 
(M, g) which is asymptotically flat (AF) is empty Minkowski space-time (^^, 77 ). 

It is most always taken for granted that E should be AF. Stationary space- 
times are meant to model isolated physical systems, and the only physically rea- 
sonable models are AF, since in the far-field regime, general relativity should 
approximate Newtonian gravity. In fact, from this physical perspective, the Lich- 
nerowicz theorem may be viewed as a triviality. Since there is no source for the 
gravitational field, it must be the empty Minkowski space-time. 
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However, mathematically, the Lichnerowicz theorem is not (so) trivial. More- 
over, the assumption that (M, g) is AF is contrary to the spirit of general relativity. 
Such a boundary condition is ad hoc, and its imposition is mathematically circular 
in a certain sense. A priori, there might well be complete stationary solutions for 
which the curvature does not decay anywhere to 0 at infinity. Prom this more gen- 
eral perspective, one should be able to deduce that the far-field regime of stationary 
space-times is necessarily AF and not have to assume this to begin with. 

The following result from [6] clarifies this issue. 

Theorem 4.2. (Generalized Lichnerowicz). The only complete stationary vacuum 
space-time (M, g) is empty Minkowski space-time (IR'^, 77 ), or a discrete isometric 
quotient of it. 

The starting point of the proof of this result is to study first the moduli space 
of all complete stationary vacuum solutions. As noted above, any given solution 
may, a priori, have unbounded curvature, i.e., | Ric^ | may diverge to infinity on 
divergent sequences in E. Under such a condition, the first step is then to show, by 
taking suitable baise points and rescalings, that one may obtain a new stationary 
vacuum solution, (i.e., a new point in the moduli space), with uniformly bounded 
curvature, and non-zero curvature at a base point. This step uses the Cheeger- 
Gromov theory, as described in §2-§3, and requires the special features of collapse 
in 3 dimensions. 

The next step in the proof is to recast the problem in the Ernst formulation. 
Define the conformally related metric g by 

g = u^g. (4.5) 

A simple calculation shows that (4.2) becomes 

Ric^ = 2{d\nu)^ + 2u~^(jj^ > 0 . (4-6) 

Further, the system (4.2)~(4.4) becomes the Euler-Lagrange equations for an ef- 
fective 3-dimensional action given by 

Here (j) is the twist potential, given by dcf) = 2uj. (In general one must pass to the 
universal cover to obtain the existence of 0.) 

This action is exactly 3-dimensional (Riemannian) gravity on (E,^) coupled 
to a < 7 - model with target the hyperbolic plane (7f^(— 1), ^_i). Thus, the Ernst map 
E — {(f), ix^) is a harmonic map 

E ■. ^ {H^{-l),g-i). (4.7) 

Now it is well known that harmonic maps E : (M, g) {N, h) from Rie- 
mannian manifolds of non-negative Ricci curvature to manifolds of non-positive 
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sectional curvature have strong rigidity properties, via the Bochner-Lichnerowicz 
formula, 

iA|Z)£;|2 = \D'^E\'^ + {RiCg,E*{h)) - Y^{E*Rh){euej,e,,ei). (4.8) 

By analyzing (4.8) carefully, one shows that E is a. constant map, from which it 
follows easily that (M, g) is flat. 

Remark 4.3. 

(i) The same result and proof holds for stationary gravitational fields coupled 
to cr- models, whose target spaces are Riemannian manifolds of non-positive 
sectional curvature, i.e., E : (S,^) ^ {N.qn) with Riem^^ < 0. 

(ii) Curiously, the Riemannian analogue of Theorem 4.2 remains an open prob- 
lem. Thus, does there exist a complete non-flat Ricci-flat Riemannian 4- 
manifold which admits a free isometric action? 

(iii) It is interesting to note that the analogue of Theorem 4.2 is false for sta- 
tionary Einstein- Maxwell solutions. A counterexample is provided by the 
(static) Melvin magnetic universe [39], cf. also [28]. I am grateful to David 
Garfinkle for pointing this out to me. For the stationary Einstein- Maxwell 
system, the target space of the Ernst map is SU {2,1) / S{U {1,1) x U{1)), 
{SO{2, l)/SO{l, 1) for static Einstein- Maxwell). Both of these target spaces 
have indefinite, (i.e., non- Riemannian) , metrics. 

The rigidity result Theorem 4.2 leads to a priori estimates on the geometry of 
general stationary solutions of the Einstein equations. Thus, if E is not complete, 
it follows that dT, ^ 0. Note that part of 9E may correspond to the horizon 
H = {u = 0} where the Killing field vanishes. The following result is also from [6]. 

Theorem 4.4. (Curvature Estimate). Let (M, g) be a stationary vacuum space- 
time. Then there is a constant C < oo, independent of (M, g), such that 

|R|(x) < C/r^[x], (4.9) 

where r[x] = distE(7r(x), 9E). 

Here, the curvature norm |R| may be given by 

|Rp = + \d\nu\^ -h . 

Note that Theorem 4.2 follows from Theorem 4.4 by letting r ^ oo. Conversely, 
it is a general principle for elliptic geometric variational problems that a global 
rigidity result as in Theorem 4.2 leads to a priori local estimates as in Theorem 4.4. 

Remark 4.5. 

(i) Using elliptic regularity, one also has higher-order bounds: 

IV'^RKrT) < C'fe/r2+''[x]. 



(4.10) 
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(ii) A version of this result also holds for stationary space-times with energy- 
momentum tensor T. Thus, for example one has 

|R|(x)<a-|T|c.(B,.,(D), (4.11) 

for any a > 0, where is the unit ball in (S,^) about [x\. The proof is 

the same as that of (4.9) given in [6]. 

Thus, one can use the Cheeger- Gromov theory to control the local behavior 
of stationary space- times, possibly with matter terms, away from any boundary. 

The results above can in turn be applied to study the possible asymptotic 
behavior of general stationary or static vacuum space-times, without any a priori 
AF assumption. For example, (4.9) implies that the curvature decays at least 
quadratically in any end {E,g) of (E,^). For simplicity, we restrict here to static 
space-times. 

Thus, let (M, g) be a static space-time with orbit space (S,^), with ^ 0. 
Define 5E to be pseudo- compact if there exists To > 0 such that the level set 
{r = To} in E is compact; recall that r is the distance function to the boundary 

9E. (There are numerous examples of static space-times for which 5E is non- 

compact, with 5E pseudo-compact.) Let S{s) = r~^{s) C E. If E’ is an end of 
(E,^), define its mass tue hy 

ruE = lim ^ [ (Vlnw, Vr)dA. (4-12) 

5^00 47T Js(s) 

It is easily seen from the static vacuum equations that the integral is monotone 
non-increasing in s, and so the limit exists. The mass uie coincides with the Komar 
mass in case E is AF. The following result is from [7]. 

Theorem 4.6. (Static Asymptotics). Let (M, g, u) be a static vacuum space-time 
with pseudo- compact boundary. Then (M, g) has a finite number of ends. Any end 
E on which 

liminf?i>0, (4-13) 

E 

is either: 

AF 



or 



/ oo 

[area5(r)]"^dr < oo. 



Further, if tue ^ 0 and supEU < oo, then E is AF. 



(4.14) 



This result is sharp in the sense that if any of the hypotheses are dropped, 
then the conclusion is false. For instance, if (4.13) fails, then there are examples 
of static vacuum solutions with ends neither small nor AF. 

We note that when E is AF, the result implies it is AF in the strong sense 

that 

\g- 9o\ = ~ + 0(r“^), |i?| = and |w - 1| = — + 0{r~^). (4.15) 

r r 
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More precise asymptotics can then be obtained by using standard elliptic estimates 
on the equations (4.2)-(4.4), or from [14]. Again, a version of Theorem 4.6 holds 
for static space-times with matter, cf. again [7] for further information. 

The idea of the proof is to study the asymptotic behavior of an end E by 
blowing it down, as described in §1. Thus, for R large and any fixed k, consider 
the metric annuli A{R,kR) about some base point Xo G and consider the 

rescalings qr = R~^g. The annulus A{R, kR) then becomes an annulus of the 
metric form A(l, k) w.r.t. qr. Further, the estimate (4.9) implies that the curvature 
of Qr in A(l, k) is uniformly bounded. Thus, one may apply the Cheeger-Gromov 
theory as described in §2, §3, to a sequence (A(l, /c), with Ri oo. One 
proves that the convergence case gives rise to AF ends, while the collapse case 
gives rise to small ends. 

Note that in the collapsing situation, one obtains an extra or symmetry 
when the collapse is unwrapped in covering spaces. Thus, the behavior in this case 
is described by axisymmetric static solutions, i.e., the Weyl metrics. Small ends 
typically have the same end structure as x 5^ , where the factor has bounded 
length and so typically have at most quadratic growth for the area of geodesic 
spheres. 

It is worth pointing out that there are static vacuum solutions, smooth up 
to a compact horizon, which have a single small end. This is the family of Myers 
metrics [40], or periodic Schwarzschild metrics, (discovered later and independently 
by Korotkin and Nicolai). The manifold H is topologically {D^ x so that 

9E = with a single end of the form x MA . Metrically, the end is asymptotic 
to one of the (static) Kasner metrics. This is of course not a counterexample to 
the static black hole uniqueness theorem, since the end is not AF. 

Note that since 7 Ti(E) = Z here, one may take non-trivial covering spaces of 
the Myers metrics. This leads to static vacuum solutions with an arbitrary finite 
number, or even an infinite number, of black holes in static equilibrium. This sit- 
uation is of course not possible in Newtonian gravity, and so is a highly non-linear 
effect of general relativity. 

5. Lorentzian analogues and open problems 

In this section, we discuss potential analogues of the results of §2 and §3 for 
Lorentzian metrics on 4-manifolds. The main interest is in space-times (M, g) for 
which one has control on the Ricci curvature of g, or via the Einstein equations, 
control on the energy-momentum tensor T. In particular, the main focus will be 
on vacuum space-times, Ricg = 0. 

One would like to find conditions under which one can take limits of vacuum 
space-times. One natural reason for trying to do this is the following. There are now 
a number of situations where global stability results have been proved, namely: the 
global stability of Minkowski space-time [21], and of deSitter space-time [26], the 
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global future stability of the Milne space-time [10], and the future U(\) stability 
of certain Bianchi models [20]. These results are openness results, which state that 
the basic features of a given model, e.g., Minkowski, are preserved under suitably 
small perturbations of the initial data. It is then natural to consider what occurs 
when one tries to pass to limits of such perturbations. 

The issue of being able to take limits is also closely related with the existence 
problem and singularity formation for the vacuum Einstein evolution equations. 
From this perspective, suppose one has an increasing sequence of domains {fti, gi), 
Qi C fti^i with gi-(-i|ri. = gi, which are evolutions of smooth Cauchy data on 
some fixed initial data set. If M = is the maximal Cauchy development, then 
understanding (M, g) amounts to understanding the limiting behavior of (r^z,gi). 

There are two obvious but essential reasons why it is much more difficult to 
develop a Lorentzian analogue of the Cheeger- Gromov theory, in particular with 
bounds only on the Ricci curvature. The first is that the elliptic nature of the 
P.D.E. for Ricci curvature becomes hyperbolic for Lorentz metrics, and hyper- 
bolic P.D.E. are much more difficult than elliptic P.D.E. The second is that the 
group of Euclidean rotations 0(4) is compact, while the group of proper Lorentz 
transformations 0(3, 1) is non-compact. 

A: Level problem 

Consider first the problem of controlling the space-time metric g in terms of 
bounds, say on the space-time curvature R, 

|R|loc < < oo, (5.1) 

since already here there are significant issues. 

First, the norm of curvature tensor |Rp = is no longer non- 

negative for Lorentz metrics, and so a bound on |Rp does not imply a bound on 
all the components Ttijki- In fact, for a Ricci-flat 4-metric, there are exactly two 
scalar invariants of the curvature tensor: 

(R, R) = |R|2 = R,,«R'J''=' and (R, *R) = (5.2) 

Both of these invariants can vanish identically on classes of Ricci-flat non-flat 
space-times; for instance this is the case for the class of plane-fronted gravitational 
waves, given by 

g = —dudv -h (dx^ -h dy‘^) - 2h{u, x, y)dv? , 

^(x,y)d — 0, 

cf. [15, §8] and references therein. Here, h is only required to harmonic in the 
variables (x, y), and is arbitrary in u. The class of such space-times is highly non- 
compact, and so one has no local control of the metric in any coordinate system 
under bounds on the quantities in (5.2). 

Thus, one must turn to bounds on the components of R in some fixed co- 
ordinate system or framing. The most efficient way to do this is to choose a unit 
time-like vector T = eo, say future directed, and extend it to an orthornormal 
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frame e^, 0 < a < 3. Since the space orthogonal to T is space-like and 0(3) is 
compact, the particular framing of is unimportant. One may then define the 
norm w.r.t. T by 

|R|2 (5-3) 

where the components are w.r.t. the frame e^. This is equivalent to taking the 
norm of R w.r.t. the Riemannian metric 

= g + 2T ( 8 ) T. 

If, at a given point p, T lies within a compact subset W of the future interior 
null cone T+, then the norms (5.3) are all equivalent, with constant depending 
only on W. Of course if O is a compact set in the space-time (M, g) and the 
vector field T is continuous in O, then T lies within a compact subset of T+jD, 
where T^D is the bundle of future interior null cones in the tangent bundle TD. 

It is quite straightforward to prove that if (M,g) is a smooth Riemannian 
manifold with an bound on the full curvature, \R\ < K then there are local 
coordinate systems in which the metric is or with bounds depending 

only on K and a lower volume bound, cf. Remark 2.4(i). 

However, this has been an open problem for Lorentzian metrics, apparently 
for some time, cf. [22], [47] for instance. The following result gives a solution to this 
problem. 

To state the result, we need the following definition. Let be a domain in a 
smooth Lorentz manifold (M, g), of arbitrary dimension n + 1. Then Q is said to 
satisfy the size conditions if the following holds. There is a smooth time function 
t, with T = Vt/|Vt| the associated unit time-like vector field on such that, for 
S = So = the 1-cylinder 

X [-1,1] CC^2, (5.4) 

i.e.. Cl has compact closure in ft. Here Bp{l) is the geodesic ball of radius 1 about 
p, w.r.t. the metric g induced on S and the product is identified with a subset of 
O by the flow of T. 

It is essentially obvious that any point q in a. Lorentz manifold has a neigh- 
borhood satisfying the size conditions, when the metric g is scaled up suitably. 

Let D = ^T|ci CC T+f7. 

Theorem 5.1. Let Q be a domain in a vacuum (n + \)~ dimensional space-time 
(M,g). Suppose Q, satisfies the size conditions, and that there exist constants K < 
oo and Vq > 0 such that 

|R|t<K, volgBp{^)>Vo. (5.5) 

Then there exists > 0, depending only on K,Vq and D, and coordinate charts 
on the ro~ cylinder 



Cto — Bp{r o) X [ To, To] 




Cheeger-Gromov Theory 



369 



such that the components of the metric gap are in for any a<l, p < oo. 

Further, there exists Rq, depending only on K, Vq, D and p, such that, on Cr^, 

Ilga/^lk^-P < Ro^ (5.6) 

Here, the components gap are the full space- time components of g, and the 
estimate (5.6) gives bounds on both spatial and time derivatives of g, up to order 
2, in Z/^, where is measured on spatial slices of 

This result is formulated in such a way that it is easy to pass to limits. Thus, if 
one has a sequence of smooth space-times (M^, g^) satisfying the hypotheses of the 
Theorem, (with fixed constants K, Vq and uniformly compact domains D), then it 
follows that, in a subsequence, there is a limit PI space-time (Moo,goo), 
defined at least on the ro-cylinder Further, the convergence to the limit is 

and weak and the estimate (5.6) holds on the limit. 

We sketch some of the ideas of the proof; full details appear in [9]. First, one 
constructs a new local time function r on small cylinders (7^ , with | Vrp = —1, so 
the fiow of Vr is by time-like geodesics. On the level sets of r, one constructs 
spatially harmonic coordinates {xi}, (w.r.t. the induced Riemannian metric). This 
gives a local coordinate system (r, xi , . . . , x^) on small cylinders about p. One 
then uses the transport or Raychaudhuri equation, together with the Bochner- 
Weitzenbock formula, (Simons’ equation), and elliptic estimates to control gap’ 

The vacuum Einstein equations are needed in Theorem 5.1 only to prove the 
2"^*^ time derivatives of the shift ^r^rgoa are in L^, via use of the Bianchi identity. 
In place of vacuum space-times, it suffices to have a rather weak bound on the 
stress-energy tensor in the Einstein equations. All other bounds on gap do not 
require the Einstein equations. 

It would be interesting to apply this result, or variants of it, to obtain further 
information on the structure of the boundary of space-times. 

If the volume bound on space-like hypersurfaces in (5.5) is dropped, then it 
is possible that space- like hypersurfaces may collapse with bounded curvature, as 
described in §3. Examples of this behavior occur on approach to Cauchy horizons, 
(as noted in §3 in connection with the Berger collapse and the Taub-NUT metric). 
More generally, Rendall [45] has proved the following interesting general result: if 
E is a compact Cauchy horizon in a smooth vacuum space-time in 3+1 dimensions, 
then nearby space-like hypersurfaces collapse with bounded curvature on approach 
to E. 

B: 2^^^ Level problem 

While Theorem 5.1 represents a first step, one would like to do much better by 
replacing the bound on |R|t by a bound on the Ricci curvature of (M, g), or as- 
suming for instance the vacuum Einstein equations. Thus, one may ask if analogues 
of Theorems 2.2 or 2.3 hold in the Lorentzian setting. 

The main ingredients in the proofs of these results are the splitting theorem 
- a geometric part - and the strong convergence to limits - an analytic part 
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obtained from elliptic estimates for the Ricci curvature. Now one does have a direct 
analogue of the splitting theorem for vacuum space- times, (or more generally space- 
times satisfying the time-like convergence condition). Thus, by work of Eschenburg, 
Galloway and Newman, if (M, g) is a time-like geodesically complete, (or a globally 
hyperbolic), vacuum space-time which contains a time-like line, i.e., a complete 
time-like maximal geodesic, then (M, g) is flat, cf. [13] and references therein. 

In analogy to the Riemannian case, deflne then the 1-cross Croi(x,T) of a 
Lorentzian 4-manifold (M, g) at x, in the direction of a unit time-like vector T, to 
be the length of the longest maximizing geodesic in the direction T, with center 
point X. For a domain with compact closure in M and T a smooth unit time-like 
vector field, define 

Croi(r2,T) = inf Croi(x,T). 

What is lacking is the regularity boost obtained from elliptic estimates. For 
space-times, the vacuum equations give a hyperbolic evolution equation, (in har- 
monic coordinates), for which one does not have a gain in derivatives. However, 
the smoothness of initial data is preserved under the evolution, until one hits the 
boundary of the maximal development. 

Let = H^{U) denote the Sobolev space of functions with s weak deriva- 
tives in L‘^{U), U a bounded domain in For s > 2.5, (so that embeds in 
C^), and a space-like hypersurface S C (M, g), define the harmonic radius ps{x) 
of X G 5 in the same way as in Definition 2.1, where the components a,nd 
derivatives are in both space and time directions. For the following, we need only 
consider s G N“^, with s large, for instance, 5 = 3. 

Now a well-known result of Choquet-Bruhat [19] states that the maximal 
vacuum development of smooth (C'^) initial data on S is the same for all 5, 
provided 5 > 2.5. Thus, one does not have different developments of smooth initial 
data, depending on the degree of desired regularity. Here, one may assume 
that S is compact, or work locally, within the domain of dependence of S. This 
qualitative result can be expressed as follows. Let St be space-like hypersurfaces 
obtained by evolution from initial data on 5 = 5 q. If Xt G 5t, then 

Ps{xt) > Cl ^ Ps + l{xt) > C2, (5.7) 

where C2 depends on ci and the (C^) initial data on Sq. 

We raise the following problem of whether the qualitative statement (5.7) 
can be improved to a quantitative statement. 

Regularity problem 

Can the estimate (5.7) be improved to an estimate 

inf /Os+i(a;t) > Co • inf ps{xt), (5.8) 

xtESt xtESt 

where cq depends only on the initial data on S? One may assume, w.l.o.g, that 
t < 1. 
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The important point of (5.8) over (5.7) is that the estimate (5.8) is scale- 
invariant. Here, we recall that ps{x) measures the degree of concentration of deriva- 
tives of the metric in , so that ps ^ 0 corresponds to blow-up of the metric in 
locally. 

If (5.8) holds, it serves as an analogue of the regularity boost. In such cir- 
cumstances, one can imitate the proof of Theorems 2.2 or 2.3 to obtain similar 
results for sequences of space-times (M,gJ. 

In fact, the validity of (5.8) would have numerous interesting applications, 
even if it could be established under some further restrictions or assumptions. 

Suppose next one drops any assumption on the 1-cross of (M, g) and main- 
tains only a lower bound on the volumes of geodesic balls, as in (5.5), on space- 
like hypersur faces. This leads directly to issues of singularity formation and the 
structure of the boundary of the vacuum space-time, where comparatively little is 
known mathematically. 

A useful problem, certainly simple to state, is the following: for simplicity, we 
work in the context of compact, (i.e., closed, without boundary), Cauchy surfaces. 

Sandwich problem 

Let (M,gJ be a sequence of vacuum space-times, and let be two compact 

Cauchy surfaces in M, with to the future of E^^ and with 

1 < distg(x, E^^) < 10, 

for all X G Ef . Suppose the Cauchy data {gj.Kj), j = 1,2 on each Cauchy surface 
are uniformly bounded in for some fixed s > 2.5, possibly large. Hence the 
data {gj , Kj ) converge, in a subsequence and weakly in , to limit Cauchy 
data on EA 

Do the vacuum space-times A^(l,2) C (M,gi) between E^ and E^ converge, 
weakly in i/®, to a limit space time, 

(A,(l,2),^,) ^ (Aoc^oo)? (5.9) 

This question basically asks if a singularity can form between E^^ and E^ in the 
limit. It is unknown even if there could be only a single singularity at an isolated 
point (event) xq G (Aoo.goo)- 

The existence of such a singularity may be related to the Choptuik solution. 
However, both the existence and the smoothness properties of the Choptuik so- 
lution have not been established well mathematically; cf. [34] for an interesting 
discussion. 

Such a limit singularity would be naked in a strange way. It could be detected 
on E^, since light rays from it propagate to E^, but on E^, no remnant of the 
singularity is detectable, since the data is smooth on E^. Thus, the singularity is 
invisible to the future (or past) in a natural sense. 

A resolution of this problem would be useful in understanding, for instance, 
limits of the asymptotically simple vacuum perturbations of deSitter space, given 
by Friedrich’s theorem [26]. The sandwich problem above asks: suppose one has 
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control on the space-time near past and future space-like infinity , does it follow 
that one has control in between? 

Similar questions can be posed for non-compact Cauchy surfaces, and re- 
late for instance to limits of the AF perturbations of Minkowski space given by 
Christodoulou-Klainerman, [21] . 



6. Future asymptotics and geometrization of 3-manifolds 

In this section, we give some applications to the future asymptotic behavior of 
cosmological spaces times. 

Let (M, g) be a vacuum cosmological space-time, i.e., (M, g) contains a com- 
pact Cauchy surface S of constant mean curvature (CMC). It is well known that H 
then embeds in a (local) foliation T by CMC Cauchy surfaces , all diffeomorphic 
to E = El, and parametrized by their mean curvature r. The parameter r thus 
serves as a time function, with respect to which one may describe the evolution 
of the space-time. We refer to the work of Bartnik [11], [12] and Gerhardt [29] for 
results on the existence of such foliations, and to the surveys by Marsden-Tipler 
[38] and Rendall [44] for an overview of this topic. 

We assume throughout this section that E is of non-positive Yamabe type, 
i.e., E admits no metric of positive scalar curvature. It then follows from the 
Hamiltonian constraint equation that the mean curvature r never achieves the 
value 0. Thus 

re (- 00 , 0 ), (6.1) 

with r increasing towards the future in (M, g). The sign of the mean curvature 
is chosen so that vol^^ E^ is increasing with increasing r, i.e., expanding towards 
the future. The foliated region Mjr is thus a subset of M, although in general one 
cannot expect that M = Mjr due to the formation of singularities. 

Suppose that (M, g) is geodesically complete to the future of E, and that 
the future is foliated by CMC Cauchy surfaces, i.e., M == Mjr to the future of 
E. These are of course strong assumptions, but are necessary if one wants to 
understand the future asymptotic behavior of (M, g) without the complicating 
issue of singularities. 

The topology of E^- is fixed, and so the metrics gr induced on E^- by the 
ambient metric g give rise to a curve of Riemannian metrics on the fixed manifold 
E. In all known situations, one has vol^^ E oo as r ^ 0, and the metrics 
become locally fiat, due to the expansion, compare with the discussion in §1. It 
would be of interest to prove these statements in general, although it is hard to 
imagine situations where either one of them fails. 

The local geometry of gr thus becomes trivial locally. This is of course not 
very interesting. As in §1 and §4, to study the asymptotic behavior, one should 
rescale by the distance to a fixed base point or space- like hypersurface. In this 
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case, the distance is the time-like Lorentzian distance. Thus, for x to the future of 
E = E_i, let t{x) = distg(x, E) and let 

G = ^max(^) = max{t(x) : x G E^} = distg(Er, E). (6.2) 

It is natural to study the asymptotic behavior of the metrics 

9t — tr 9 t-) 

on Er- Observe that in the rescaled space-time (M, g^-), the distance of (Er,pr) 
to the “initial” singularity, (big bang), tends towards 1, as r ^ 0. Any other 
essentially distinct scaling would have the property that the distance to the initial 
singularity tends towards 0 or oo, and so is not particularly natural. 

We need the following definition, closely related to Thurston’s Geometrization 
Conjecture [46] on the structure of 3-manifolds. 

Definition 6.1. Let E be a closed, oriented, connected 3-manifold, of non-positive 
Yamabe type. A weak geometrization of E is a decomposition 

E-iLuG, (6.4) 

where is a finite collection of complete, connected hyperbolic manifolds, of 
finite volume, embedded in E, and G is a finite collection of connected graph 
manifolds, embedded in E. The union is along a finite collection of embedded tori 
r = uT^=dH = dG. 

A strong geometrization of E is a weak geometrization as above, for which 
each torus G T is incompressible in E, i.e., the inclusion of Ti into E induces 
an injection of fundamental groups. 

Of course it is possible that the collection T of tori dividing H and G is 
empty, in which case weak and strong geometrizations coincide. In such a situation, 
E is then either a closed hyperbolic manifold or a closed graph manifold. For a 
strong geometrization, the decomposition (6.4) is unique up to isotopy, but this is 
certainly not the case for a weak geometrization, cf. the end of §3. 

In general, no fixed metric ^ on E will realize the decomposition (6.4), unless 
T == 0. This is because the complete hyperbolic metric on H does not extend to 
a metric on E. However, one can find sequences of metrics gi on E which limit 
on a geometrization of E in the sense of (6.4). Thus, metrics gi may be chosen to 
converge to the hyperbolic metric on larger and larger compact subsets of iL, to 
be more and more collapsed with bounded curvature on G, and such that their 
behavior matches far down the collapsing hyperbolic cusps. 

Next, to proceed further, we need to impose a rather strong curvature as- 
sumption on the ambient space-time curvature. Thus, suppose there is a constant 
G < oo such that, for x to the future of E, 

|R|(x) + t{x)\VK\{x) < C • t-^{x). (6.5) 

Here, the curvature norm |R| may be given by |R|t as in (5.3), where T is the 
unit normal to the foliation E^-. Since (M, g) is vacuum, this is equivalent to 
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|Rp = |£’P + where E, B is the electric/magnetic decomposition of R, 

E{X,Y) = (R(A:,T)T,y'), B{X,Y) = ((*R)(X,T)T,y) with X, Y tangent to 
the leaves. Similarly, |VRp = \VE\^ + |VBp. 

The bound (6.5) is scale invariant, and analogous to the bound (4.9) or (4.10) 
for stationary space-times, (where it of course holds in general). The bound on 
|VR| in (6.5) is needed only for technical reasons, (related to Cauchy stability), 
and may be removed in certain natural situations. 

The discussion above leads to the following result from [8] , to which we refer 
for further discussion and details. 



Theorem 6.2. Let (M, g) he a cosmological space-time of non-positive Yamabe type. 
Suppose that the curvature assumption (6.5) holds, and that = M io the future 
ofE. 

Then (M, g) is future geodesically complete and, for any sequence ti 0, the 
slices {Y,n,gTi)y cf. (6.3), have a subsequence converging to a weak geometrization 
ofTt, in the sense following Definition 6.1. 



We indicate some of the basic ideas in the proof. The first step is to show 
that the bound (6.5) on the ambient curvature R, in this rescaling, gives uniform 
bounds on the intrinsic and extrinsic curvature of the leaves Er- The proof of this 
is similar to the proof of Theorem 5.1. 

Given this, one can then apply the Cheeger- Gromov theory, as described in 
§2-§3. Given any sequence ^ 0, there exist subsequences which either converge, 
collapse or form cusps. From the work in §3, one knows that the regions of (Er^ , g ^ ) 
which (fully) collapse, or which are sufficiently collapsed, are graph manifolds. This 
gives rise to the region G in (6.4). It remains to show that, for any fixed £ > 0, 
the £-thick region E^ of {En^gn) converges to a hyperbolic metric. 

The main ingredient in this is the following volume monotonicity result: 



volg^ Er 

4 



( 6 . 6 ) 



i.e., the ratio is monotone non-increasing in the distance G. This result is analogous 
to the Fischer-Moncrief monotonicity of the reduced Hamiltonian along the CMC 
Einstein flow, cf. [25]. The monotonicity (6.6) is easy to prove, and is an analogue 
of the Bishop-Gromov volume monotonicity (2.12). It follows from an analysis of 
the Raychaudhuri equation, much as in the Penrose-Hawking singularity theorems, 
together with a standard maximum principle. 

Moreover, the ratio in (6.6) is constant on some interval [ti,T 2 ] if and only if 
the annular region t“^(ti,T 2 ) is a time annulus in a flat Lorentzian cone 



go = -dt^ + t^g-i, 



(6.7) 



where g_i is a hyperbolic raetric. Again, the ratio in (6.6) is scale invariant, and so 



volg^ St 



= volg^ Sr. 



( 6 . 8 ) 
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In the non-collapse situation, vol^^ is uniformly bounded away from 0 as r — > 
0, (i.e. tr cxd), and hence converges to a non-zero limit. On approach to the 
r = 0 limit, the ratio (6.6) tends to a constant, and hence the corresponding 
limit manifolds are of the form (6.7). This implies that e-thick regions converge to 
hyperbolic metrics, giving rise to the H factor in (6.4). 

It would be of interest to construct large families of examples of vacuum 
space-times exhibiting the conclusions (and hypotheses) of Theorem 6.2. 

Recent Note: (January, 04). The recent work of Grisha Perelman [49]-[51], currently 
under evaluation in the mathematics community, implies a solution of Thurston’s 
Geometrization Conjecture, and hence in particular the Poincare Conjecture. 
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Null Geometry and the Einstein Equations 

Gregory J. Galloway 



1. Introduction 

This paper is based on a series of lectures given by the author at the Cargese Sum- 
mer School on Mathematical General Relativity and Global Properties of Solutions 
of Einstein’s Equations, held in Corsica, July 29- August 10, 2002. The general aim 
of those lectures was to illustrate with some current examples how the methods 
of global Lorentzian geometry and causal theory may be used to obtain results 
about the global behavior of solutions to the Einstein equations. This, of course, 
is a long standing program, dating back to the singularity theorems of Hawking 
and Penrose [24]. Here we consider some properties of asymptotically de Sitter 
solutions to the Einstein equations with (by our sign conventions) positive cosmo- 
logical constant, A > 0. We obtain, for example, some rather strong topological 
obstructions to the existence of such solutions, and, in another direction, present 
a uniqueness result for de Sitter space, associated with the occurrence of eternal 
observer horizons. As described later, these results have rather strong connections 
with Friedrich’s results [11, 13] on the nonlinear stability of asymptotically simple 
solutions to the Einstein equations with A > 0; see also Friedrich’s article else- 
where in this volume. The main theoretical tool from global Lorentzian geometry 
used to prove these results is the so-called null splitting theorem [16]. This theorem 
is discussed here, along with relevant background material. 

The paper is divided into sections as follows. In Section 2 we present the 
basic elements of causal theory, emphasizing those parts of the subject needed 
for our work. In Section 3 we give a self-contained treatment of the geometry of 
smooth null hypersurfaces, and present a maximum principle for such hypersur- 
faces. In Section 4 we extend this maximum principle to the essential setting, 
and discuss the null splitting theorem. In Section 5 we consider the aforementioned 
applications. 
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2. Elements of causal theory 

Much of our work makes use of results from the causal theory of Lorentzian man- 
ifolds. In this section we recall some of the basic notions and notations of this 
subject, with an emphasis on what shall be needed later. There are many excel- 
lent treatments of causal theory, all varying somewhat in perspective and degree 
of rigor; see for example, [31, 24, 29, 33, 3]. 

Let be a Lorentzian manifold, i.e., a smooth Hausdorff manifold 

equipped with a smooth metric ^ = ( , ) of Lorentz signature ( h h). A 

vector X G TpM is timelike (resp., null, causal, spacelike) provided (X, X) < 0 
(resp., (X, X) = 0, < 0, > 0). This terminology extends to curves: A smooth curve 
t — > a{t) is timelike (resp., null, causal, spacelike) provided each of its velocity vec- 
tors is timelike (resp., null, causal, spacelike). The causal character of curves 
extends in a natural way to piecewise smooth curves. For each p G M, the set 
of null vectors at p- forms a double cone in TpM. M is said to be time orient able 
provided the assignment of a future cone and past cone at each point of M can be 
made in a continuous manner over M. By a spacetime^ we mean a connected, time 
oriented Lorentzian manifold M. Henceforth we restrict attention to spacetimes. 

Let V denote the Levi-Civita connection of M. Hence, for vector fields X = 
X" and Y = V xY = X^VqT^ denotes the covariant derivative of Y with 

respect to X. For the most part we use index free notation. By definition, geodesics 
are curves t a{t) of zero covariant acceleration, Vo-'cr' = 0. 

The Riemann curvature tensor (X, Y, Z) ^ ^(A, Y)Z is defined by, 

i^(X, Y)Z = XxY/yZ - XyXxZ - • (2.1) 

The components of the curvature tensor are determined by the equation, 

R{di,dj)dk = R\ijde. 

The Ricci tensor and scalar curvature are obtained by tracing, Rij = R^uj and 

R = 9^^ Rij- 

We now introduce the notations for futures and pasts. I^{p) (resp., J~^{p)), 
the timelike (resp., causal) future of p G M, is the set of points g G M for which 
there exists a future directed timelike (resp., causal) curve from p to q. Since 
small deformations of timelike curves remain timelike, the sets /“^(p) are always 
open. However, the sets J~^{p) need not in general be closed. To emphasize the 
particular spacetime involved, one sometimes writes /“^(p, M), etc. More generally, 
for A C M, I^{A) (resp., J"^(A)), the timelike (resp., causal) future of A, is the 
set of points ^ G M for which there exists a future directed timelike (resp., causal) 
curve from a point p e A to q. Note, I~^{A) = UpeAl~^{p), and hence is open. 

By variational techniques one can establish the following fundamental causal- 
ity result; cf. [29, p. 294]. 

Proposition 2.1. If q £ J^{p) \ I^{p)^ then any future directed causal curve from 
p to q must be a null geodesic (when suitably parametrized). 
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The timelike and causal pasts I~{p), J~{p), I~{A), J~{A) are defined in a 
time dual manner. 

Many causally defined sets of interest, for example, horizons of various sorts, 
arise essentially as achronal boundaries. By definition, an achronal boundary is a 
set of the form dI'^{A) (or dI~{A)), for some A C M. We wish to describe several 
important structural properties of achronal boundaries. 

Proposition 2.2. An achronal boundary dI'^{A), if nonempty, is a closed achronal 
hypersurface in M . 

Recall, an achronal set is a subset of spacetime for which no two points can 
be joined by a timelike curve. We discuss briefly the proof of the proposition, 
beginning with the following simple lemma. 

Lemma 2.3. If p £ dI^{A) then I^{p) C I^{A), and I~{p) C M \ /+(t4). 

To prove the first part of the lemma, note that if g G I^{p) then p G I~{q), 
and hence I~{q) is a neighborhood of p. Since p is on the boundary of I^{A), it 
follows that I~{q) fl I^{A) ^ 0 , and hence q G I^{A). The second part of the 
lemma is proved similarly. 

Since I'^{A) is open, it does not meet its boundary. The first part of Lemma 
2.3 then implies that dI^{A) is achronal. Lemma 2.3 also implies that dI^{A) is 
edgeless. The edge of an achronal set S C M is the set of points p E S such that 
every neighborhood U of p, contains a timelike curve from I~{p,U) to I^{p,U) 
that does not meet S. But Lemma 2.3 shows that for any p G dI^{A), any timelike 
curve from I~{p) to I^{p) must meet dI^{A). The remainder of Proposition 2.2 
then follows from the fact (cf. [29, p. 413]) that an achronal set without edge points 
is a hypersurface of M. 

The next result shows that, in general, large portions of achronal boundaries 
are ruled by null geodesics. 

Proposition 2.4. Let A C. M be closed. Then each p G dI^{A) \ A lies on a null 
geodesic contained in dI^{A), which either has a past end point on A, or else is 
past inextendible in M . 

We give a sketch of the proof. Choose a sequence of points {pn} C I'^{A) 
such that Pn p, and let 7^ be a past directed timelike curve from pn to a point 
of A. By passing to a subsequence if necessary, {7n} converges, in a suitable sense, 
to a past directed causal curve 7 from p, which must be contained in dI^{A). We 
overlook here the technical difficulty that the limit curve 7 need not be smooth; 
this, can be dealt with, however; see, [3, Sections 3.3, 14.1]. Since each segment 
of 7 is both causal and achronal, it follows from Proposition 2.1 that 7 is a null 
geodesic. Now, each 7^ is pa.st inextendible in M \ ^, and hence so is 7. Thus 7 
either has a past end point on A or is past inextendible in M. 

Finally we make some remarks and recall some facts about global hyperbolic- 
ity. A spacetime M is strongly causal at p G M provided there are arbitrarily small 
neighborhoods U oi p such that any causal curve 7 which starts in, and leaves. 
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U never returns to U. M is strongly causal if it is strongly causal at each of its 
points. Thus, heuristically speaking, M is strongly provided there are no closed or 
“almost closed” causal curves in M. 

A spacetime M is said to be globally hyperbolic provided (i) M is strongly 
causal and (ii) the sets H J~{q) are compact for all p,q ^ M. The latter 

condition rules out the occurrence of naked singularities, and hence global hyper- 
bolicity is closely related to the notion of cosmic censorship. Global hyperbolicity 
is also related to the existence of an ideal initial value hypersurface, that is to say 
a Cauchy surface, in spacetime. There are slight variations in the literature in the 
definition of a Cauchy surface. Here we adopt the following definition: A Cauchy 
surface for a spacetime M is an achronal hypersurface 5 of M which is met by 
every inextendible causal curve in M. We now recall several fundamental results. 

Proposition 2.5. M is globally hyperbolic if and only if M admits a Cauchy surface. 
If S is a Cauchy surface for M then M is homeomorphic to'Rx S. 

Along similar lines, one has that any two Cauchy surfaces in a given globally 
hyperbolic spacetime are homeomorphic. Hence, according to Proposition 2.5, any 
nontrivial topology in a globally hyperbolic spacetime must reside in its Cauchy 
surfaces. The following fact is often useful. 

Proposition 2.6. If S is a compact achronal hypersurface in a globally hyperbolic 
spacetime M then S must be a Cauchy surface for M . 

Cauchy surfaces can be characterized in terms of the domain of dependence. 
Let S be an achronal subset of M. The future domain of dependence of S is the set 
D'^{S) consisting of all points p G M such that every past inexendendible causal 
curve from p meets 5. Physically, D~^{S) is the part of spacetime to the future of 
S that is predictable from 5. The future Cauchy horizon of 5, H^{S), is the future 
boundary of formally, = D^{S) \ I~ {S)). Physically, H^{S) 

is the future limit of the part of spacetime predictable from S. The past domain 
of dependence D~ {S) and past Cauchy horizon H~{S) are defined in a time-dual 
manner. Set D{S) = D+{S) U D-{S) and H{S) = i/+(5) U ^"(5); one has 
dD{S) = H{S). Then, it is a basic fact that an achronal set 5 is a Cauchy surface 
for M iff D{S) = M iff H{S) = 0. Cauchy horizons have structural properties 
similar to achronal boundaries, as indicated in the following. 

Proposition 2.7. Let S be an achronal subset of a spacetime M . Then H^{S) \ 
edge S , if nonempty, is an achronal C^ hypersurface of M ruled by null geodesics, 
each of which either is past inextendible M or has past end point on edge 5. 

The proof of Proposition 2.7 is roughly similar to the proofs of Propositions 
2.2 and 2.4. Proposition 2.6 can now be easily proved by showing, with the aid of 
Proposition 2.7, that H{S) = 0. 

We conclude this brief presentation with the following basic facts about global 
hyperbolicity. 
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Proposition 2.8. Let M be a globally hyperbolic spacetime. Then, 

(i) M is causally simple, i.e., the sets are closed, for all compact A <Z M . 

(ii) The sets J^{A) Pi J~ {B) are compact, for all compact A, B C M. 



3. The geometry of smooth null hypersurfaces 

Here we review some aspects of the geometry of null hypersurfaces, along the lines 
developed in [16, 26], and present a maximum principle for such hypersurfaces. 

Let be a spacetime, with n > 2. A (smooth) null hypersurface in 

M is a smooth co-dimension one embedded submanifold S oi M such that the 
pull-back of the metric ^ to S' is degenerate. Because of the Lorentz signature of g, 
the null space of the pull-back is one-dimensional at each point of S. Hence, every 
null hypersurface S admits a smooth nonvanishing future directed null vector field 
K G FTS such that the normal space of iP at p G S coincides with the tangent 
space of S at p, i.e., = TpS for all p G S. It follows, in particular, that tangent 

vectors to S not parallel to K are spacelike. Note also that the vector field K is 
unique up to a positive (pointwise) scale factor. The following fact is fundamental. 

Proposition 3.1. The integral curves of K when suitably parameterized, are null 
geodesics. 

Proof. It suffices to show that V kK = XK. This will follow by showing that at 
each p E S, V kK _L TpS, i.e., X) = 0 for all X G TpS. Extend X G TpS by 

making it invariant under the flow generated by K , [K, X] = V — ^ xK = 0. X 
remains tangent to 5, so along the flow line through p, {K, X) = 0. Differentiating 
we obtain, 

0 = K{K, X) = {VkK, X) + {K, XkX) , 

and hence, 

{VkK,X) = -{K,VxK) = -\x{K,K)=Q. □ 

The integral curves of K are called the null geodesic generators of S. 

Since K is orthogonal to S we can introduce the null Weingarten map and 
null second fundamental form of S with respect iF in a manner roughly analogous 
to what is done for spacelike hypersurfaces or hypersurfaces in a Riemannian 
manifold. For technical reasons, one works “mod /f” , as described below. 

We introduce the following equivalence relation on tangent vectors: For X, 
X' G TpS, X' = X mod K if and only ii X' - X = XK for some A G M. Let X 
denote the equivalence class of X. Let TpSjK = {X : X G TpS}, and TSfK — 
{Jp^sTpS ! K . TSfK, the mod K tangent bundle of S, is a smooth rank n—1 vector 
bundle over S. This vector bundle does not depend on the particular choice of null 
vector field K. There is a natural positive definite metric h on TSfK induced from 
(,): For each p G 5, define h : TpSjK x TpSjK R by h(fX,Y) = {X,Y). A 
simple computation shows that h is well defined. 
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The null Weingarten map h = bK oi S with respect to K is, fo r each point 
p E S', a linear map b : TpS/K TpSfK defined by b{X) = VxX. It is easily 
checked that b is well defined. Note if = fK, is any other future 

directed null vector field tangent to S, then V xK = fV xK mod K. It follows 
that the Weingarten map 6 of 5 is unique up to positive scale factor and that b at 
a given point p E S' depends only on the value of K at p. 

A standard computation shows, h{b{X),Y) = (VxX,Y) = (X, VyA) = 
h{X ,b{Y)). Hence b is self-adjoint with respect to h. The null second fundamental 
form B = Bk of S with respect to K is the bilinear form associated to b via h: 
For each p e S, B : TpSjK x TpSfK — > M is defined by B{X, Y) = h{b{X),Y) = 
{VxK, Y). Since b is self-adjoint, B is symmetric. We say that S is totally geodesic 
iff S = 0. This has the usual geometric meaning: If S is totally geodesic then any 
geodesic in M starting tangent to S stays in 5. This follows from the fact that, 
when S is totally geodesic, the restriction to S of the Levi-Civita connection of M 
defines an affine connection on 5. Null hyperplanes in Minkowski space are totally 
geodesic, as is the event horizon in Schwarzschild spacetime. 

The null mean curvature of S with respect to K is the smooth scalar field 
6 on S defined by, 6 = trb. Let E be the intersection of S with a hypersurface in 
M which is transverse to K near p ^ will be an n — 1-dimensional spacelike 
submanifold of M. Let {ei, C 2 , . . . , e^-i} be an orthonormal basis for TpE in the 
induced metric. Then {ei,e 2 , • . • ,Cn-i} is an orthonormal basis for TpS/K. Hence 
at p, 

n— 1 n— 1 

e = tr6 = y^h{b{ej),ei) = Cj). 

i=l i=l 

= div^K 

Thus, the null mean curvature gives a measure of the divergence towards the 
future of the null generators of S. Note that if K = fK then 0 = f0. Thus the 
null mean curvature inequalities ^ > 0, ^ < 0, etc., are invariant under positive 
rescaling of K. In Minkowski space, a future null cone S = dl'^{p) \ {p} (resp., 
past null cone S = dl~{p) \ {p}) has positive null mean curvature, ^ > 0 (resp., 
negative null mean curvature, 0 < 0). 

The null second fundamental form of a null hypersurface obeys a well-defined 
comparison theory roughly similar to the comparison theory satisfied by the second 
fundamental forms of a family of parallel spacelike hypersurfaces (cf., Eschenburg 
[9], which we follow in spirit). 

Let rj : (a, b) — ^ M, s ^(s), be a future directed affinely parameterized null 
geodesic generator of 5. For each s E (a, 6), let 

b{s) = : r^(.)5/r7'(s) - T^(,)5/V(s) (3.2) 

be the Weingarten map based at r]{s) with respect to the null vector K = p'(s). 
The one parameter family of Weingarten maps s obeys the following 
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Ricatti equation, 

b^ + b^ + R = 0. (3.3) 

Here ' denotes covariant differentiation in the direction r]'{s): In general, if F = 
Y {s) is a vector field along r] tangent to S', we define, (F)' = F'. Then, ii X = X{s) 
is a vector field along rj tangent to S, b' is defined by, 

b'(X) = b(xy - b(JC) . (3.4) 

R : r^( 5 )S/? 7 '(s) — ^ T^( 5 )S/t 7 '(s) is the curvature endomorphism defined by R{X) = 
R{X,T]'{s))r]'(s). 

We indicate the proof of Equation 3.3. Fix a point p = r]{so)^ sq G (a,b), on 
rj. On a neighborhood U of p in S we can scale the null vector field K so that K 
is a geodesic vector field, X kK = 0, and so that K, restricted to 77 , is the velocity 
vector field to 77 , i.e., for each s near sq, Kt^{s) = Let X G TpM. Shrinking U if 
necessary, we can extend X to a smooth vector field on U so that [X, K] = X xK — 
X kX = 0. Then, R(X, K)K = XxXkX ~ XkXxX — X^x,k]^ — ~X kX • 
Hence along 77 we have, X" = —R{X^rj')r]' (which implies that X, restricted to 77 , 
is a Jacobi field along 77 ). Thus, from Equation 3.4, at the point p we have, 

b'(X) = V^'- 6 (V^) = V^'- 6 (V^) 

= X^ - b{b(X)) = -R(X, ry')p' - b^(X) 

= -R(X)-b\X), 

which establishes Equation 3.3. 

By taking the trace of 3.3 we obtain the following formula for the derivative 
of the null mean curvature 0 — 0{s) along 77 , 

0' = — Ric( 77 ', 77 ') — (3.5) 

n — 1 

where cr, the shear scalar, is the trace of the square of the trace free part of b. 
Equation 3.5 is the well-known Raychaudhuri equation (for an irrotational null 
geodesic congruence) of relativity. This equation shows how the Ricci curvature of 
spacetime influences the null mean curvature of a null hypersurface. 

The following proposition is a standard application of the Raychaudhuri equa- 
tion, a version of which will be needed later. 

Proposition 3.2. Let M be a spacetime which obeys the null energy condition 
(NEC), Ric(X, X) > 0 for all null vectors X, and let S be a smooth null hy- 
persurface in M. If the null generators of S are future geodesically complete then 
S has nonnegative null mean curvature, 0 >0. 

Proof. Suppose 0 < 0 dit p E S. Let s rj{s) be the null generator of S passing 
through p = 77 ( 0 ), affinely parametrized. Let b{s) = 6 ^/( 5 ), and take ^ = tr 6 . By 
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the invariance of sign under scaling, one has 0(0) < 0. Raychaudhuri’s equation 
and the NEC imply that 0 = 0 {s) obeys the inequality, 



M ^ 1_ 

ds ~ n — 1 






(3.6) 



and hence 0 < 0 for all s > 0. Dividing through by 0^ then gives. 



ds \9 J n — 1 



(3.7) 



which implies 1/0 0, i.e., 0 — cxd in finite affine parameter time, contradicting 

the smoothness of 0. □ 



Proposition 3.2 implies, under the given assumptions, that cross sections of 
S do not decrease in area as one moves towards the future. Proposition 3.2 is the 
most rudimentary form of Hawking’s black hole area theorem. For a recent study 
of the area theorem, with a focus on issues of regularity, see [7]. 

3 . 1 . Maximum principle for smooth null hyper surfaces 

We present a maximum principle for smooth null hypersurfaces analogous to 
that for hypersurfaces in Riemannian manifolds and spacelike hypersurfaces in 
Lorentzian manifolds. Because of its natural invariance we restrict attention to 
the zero mean curvature case. 

Theorem 3 . 3 . Let S\ and S2 be smooth null hypersurfaces in a spacetime M . 
Suppose, 

(1) Si and S2 meet at p ^ M and S2 lies to the future side of S\ near p, and 

(2) the null mean curvature scalars 0i of S±, and O2 of S2, satisfy, 62 < 0 < 0i. 
Then S\ and S2 coincide near p and this common null hypersurface has null mean 
curvature 0 = 0 . 

The heuristic here is that since the generators of are nonconverging, and 
the generators of *^ 2 , which lie to the future of S\ are nondiverging, the two sets 
of generators are forced to agree and form a nonexpanding congruence. 



Proof We give a sketch of the proof; for details, see [16]. (N.B. There is a bad typo 
in the statement of Theorem II. 1 in [16], in which the mean curvature inequalities 
appear reversed.) 

Si and S2 have a common null direction at p. Let Q be a timelike hypersur- 
face in M passing through p and transverse to this direction. By taking Q small 
enough, the intersections Ei = Si C\Q and XI 2 = 52 H Q will be smooth spacelike 
hypersurfaces of Q, with E 2 to the future side of Ei near p. 

Si and S 2 may be expressed as graphs over a fixed spacelike hypersurface 
P of Q (with respect to Gaussian normal coordinates). Si = graph ( 1 x 1 ), S 2 = 
graph (1^2)- Let, 

0{ui) = 0i\^_ graph (ui) ’ 



i = 1,2. 
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By a computation, 

6{ui) = H{ui) -f lower-order terms , 

where H is the mean curvature operator on spacelike graphs over V in Q. (The 
lower-order terms involve the second fundamental form of Q.) Thus 0 is a second- 
order quasi- linear elliptic operator. In the present situation we have: 

(i) ui <U 2 , and ui{p) = 1 ^ 2 (p)- 

(ii) 6 {u 2 ) < 0 < 6 {ui). 

A suitable version of the strong maximum principle then implies, u\ = U 2 - Thus, 
El and E 2 agree near p. The normal geodesics to Ei and E 2 in M will then also 
agree. This implies that and S 2 agree near p. □ 



4. null hypersurfaces and the null splitting theorem 

The usefulness of the maximum principle for smooth null hypersurfaces presented 
in the previous section is limited by the fact that the most interesting null hyper- 
surfaces arising in general relativity, e.g., horizons of various sorts, are C^, but in 
general not . Such hypersurfaces often arise as (the null portions of) achronal 
boundaries dI^{A). For example, (i) in black hole spacetimes, the (future) event 
horizon is defined as, = 97“ (J"^), where 3^ is future null infinity (roughly, the 
ideal boundary of future end points of null geodesics that escape to infinity), and 
(ii) the observer horizon of an observer (future inextendible timelike curve) 7 is 
defined as The aim of this section is to present a maximum principle for 

null hypersurfaces, similar in spirit to the maximum principle for spacelike 
hypersurfaces obtained in [ 2 ], and to describe how this is used to prove the null 
splitting theorem. 

From the properties of achronal boundaries discussed in Section 2, a set of 
the form S = dI~{A) \ A, with A closed, is an achronal hypersurface ruled 
by null geodesics which are future inextendible in S (in fact, which are future 
inextendible in the sub-spacetime M \ A). Though future inextendible in S', the 
null geodesics ruling S (i.e., the null generators of S) may have past end points on 

5. Consider, for example, the set S = dI~(A) \ A, where A consists of two disjoint 
closed disks in the ^ = 0 slice of Minkowski 3-space. This surface, which represents 
the merger of two truncated cones, has a “crease” , i.e., a curve of nondifferentiable 
points (corresponding to the intersection of the two cones) but which otherwise is 
a smooth null hypersurface. The null generators of S that reach the crease, leave 
S when extended to the past. 

Sets of the form dI^{A) \ A, A closed, are models for our notion of null 
hypersurfaces. 

Definition 4.1. A future (resp., pastj null hypersurface is a locally achronal 
hypersurface ruled by null geodesics which are future (resp., past) inextendible 
in S. 
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null hypersurfaces do not in general have null mean curvature in the 
classical sense, but may obey null mean curvature inequalities in the support sense^ 
as described below. 

Let S he a, future null hypersurface, and let p G S'. A smooth null hy- 
persurface W is said to be a past support hypersurface for S at p provided W 
passes through p and lies to the past of S near p. We note that any future 
null hypersurface 5 is supported from below at each point p by a smooth null 
hypersurface. Indeed, one may take W = dI~{q,U) \ {g^}, where U is a convex 
normal neighborhood of p, and g G 1/ is on a null generator of S from p, slightly 
to the future of p. If S is actually smooth then, by an elementary comparison, 
^s{p) > ^w{p), provided the future directed null vector fields Ks and Kw used 
to define the null second fundamental forms on S and VF, respectively, are scaled 
to agree at p. (Time-dual statement holds for past null hypersurfaces.) These 
considerations lead to the following definition. 

Definition 4.2. Let S be a future null hypersurface in M . We say that S has 
null mean curvature ^ > 0 in the support sense provided for each p G S and for 
each € > 0 there exists a smooth (at least null hypersurface Wp^e such that, 

( 1 ) Wp^e i'S a past support hypersurface for S at p, and 

( 2 ) the null mean curvature of Wp^e o,t p satisfies Op^e ^ 

For this definition, it is assumed that the null vectors have been uniformly 
scaled, e.g., have unit length with respect to a fixed background Riemannian met- 
ric, otherwise the inequality in ( 2 ) would be meaningless. Note that if S is smooth 
and satisfies Definition 4.2 then ^5 > 0 in the usual sense. If 5 is a past null 
hypersurface, one defines 0 < 0 in the support sense in an analogous manner in 
terms of future support hypersurfaces. 

As a simple illustration of Definition 4.2, consider the future null cone S = 
dl^{p), where p is a point in Minkowski space. S is a, future null hypersurface 
having mean curvature ^ > 0 in the support sense: One may use null hyperplanes, 
even at the vertex, as support hypersurfaces. A less trivial illustration is provided 
by the next proposition, which is a version of Proposition 3.2. 

Proposition 4.1. Let M he a spacetime which satisfies the NEC. Suppose S is a 
future null hypersurface in M whose null generators are future geodesically 
complete. Then S has null mean curvature 6 >h in the support sense. 

Proof. By restricting attention to a sufficiently small neighborhood of S, we may 
assume without loss of generality that S is globally achronal. Recall that if a null 
geodesic rj contains a pair null conjugate points, then points of rj are timelike 
related [29, p. 296]. Thus it follows that the null generators of S are free of null 
conjugate points. 

Given p G 5, let 77 : [0, 00) — > S' C M, s — > p(s), be a future directed 
affinely parametrized null geodesic generator of S from p = p(0). For any r > 0, 
consider a small pencil of past directed null geodesics from p(r) about rj. This 
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pencil, taken sufficiently small, will form a smooth (caustic free) null hypersurface 
Wp^r containing ?7([0, r)). Moreover, since Wp^r C J~(5), it will be a lower support 
hypersurface for S at p. 

Let 6 = 0{s)^ 0 < s < r, be the null mean curvature of Wp^r along ?7|[o,r): 
where, as in the notation of Equation (3.2), h{s) = . The differential inequality 

(3.6), which holds in the present situation, together with the initial condition 
6{r) = — (X), implies, 

Since r can be taken arbitrarily large, the proposition follows. □ 

Proposition 4.1 applies, in particular, to future event horizons in black hole 
spacetimes, in which the null generators are future complete. This fact provided 
the initial impetus for the development of a proof of the black hole area theorem 
which does not require the imposition of smoothness assumptions on the horizon; 
cf. [7], 

We now present the maximum principle for null hypersurfaces. 

Theorem 4.2. (Maximum Principle for null hypersurfaces.) Let S\ be a 
future null hypersurface and S2 be past null hypersurface in a spacetime M . 
Suppose, 

(1) and S2 meet at p ^ M , with S2 lying to the future side of Si near p, and 

(2) Si and S2 have null mean curvatures satisfying, O2 < 0 < 0i in the support 

sense. 

Then Si and S2 coincide near p and form a smooth null hypersurface with null 
mean curvature 6 = 0. 

Comments on the proof: We first mention that, for simplicity, we have omitted 
a technical assumption from the statement of the theorem; there is a requirement 
that the second fundamental forms of the support hypersurfaces obey a local one- 
sided bound. In many geometric applications, this technical condition is automat- 
ically satisfied; cf., [16] for details. Although there are some significant technical 
issues, the proof proceeds more or less along the lines of the proof of Theorem 3.3. 

One first observes that the point p is an interior point of a null generator 
common to both *S'i and S2 near p. As before, one intersects Si and S2 with a 
timelike hypersurface Q through p which is transverse to this generator. By taking 
Q small enough, the intersections Ei = Si CQ and Yi2 = S2 C\ Q will be acausal 
hypersurfaces in Q passing through p, with E 2 to the future of Ei. One can 
again express Ei and E 2 as graphs over a fixed smooth spacelike hypersurface 
V C. Q (with respect to Gaussian normal coordinates about V), E^ = graph 
i = 1,2. The functions ui and U2 are Lipschitz functions on V satisfying, ui < U2 
and ui{p) = U2{p)- As in the proof of Theorem 3.3, let 6 denote the null mean 
curvature operator. The null mean curvature assumption then implies that ui and 
U2 satisfy the differential inequalities, 6{u2) < 0 < ^(^i), in the support function 
sense. By the weak version of the strong maximum principle obtained in [2], which 




390 



G.J. Galloway 



is a nonlinear generalization of Calabi’s [5] weak version of the Hopf maximum 
principle, one concludes that u\ and U2 are smooth and agree near p. Thus, Ei 
and E 2 are smooth spacelike hypersurfaces in Q which agree near p. One can then 
show that Si and S 2 are obtained locally by exponentiating normally out along 
a common smooth null orthogonal vector field along Ei = E 2 . The conclusion of 
Theorem 4.2 now follows. □ 

4.1. The null splitting theorem 

The main motivation for establishing a maximum principle for null hypersur- 
faces was the realization that such a result could be used to settle a problem that 
arose in the 80’s concerning the occurrence of lines in spacetime. Recall, in a Rie- 
mannian manifold, a line is an inextendible geodesic, each segment of which has 
minimal length, while in a spacetime, a timelike line is an inextendible timelike 
geodesic, each segment of which has maximal length among causal curves join- 
ing its end points. The classical Cheeger-Gromoll splitting theorem [6] describes 
the rigidity of Riemannian manifolds of nonnegative Ricci curvature which con- 
tain a line. (Note that a complete Riemannian manifold with strictly positive 
Ricci curvature cannot contain any lines.) The standard Lorentzian splitting the- 
orem [10, 15, 28], which is an exact Lorentzian analogue of the Cheeger-Gromoll 
splitting theorem, describes the rigidity of spacetimes obeying the strong energy 
condition, Ric(X, X) > 0 for all timelike vectors X, which contain a timelike 
line. Yau [34] posed the problem of establishing a Lorentzian analogue of the 
Cheeger-Gromoll splitting theorem as an approach to establishing the rigidity of 
the Hawking-Penrose singularity theorems; see [3] for a more detailed discussion of 
these matters, as well as a nice presentation of the proof of the Lorentzian splitting 
theorem. 

But here we are interested in null geometry. Motivated by the more standard 
cases discussed above, a null line in spacetime is defined to be an inextendible null 
geodesic which is globally achronal, z.e., for which no two points can be joined by 
a timelike curve. (Hence, each segment of a null line is maximal with respect to 
the Lorentzian arc length functional.) We emphasize that the condition of being a 
null line is a global one. Although each sufficiently small segment of a null geodesic 
is achronal, this achronality need not hold in the large: Consider, for example a 
null geodesic winding around a fiat spacetime cylinder (closed in space) ; eventually 
points on the null geodesic are timelike related. Null lines arise naturally in causal 
arguments; recall, for example, that sets of the form dI^{A) \ A, A closed, are 
ruled by null geodesics which are necessarily achronal. Null lines have arisen, by 
various constructions, in the proofs of numerous results in general relativity; see, 
for example, [25, 18, 32, 22, 20]. All of the null geodesics in Minkowski space, de 
Sitter space and anti-de Sitter space are null lines. The null generators of the event 
horizon in extended Schwarzschild spacetime are null lines. 

In analogy with the Lorentzian splitting theorem, one expects spacetimes 
which obey the NEC and contain a null line to exhibit some sort of rigidity^ as 
suggested by the following considerations: The NEC tends to focus congruences 
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of null geodesics, which can lead to the occurrence of null conjugate points. But a 
null geodesic containing a pair of null conjugate points cannot be achronal. Thus 
we expect that a spacetime which obeys the NEC and contains a complete null 
line should be special in some way. The question, which arose in the 80 ’s, after 
the proof of the Lorentzian splitting theorem, as to what this rigidity should be, 
is addressed in the following theorem. 

Theorem 4.3. Let M be a null geodesically complete spacetime which obeys the 
NEC. If M admits a null line rj then 77 is contained in a smooth properly embedded 
achronal totally geodesic null hypersurface S. 

The simplest illustration of Theorem 4.3 is Minkowski space: Each null line I 
in Minkowski space is contained in a unique null hyperplane fl. Because of various 
analogies with the Lorentzian splitting theorem, we refer to the above theorem as 
the null splitting theorem. Here the “splitting” is understood as taking place in 
the null hypersurface 5 , rather than in the full spacetime. 

Proof. The proof is an application of the maximum principle for null hyper- 
surfaces. For simplicity we shall assume M is strongly causal; this however is not 
required; see [ 16 ] for details. 

By way of motivation, note that the null plane H in Minkowski space con- 
sidered above can be realized as the limit of the future null cone dl^{x) as x goes 
to past null infinity along the null line £. H can also be realized as the limit of the 
past null cone dl~{x) as x goes to future null infinity along the null line £. In fact, 
one sees that H = dl^{£) = dl~{£). 

Thus, in the setting of Theorem 4 . 3 , consider the achronal boundaries = 
dl^{r]) and S- = dl~{r]). By results discussed in Section 2, and S- are closed 
achronal hypersurfaces in M. Since 77 is achronal, it follows that and S- 
both contain rj. For simplicity, assume S-^ and S- are connected (otherwise re- 
strict attention to the component of each containing 77). The proof then consists of 
showing that and S- agree and form a smooth totally geodesic null hypersur- 
face. (In a vague sense, this corresponds to showing, in the proof of the Lorentzian 
splitting theorem, that the level sets of the Busemann functions = 0 associated 
to the timelike line coincide, which partially motivates thinking of Theorem 4.3 as 
a splitting theorem.) 

We claim that S- is a future null hypersurface whose generators are future 
complete. The assumption of strong causality implies that 77 is a closed subset of 
spacetime. Then, by (the time-dual of) Proposition 2 . 4 , each point p ^ S-\rj is 
on a null geodesic a C S- which either is future inextendible in M or else has a 
future endpoint on 77. In the latter case, a meets 77 at an angle, and Proposition 
2.1 then implies that there is a timelike curve from a point on cr to a point on 
77, violating the achronality of 5 _. Thus, S- is ruled by null geodesics which 
are future inextendible in M, and, hence by the completeness assumption, future 
complete, which establishes the claim. In a time dual manner, is a past null 
hypersurface whose generators are past complete. 
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Thus, by Proposition 4.1 and its time-dual, S- and S-^ have null mean curva- 
tures satisfying, 6^ < 0 < ^_ , in the support sense. Let g be a point of intersection 
of and S'-. S+ necessarily lies to the future side of S_ near q. We may now 
apply Theorem 4.2 to conclude that S+ and S_ agree near q to form a smooth 
null hypersurface having null mean curvature ^ = 0. A fairly straightforward con- 
tinuation argument shows that S+ = S_ = S is a smooth null hypersurface with 
^ = 0. By setting ^ = 0 in the Raychaudhuri equation (3.5), and using the NEC, 
we see that the shear a must vanish, and hence S is totally geodesic. □ 

In the next section we consider some applications of Theorem 4.3. 

5. Some global properties of asymptotically de Sitter spacetimes 

In this section we present some global results for spacetimes obeying the 

Einstein equations, 

Rij -^Rqij T A.gij = SirTij . (^*^) 

We will be concerned primarily with spacetimes that satisfy the null energy con- 
dition (NEC). In view of the Einstein equations, the NEC may be expressed in 
terms of the energy- momentum tensor T = T{j, as the condition, T{X,X) > 0 
for all null vectors X. (Note, in particular, that the NEC is insensitive to the sign 
of the cosmological constant.) In some situations we will specialize to the vacuum 
case, Tij = 0, in which case the Einstein equations become, 

Rij — ^dij (^'^) 

where A = 2A/(n — 1). 

We mainly restrict attention to solutions of the Einstein equations with posi- 
tive cosmological constant, A > 0. By our sign conventions, de Sitter space, which 
may be expressed in local coordinates as, 

M = M X 5^ , ds‘^ = -dt^ -h cosh^ t du^ (5.10) 

is a vacuum solution of the Einstein equations with A > 0. (We have actually taken 
A = n(n— 1)/2 in (5.10)). Thus, we will be typically dealing with spacetimes which 
behave asymptotically like de Sitter space. There has been increased interest in 
such spacetimes in recent years due, firstly, to observations concerning the rate of 
expansion of the universe, suggesting the presence of a positive cosmological con- 
stant in our universe, and, secondly, due to recent efforts to understand quantum 
gravity on de Sitter space via, for example, some de Sitter space version of the 
AdS/CFT correspondence (see [4] and references cited therein). 

5.1. Asymptotically simple and de Sitter spacetimes 

We use Penrose’s notion of conformal infinity [30] to make precise what it means 
for spacetime to be asymptotically de Sitter. Recall, this notion is based on the way 
in which the standard Lorentzian space forms, Minkowski space, de Sitter space 
and anti-de Sitter space, conformally imbed into the Einstein static universe (E x 
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5^, —du^ -h see the article of Friedrich in this volume for further discussion. 

Under the transformation u = tan“^(e^) — it the metric (5.10) becomes 

ds^ = A -dv? + dw'^) . (5.11) 

cos^(2u) 

Thus, de Sitter space conformally imbeds onto the region — tt/4 < u < tt/ 4 in 
the Einstein static universe. Future conformal infinity (resp., past conformal 
infinity J~) is represented by the spacelike slice u — 'k j A (resp., u — — tt/ 4). This 
serves to motivate the following definition. 

Definition 5.1. A spacetime (M, g) is asymptotically de Sitter provided there exists 
a spacetime- with-boundary (M^g) and a smooth function Q on M such that 

(a) M is the interior of M ; hence M = M U3 , J = dM. 

(b) g = Q?g, where (i) Q. > ^ on M, and (ii) Q = 0, dfl ^ 0 along 3. 

(c) 3 is spacelike. 

In general, 3 decomposes into two disjoint sets, 3 = 3~^ U 3~ where 3~^ C 
and 3~ C I~ {M^ M). is future conformal infinity and 3~ is past 
conformal infinity. It is to be understood in the above definition that both 3^ and 
3~ are nonempty. If a spacetime M obeys Definition 5.1 with 3~ = ^ (resp., 3^ = 
0), we will say that M is future (resp., past) asymptotically de Sitter. Expanding 
dust filled FRW models, which are solutions to the Einstein equations with A > 0, 
typically begin with a big bang singularity, cf. [8, Chpt. 23]. These cosmological 
models are future asymptotically de Sitter, but not p8ist cisymptotically de Sitter. 
We remark that no a priori assumption is made about the topology of 3^ and/or 3 ~ . 

Definition 5.2. An asymptotically de Sitter spacetime is asymptotically simple pro- 
vided each inextendible null geodesic in M has a future end point on 3'^ and a past 
end point on 3 ~ . 

Thus, spacetime is asymptotically simple provided each null geodesic extends 
to infinity both to the future and the past. Schwarzschild de Sitter spacetime (see, 
e.g., [23, 4]), which represents a Schwarzschild black hole in a de Sitter background, 
is an interesting example of a spacetime which is asymptotically de Sitter, but not 
asymptotically simple: Null geodesics entering the black hole cannot escape to in- 
finity. In an obvious modification of the definition, we may also refer to spacetimes 
which are future (resp., past) asymptotically simple. 

There are connections between asymptotic simplicity and the causal structure 
of spacetime, as illustrated in the next proposition. 

Proposition 5.1. Let M be a future asymptotically de Sitter spacetime, with future 
conformal infinity 3 ^ . 

(i) If M is future asymptotically simple then M is globally hyperbolic. 

(ii) If M is globally hyperbolic and 3^ is compact then M is future asymptotically 
simple. 

In either case, the Cauchy surfaces of M are homeomorphic to 
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Proof. By extending Mu3~^ a little beyond one may obtain a spacetime without 
boundary M' such that 3^ is achronal and has no future Cauchy horizon in M', 
= 0 . 

Suppose M is future asymptotically simple. We claim that 3^ is a Cauchy 
surface for M'. Since, by construction, , M') = 0, we need only show that 

i/~(J+,M') = 0. If H~{3~^ , M') ^ 0, then, by Proposition 2.7 and the fact that 
is edgeless, there exists a null geodesic r] contained in which is 

future inextendible in M'. By asymptotic simplicity, rj must meet 3~^, and hence 
enter But this violates the achronality of 3^. Thus, M' is globally 

hyperbolic, from which it easily follows that M is, as well. This proves part (i). 

Now assume M is globally hyperbolic and 3^ is compact. Since any Cauchy 
surface for M is clearly a Cauchy surface for M', M' is globally hyperbolic. Then, 
by Proposition 2.6, J”*” is a Cauchy surface for M'. Hence, any future inextendible 
null geodesic in M' starting in M meets It follows that M is future asymptot- 
ically simple, which proves part (ii). We leave the proof of the final statement to 
the reader. □ 

5.2. A uniqueness theorem for de Sitter space 

We present here a uniqueness theorem for de Sitter space associated with the 
occurrence of null lines. Every inextendible null geodesic in de Sitter space is a 
null line. This fact may be understood in terms of the causal structure of de 
Sitter space. The observer horizon of an observer (future inextendible timelike 
curve) 7 is, by definition, the achronal boundary The observer horizon 

describes the limit of the region of spacetime ultimately observable by 7 . In a 
future asymptotically de Sitter spacetime, every observer has a nontrivial observer 
horizon, as follows from the fact that 3~^ is spacelike. In de Sitter space, the observer 
horizon of every observer 7 is eternal^ i.e., extends from all the way back to 3~ . 
If q is the future end point of 7 on then the observer horizon 97“ ( 7 ) may be 
viewed as the paist null cone from g, which, in de Sitter space, reconverges right on 
3~ at a point q' “antipodal” to q. By properties of achronal boundaries, 57“ ( 7 ) is 
ruled by achronal null geodesics which, in de Sitter space, extend all the way from 
3~ to Thus, to summarize, the observer horizon of every observer in de Sitter 
space is eternal and, as a consequence, is ruled by null lines. 

We now consider the following rigidity result for asymptotically de Sitter 
spactimes, cf. [17]. 

Theorem 5.2. Suppose is an asymptotically simple and de Sitter spacetime 
satisfying the vacuum Einstein equation (5.9), with X > 0. If M contains a null 
line (i.e., if there is at least one eternal observer horizon) then M is isometric to 
de Sitter space. 

Theorem 5.2 may be interpreted in terms of the initial value problem for 
the vacuum Einstein equations, with A > 0 . According to the fundamental work of 
Friedrich [ 11 ], the set of asymptotically simple and de Sitter solutions to (5.9), with 
A > 0, is open in the set of all maximal globally hyperbolic solutions with compact 
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spatial sections. Thus, by Theorem 5.2, in conjunction with the work of Friedrich, a 
sufficiently small perturbation of the Cauchy data on a fixed Cauchy hypersurface 
in de Sitter space will in general destroy all the null lines of de Sitter space, 
i.e., the resulting spacetime that develops from the perturbed Cauchy data will 
not contain any null lines (or, equivalently, will not contain any eternal observer 
horizons). While one would expect many of the null lines to be destroyed, it is 
somewhat surprising that none of the null lines persist. The absence of null lines 
(or eternal observer horizons) implies, in particular, that the “past null cones” 
3J“^(p) will be compact for all p € M sufficiently close to J“^. As all such sets in 
de Sitter space are noncompact, this further serves to illustrate the special nature 
of the causal structure of de Sitter space (see also [ 22 , Corollary 1 ]). Finally, we 
remark, that a similar uniqueness result has also been obtained for Minkowski 
space, see [16, 17]. 

Proof. We present some comments on the proof; see [17] for further details. The 
main step is to show that M has constant curvature. Since M is Einstein, it is 
sufficient to show that M is conformally flat. 

Let T] be the assumed null line in M. By Theorem 4.3, rj is contained in a 
smooth totally geodesic null hypersurface S' in M. By asymptotic simplicity, rj 
acquires a past end point p on 3~ and a future end point q on 3^ . Let us focus 
attention on the situation near p. By the proof of Theorem 4.3, and the fact that 
p is the past end point of 77 , we have that, 

S = dl^{rj) = a/+(p, M) n M . 

It follows that Np := S U {p} is a smooth null cone in M, generated by the future 
directed null geodesics emanating from p. 

Since S is totally geodesic and the shear is a conformal invariant, the null 
generators of Np have vanishing shear in the unphysical metric g. The trace free 
part of the Riccati equation (3.3) then implies (see [24, p. 88 ]) that the components 
of the conformal tensor suitably contracted in the direction of the null generators 
vanish, 

CabcdK^K‘^ = 0 on S, (5.12) 

where A is a smooth tangent field to the null generators of S. An argument of 
Friedrich [12], in which Np plays the role of an initial characteristic hypersurface, 
now implies that the conformal tensor of spacetime vanishes on the future domain 
of dependence of Np, 

C}ki=0 on D+(Ap,M)nM. (5.13) 

Friedrich’s argument makes use of the conformal field equations, specifically the 
divergencelessness of the rescaled conformal tensor, 

Vid%i = 0, . 

In a time-dual manner one obtains that Cjj^i vanishes on D~{Nq,M) n M. 
Since it can be shown that M is contained in D~^{Np, M)UD~ {Nq, M), we conclude 
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that M is conformally flat. Together with equation (5.9), this implies that M has 
constant (positive) curvature. Moreover, further global arguments show that M 
is geodesically complete and simply connected. It then follows from uniqueness 
results for Lorentzian space forms that M is isometric to de Sitter space. □ 

As illustrated by Schwarzschild-de Sitter spacetime, the assumption of as- 
ymptotic simplicity cannot be dropped from Theorem 5.2. However, it appears 
that this assumption can be substantially weakened; the essential point is to as- 
sume the existence of a null line which extends from 3~ to the null lines in 
Schwarzschild-de Sitter spacetime do not have end points on J. It is also possible 
to weaken the vacuum assumption, for example, to allow for the possible presence 
of matter fields. These extensions of Theorem 5.2 are being considered in [19]. 

5.3. On the topology of asymptotically de Sitter spacetimes 

The results of this subsection were obtained in joint work with Lars Andersson [1]. 

The result of Friedrich on the nonlinear stability of asymptotic simplicity 
mentioned in the previous subsection establishes the existence of an open set of 
solutions to the vacuum Einstein equations with compact Cauchy surfaces, which 
are asymptotically simple and de Sitter. One is naturally interested in the general 
features or properties of this class of solutions. Here we address the question of 
which Cauchy surface topologies are allowable within this class. Obviously, since 
de Sitter space is in this class, the spherical topology is allowable. Moreover, 
since isometries of S'^ extend in an obvious way to isometries of de Sitter space, 
any spherical space form 5^/T can be achieved. The next theorem shows that, at 
least in 3 -h 1 dimensions, these are all the topologies one can expect to get. 

Theorem 5.3. Let , n>2, he an asymptotically de Sitter spacetime (to both 

the past and future ) satisfying the NEC. If M is asymptotically simple either to 
the past or future, then M is globally hyperbolic, and the Cauchy surfaces of M 
are compact with finite fundamental group. 

Remarks: 

1. Theorem 5.3 implies that the universal cover S'* of S finitely covers S. Hence, S* 
is compact and simply connected. In three spatial dimensions, this means that S* 
is a homotopy 3-sphere (and in fact diffeomorphic to the 3-sphere if the Poincare 
conjecture is valid). Thus, in 3 -f 1 dimensions, the Cauchy surfaces are homotopy 
3-spheres, perhaps with identifications. 

2. Theorem 5.3 may be reformulated as follows: If M is an asymptotically de Sitter 

spacetime obeying the NEC, having compact Cauchy surfaces with infinite fun- 
damental group, then M cannot be asymptotically simple, either to the future or 
the past. This is well illustrated by Schwarzschild de Sitter spacetime, which has 
Cauchy surface topology x S^. Formulated this way. Theorem 5.3 implies 

that, in the conformal framework of Friedrich [12], if one evolves, via the Einstein 
equations, suitable initial data on a compact with infinite fundamental group, 
something catastrophic must develop to the future, as the resulting maximal de- 
velopment cannot be asymptotically de Sitter to the future, i.e., cannot admit a 
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regular 3^^ . Presumably the resulting physical spacetime M is globally singular; it 
cannot simply develop a localized black hole, similar to that of Schwarzschild de 
Sitter spacetime. In any case, the time dual of Theorem 5.4 presented after the 
proof of Theorem 5.3 shows that some singularity (in the usual sense of causal 
incompleteness) must occur to the future. 

Proof of Theorem 5.3; For the sake of definiteness, assume M is asymptotically 
simple to the future. That M is globally hyperbolic follows from Proposition 5.1. 
We show that the Cauchy surfaces of M are compact. One can extend M a little 
beyond 3^ to obtain a spacetime without boundary M' which contains M, such 
that any Cauchy surface for M is also a Cauchy surface for M' . Thus, it suffices 
to show the Cauchy surfaces of M' are compact. 

Fix p G and consider M'). If 9/^(p, M') is compact, then by 

Proposition 2.6, 57“^(p, M') is a compact Cauchy surface, and we are done. If 
5/+(p, M') is noncompact then, by considering a sequence of points going to in- 
finity in M'), we can construct a null geodesic generator 7 C M') 

which is future inextendible in M'. Since M is future asymptotically simple, 7 will 
meet 3^ at say. Then, 70 , the portion of 7 between p and is a null line in M. 
By Theorem 4.3, 70 is contained in a smooth totally geodesic null hypersurface S 
in M. By arguments like those of the preceeding subsection, the set N = 5U {p, q] 
forms a compact achronal hypersurface in M'; it represents a future null cone in 
M' emanating from the point p, and reconverging to a past null cone at q. (We 
do not use the fact here that S is totally geodesic.) By Proposition 2.6, N is a 
compact Cauchy surface for M' . 

Thus, we are lead to the conclusion that the Cauchy surfaces of M', and 
hence the Cauchy surfaces of M, are compact. Now pass to the universal covering 
spacetime M* of M. Since all of the hypotheses of Theorem 5.3 lift to M*, the 
Cauchy surfaces of M* are compact, as well. But since the Cauchy surfaces of 
M* cover the Cauchy surfaces of M, and are simply connected, it follows that the 
universal covering of any Cauchy surface S for M is finite. This implies that the 
fundamental group of S is finite. □ 

To conclude this subsection we present a singularity theorem for future 
asymptotically simple and de Sitter spacetimes. 

Theorem 5.4. Let 2 < n < 7, he a future asymptotically simple and de 

Sitter spacetime with compact orientahle Cauchy surfaces, which obeys the NEC. 
If the Cauchy surfaces of M have positive first Betti number, b\ > 0, then M is 
past null geodesically incomplete. 

Note that if a Cauchy S contains a wormhole, i.e., has topology of the form 
7V#(5^ X 5^“^), then hi{S) > 0. The theorem is somewhat reminiscent of pre- 
vious results of Gannon [21], which show, in the asymptotically flat setting, how 
nontrivial spatial topology leads to the occurrence of singularities. 

The proof of Theorem 5.4 is an application of the Penrose singularity theorem, 
stated below in a form convenient for our purposes. 
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Theorem 5.5. Let M be a globally hyperbolic spacetime with noncompact Cauchy 
surfaces, satisfying the NEC. If M contains a past trapped surface, M is past null 
geodesically incomplete. 

Recall [24, 3, 29] that a past trapped surface is a compact co-dimension two 
spacelike submanifold W' of M with the property that the two congruences of null 
normal geodesics issuing to the past from W have negative divergence along W . 

Comments on the proof of Theorem 5.4; Since M is asymptotically de Sitter and 
is compact (see Proposition 5.1), one can find in the far future a smooth com- 
pact spacelike Cauchy surface E for M, with second fundamental form which is 
positive definite with respect to the future pointing normal. This means that E is 
contracting in all directions towards the past. 

By Poincare duality, and the fact that there is never any co-dimension one 
torsion, 6i(E) > 0 if and only if i/n-i(S,Z) ^ 0. By well-known results of geo- 
metric measure theory (see [27, p. 51] for discussion; this is where the dimension 
assumption is used), every nontrivial class in Z) has a least area represen- 

tative which can be expressed as a sum of smooth, orientable, connected, compact, 
embedded minimal (mean curvature zero) hypersurfaces in E. Let W be such a 
hyper surface; note W is spacelike and has co-dimension two in M. As described 
in [14], since W is minimal in E, and E is contracting in all directions towards the 
past in M,W must be a past trapped surface in M. 

Since W and E are orientable, W is two-sided in E. Moreover, since W repre- 
sents a nontrivial element of W does not separate E, for otherwise it 

would bound in E. This implies that there is a loop in E with nontrivial intersection 
number with respect to W . There exists a covering space E* of E in which this loop 
gets unraveled. E* has a simple description in terms of cut-and-paste operations: 
By making a cut along E, we obtain a compact manifold E' with two boundary 
components, each isometric to W . Taking Z copies of E', and gluing these copies 
end-to-end we obtain the covering space E* of E. In this covering, W is covered by 
Z copies of itself, each one separating E*; let Wq be one such copy. We know by 
global hyperbolicity that M is homeomorphic to M x E, and hence the fundamental 
groups of E and M are isomorphic. This implies that the covering spaces of M are 
in one-to-one correspondence with the covering spaces of E. In fact, there will exist 
a covering spacetime M* of M in which E* is a Cauchy surface for M*. Thus, M* 
is a spacetime obeying the NEC, which contains a noncompact Cauchy surface 
(namely E*) and a past trapped surface (namely Wo). By the Penrose singularity 
theorem, M* is past null geodesically incomplete, and hence so is M. □ 
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Group Actions on Lorentz Spaces, 
Mathematical Aspects: A Survey 

Thierry Barbot and Abdelghani Zeghib 



Abstract. Prom a purely mathematical viewpoint, one can say that most re- 
cent works in Lorentz geometry, concern group actions on Lorentz manifolds. 
For instance, the three major themes: space form problem of Lorentz homoge- 
neous spacetimes, the completeness problem, and the classification problem 
of large isometry groups of Lorentz manifolds, all deal with group actions. 
However, in the first two caises, actions are “zen” (e.g., proper), and in the 
last, the action is violent (i.e., with strong dynamics). We will survey recent 
progress in these themes, but we will focus attention essentially on the last 
one, that is, on Lorentz dynamics. 



1. Introduction 

Let r be a topological group acting continuously on a topological space X. Recall 
the notion of properness of such an action, it will be one key word in this text. 
So, the action is proper, if for any compact subset C of X, the set of return 
transformations Rc = {g E F,gC n C 7 ^ 0} is compact. In other words, if Xi E X 
converge, and giXi converge, then {gi} is confined in a compact subset of P. 

1.1. Properness domain? 

In general, it is not possible to define in a natural way a “maximal” proper ness 
domain Dr, i-e., an open P-invariant set where the action is proper, and such that 
on Lr = “ Dt, the dynamics is strong and far from being proper. 

This explains why intermediate notions similar to properness are considered, 
as example, the notion of wandering. . . 

There is however, at least one case, when this does work perfectly: X is the 
conformal sphere, and T is a discrete subgroup of the Mobius group of conformal 
transformations. In this case, X is a disjoint union Dp U Lp, where the action on 
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Dy is proper, and in opposite the action on Lr is minimal: any orbit in Lr is dense 
(in Lr) (see for instance [79]). 

Here, we will deal (even if not so stated) with properties of such a domain in 
a Lorentz situation (also, even if this is only roughly defined). 

1.2. Causality domain? 

In this paper, X will be a Lorentz manifold, and F acts always isometrically on it 
(expect the last part on conformal actions). We have a causality (partial) pre-order: 
P < which means, q is in the causal future of p. 

Definition 1.1. The action of T on X is causal, if for any p E X, and g £ T, 
gp is not comparable to p, that is, neither gp < p, nor p < gp are satisfied (for 
this notion one can take X just a pre- ordered space, not necessarily a Lorentz 
manifold). 

In fact, for ^ € F, one can associate its causality set C{g) which consists of 
points p such that p is not comparable to gp. The causality domain C(F) of F 
equals ng^rC{g). These notions seem to appear, for the first time, and as efficient 
tools in [17]. Therefore, the F-action is causal, if C(F) = X. If X is causal, that 
is, < is actually an order, then the F-action is causal, iff, the quotient space X/T 
is causal. 

As a dynamical condition, causality for actions is to be compared with proper- 
ness. We think, from a purely mathematical point of view that it deserves to be 
considered (on general ordered spaces) for its own interest. 

On the other hand, in physics, causality (or variants) is a realistic condition 
on a spacetime X. 

1.3. Co-compactness 

Mathematicians love compact manifolds! They are (unfortunately) never causal. 
For this reason, they are treated by physicists as non realistic. But, who knows, 
for instance, if causality like other physical notions are not violated, near the big 
bang? Why is non-causality not the right “physical” answer to the metaphysical 
question, what happened before the big bang? 

Recall here that the F-action on X is co-compact if there is a compact set L 
in X whose iterates under F cover the whole X. 

1.4. Content 

We will essentially consider dynamics of group actions on Lorentz manifolds, with 
respect to the three notions above: properness, causality, cocompactness. They 
are the three key words which unify the content of the paper, even if they are not 
explicitly involved. 
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2. Geodesic flow 

Let M be a Lorentz manifold. Its geodesic flow is a “local” flow on the tangent 
bundle TM. It is better to call it the geodesic vector held, since in general it is 
non-complete. For c € M, let TcM be the subset of vectors Vx^ with || Vx \\‘^= c. For 
example TqM is the light cone bundle on M. Each level TcM is invariant under 
the geodesic vector fleld. 

The Lorentz manifold M is complete if its geodesic vector fleld is complete 
(as a vector fleld). 

In the analogous Riemannian case, only one T\M {c = 1) is relevant. It has 
compact fibers, and hence this unit tangent bundle is compact when M is. In 
particular a compact Riemannian manifold is complete. 

In the Lorentz case, one can fix —1, 0 and 1 as sufficient set of relevant val- 
ues, that is one has to consider the three different dynamics of geodesic vector field 
on the bundles T_iM, TqM, and T\M . None of them have compact fibers, hence 
these bundles are never compact (even if the basis M is compact). It is a purely 
Riemannian heritage to think that compactness automatically implies complete- 
ness! In fact, a priori, completeness is very special. Indeed, roughly speaking, one 
deals with quadratic like differential equations, which notoriously present, gener- 
ically, explosions. In the sequel, we will recall completeness results which may be 
interpreted as a posteriori estimates. 

Example 2.1. The ‘^simplest” non complete Lorentz metric is the Bohl metric on 
the torus. Endow — {0} with the metric • Any line {x = Constant ^ 0} 

is an isotropic non-complete geodesic. 

2.1. Completeness 

Let us notice that for Lorentz manifolds there are many interesting notions of 
partial completeness: future (or past) completeness, lightlike (timelike, spacelike) 
completeness. . . 

2.1.1. Projectivized geodesic foliation. In the complete case, we have a geodesic 
flow which is a R-action. It is therefore, a kind of a group action related to Lorentz 
geometry, which however will not be considered in our survey here. No systematic 
investigation of this dynamics, exist in the literature. Maybe, the mathemati- 
cal (and psychological) difficulty comes from the noncompactness of the ambient 
manifold to this flow, even when the basis M is assumed compact. However, the 
projectivized tangent bundle PTM is compact in this case, and is endowed with a 
one-dimensional geodesic foliations. This seems to be a most tame object to study 
(see [29] for the 2-dimensional case). 

2.2. b- Completeness 

Usual non-completeness, means that some geodesic reaches “infinity” with finite 
energy. However, completeness does not prevent existence of non- geodesic curves 
reaches “infinity” by using only “finite energy” . 




404 



T. Barbot and A. Zeghib 



The notion of b- completeness (b stands for bundle), implies a stronger “phys- 
ical” completeness, which prohibits finite total curvature curves to reach infinity. 

It also admits “nice” (at least coherently defined) completions and compact- 
ification (see [39, 76]). We also believe here that the extended group actions to the 
completed spaces, are interesting objects of study, although, we do not consider 
them here. 

The definition goes as follows. It generalizes in fact to any manifold M en- 
dowed with a connection. Indeed, in this case the frame bundle Pm has an as- 
sociated “canonical” parallelism (i.e., a trivialization of TPm)- Let’s recall how 
to construct it. The connection induces a splitting of TPm into horizontal and 
vertical bundles. The horizontal is tautologically parallelizable: it has a canonical 
frame field, obtained by identifying it with the tangent space of M. Any choice 
of a basis of the Lie algebra of the structural group (here gl{n,Wj) determines 
a vertical parallelism. Therefore, we have a parallelism on Pm defined up to the 
choice of a basis of the Lie algebra. Any such parallelism determines a Riemannian 
metric, by letting it to be orthonormal. A change of the basis induces bi-Lipschitz 
equivalence between metrics. One says the connection is b-complete if (any) such 
a metric is complete. 

Observe that a quotient of a b-complete manifold by an isometry group of 
the connection, acting properly discontinuously and freely, is b-complete. 

2.3. ‘‘Bounded completeness” 

One “dramatic” fashion which ensures completeness of a Lorentz compact man- 
ifold M, is to suppose that, each geodesic is bounded in TM, (by means of any 
fiberwise norm on TM, it does not matter since M is compact), or equivalently 
the geodesic is contained in a compact set of TM . Such a condition allows stan- 
dard dynamical study of the geodesic fiow. Obviously, there are weaker and also 
stronger (uniform) variants. It is worth investigating theses notions, and showing 
how much are different they are. Some examples of fiat and anti de Sitter compact 
manifolds, given below are complete but not “boundly complete” . 

In contrast with b-completeness, a quotient of a boundly complete is not 
necessarily boundly complete. 

2.4. Hopf-Rinow 

The Lorentz Hopf-Rinow Theorem is false, in all its formulations. In particular 
Lorentz “geodesic connectedness” and completeness are different notions (see for 
instance [53]). 

3. Completeness results 

3.1. Geometric structures 

Let (G, A) be a homogeneous “geometric structure”, i.e., where A is a homoge- 
neous space G/iL of a Lie group G. A (G, A)-structure on M is an atlas on M with 
charts taking value in (open subsets of) A and such that chart transitions (defined 
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on open subsets of A) are restriction of elements of G (seen as transformation of 
X). A manifold endowed with a (G, X)-structure is called (G, A) -manifold. If M 
is simply connected, the analytic continuation principle implies the existence of a 
local diffeomorphism P : M ^ A, which expresses in the chart of the structures 
as restrictions of elements of G. It is unique up to composition by automorphisms 
of A. 

If M is not simply connected, then the developing map P : M ^ A, is defined 
on its universal cover. By the (essential) uniqueness of P, there exists a holonomy 
homomorphism: p : 7 Ti(M) — > G, such that P 7 = for any 7 G 7 Ti(M). 

In the general case, P and p can be very pathological, for instance, P (resp. 
r, the image F = p( 7 Ti(M))) is not necessarily a covering from M to its image 
(resp. a discrete subgroup of G). 

When there exists a^open subset Q C X , on which F acts properly freely, 
and P is a covering from M to Q the structure is called Kleinian. This is the most 
regular property of the (G, A)-structure. For instance, we have: 

Proposition 3.1. Suppose M is compact. 

• If the structure is Kleinian, then H is the unique maximal connected open set 
containing the developing image on which F acts properly. 

• Assume that the G action preserves a complete connection on X. This induces 
in a natural way a connection on M . This connection is complete, iff, the 
{G, X)~ structure is Kleinian with ft — X . 

3.2. Manifolds with constant (sectional) cm*vatiu*e 

Fix a dimension n, and let A(c) be the complete simply connected Lorentz space of 
constant curvature c. One can normalize c to be — 1 , 0 or 1 . A(0) is the Minkowski 
space Minn, AT( 1 ) is the de Sitter space dSn defined as the set of vectors in Min^+i 
with norm 1 . 

In order to define Anti de Sitter space AdSn, consider the linear 

space equipped with a quadratic form of signature ( 2 ,n — 1 ): AdSn is the 

the domain of where the the quadratic form takes value — 1 , the Lorentzian 

metric being the restriction of the ambient quadratic form to the tangent spaces of 
this domain. Observe that AdSn is not simply connected; A( — 1 ) is the universal 
covering of AdSn (see [83] for details). 

Remark 3.2. In the sequel, we denote by AdSn some cyclic quotient of AdSn : this 

A Lorentz manifold M'^ of constant curvature c is modeled on (G, A(c)), 
where G is the isometry group of A(c). Therefore, M is geodesically complete 
means that its universal cover M is (globally) isometric to A (c) . 

We believe the most revolutionary result in the subject is that proved by Y. 
Carriere in the fiat case, and then adapted by B. Klingler to the general case (this 
result in the de Sitter case was also independently proved by M. Morrill in her 
thesis) : 
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Theorem 3.3. [27, 56] A compact Lorentz manifold of constant curvature is com- 
plete. 

In the flat case, the proof proceeds by checking the geodesic connectedness 
of M. In the non flat case, the universal space X{c) itself is not geodesically 
connected. The point is to show that M is “as geodesically connected as” X{c) 

itself In all cases, the goal is achieved by a clever analysis of the dynamics of 

the holonomy group. 

We stress out that this result is false for locally homogeneous Lorentz geo- 
metric structures, i.e., a Lorentz manifold M modeled on (G, A), where G acts 
transitively on A, and preserves a Lorentz metric on A, but not necessarily with 
constant curvature, may be non-complete. See for instance [54] for a construc- 
tion of left invariant non-complete Lorentz metrics on the group A = 5L(2,M). 
Any (metric) quotient A/F, where F is a co-compact lattice of 5L(2,M) is a com- 
pact non-complete locally homogeneous Lorentz manifold. Observe here that non- 
completeness of M simply follows from that of A. In some sense, M is as complete 
as it could be! We dare ask: 

Question 3.4. If (G, A) is a homogeneous Lorentz space, is any compact (G, A)- 
manifold M Kleinian ( in fact with Q = X)? 

3.2.1. Singular structures. As this will be done in the sequel, the next step to- 
wards understanding compact manifolds of constant curvature, is to consider the 
holonomy group (or equivalently because of completeness, the fundamental group). 
The de Sitter case is “hyper-rigid” due to the so-called Calabi-Markus phenomenon 
[25] which states that only finite groups can act properly on the (full) de Sitter 
space dSn (assume here n > 3 to avoid complication with the non-simply con- 
nected dS' 2 ). Therefore, there is no compact Lorentz manifold of positive constant 
curvature! 

Here, we want to emphasize the importance of compactness. Indeed, let 
be a compact (Riemannian) hyperbolic (i.e., of constant curvature —1) manifold. 
Let X H{x) be a hyperplane field on M. Lift it as a hyperplane field x H{x) 
on the hyperbolic space . To a tangent hyperplane of , corresponds a geodesic 
hyperplane which is interpreted as a point of dSn- Thus, we get a mapping T>h • 
— > dSn- It is equivariant with respect to the 7 Ti(M) action (seen as a subgroup 
of 0(1, n)) on both and dSn- The previous results implies in particular that Vh 
can never be the developing map of a (0(1, n), dS'n) -structure, that is T>h can not 
be a local diffeomorphism. In the generic case, T>h will have “tame” singularities. 
Therefore, we get a singular de Sitter structure on M. 

However, we will see in Section 5.2.3 how this construction provide fair regular 
geometric structures in interesting (non-compact) cases. 

3.3. Completeness in presence of Killing fields 

Riemannian homogeneous manifolds are complete, even if they are non-compact. 
This is false in the Lorentz case, as mentioned in the case of SL{2, E) above. Mars- 
den proved the first general completeness theorem, for homogeneous and compact 
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pseudo- Riemannian manifolds [63]. In fact, he proved “boundly completeness”. 
For instance, in the Lorentz case, from an everywhere timelike Killing field, one 
construct a Clairaut first integral of the geodesic flow, with compact levels. Ho- 
mogeneity does not lead to existence existence of such Killing fields, but a one 
concludes after a little bit work (see [53] for related results). 

Remark 3.5. It seems interesting to get extension of Marsden’s Theorem to other 
classes of (non pseudo- Riemannian) connections. 

4. The 7Ti -action, algebraic classification 

At this stage we know that a compact Lorentz manifold of constant curvature is a 
quotient M = X/T, where X is the Minkowski space or the anti de Sitter space (the 
case of de Sitter space was excluded above 3.2.1), and F is a discrete group of X 
acting properly co-compactly and freely. The question is to “classify” such F. In the 
Euclidean case, the similar question is the classical classification of crystallographic 
groups, for which some aspects still remain fascinating problems for geometers. 
However, the first step of the classification was the celebrated Bieberbach Theorem 
(for crystallographic groups). The fundamental question that we will ask in our 
Lorentz case is in fact in the same vein as Bieberbach Theorem^. 

4.1. Bieberbach rigidity 

Consider the general case of a homogeneous space I /H ^ quotient of a connected Lie 
group / by a connected Lie subgroup H. One central problem about homogeneous 
(non- Riemannian) spaces, is the study of discrete subgroups F C / acting properly 
co-compactly and freely on I / H (so that M = F\ //iFisa compact manifold). 

One may start considering a radically simpler and soft problem which is, first, 
to find a connected Lie subgroup G C I acting co-compactly (or say, transitively) 
and properly on I /H, and next to find a co-compact lattice F in G. 

One says that I /H satisfies a “ Bieberbach rigidity” if all its compact quo- 
tients are of this type (say, up to finite covers to avoid obvious trivial counterex- 
amples) . 

One says to have a “unique Bieberbach rigidity”, if up to conjugacy, there is 
only one group G as above (for all F’s). 

4.1.1. Flat manifolds. As example, after many works during the last decade, the 
structure of compact flat Lorentz manifolds, was elucidated, as in the following 
Theorem: 

Theorem 4.1. ([44], [48], [51],...) Let M = MinnjT he a compact Lorentz flat 
manifold. Then there is a solvable group G acting isometrically and simply tran- 
sitively on the Minkowski space MiUn and a lattice T in G such that up to finite 
covers, M = MinjifT (= G/F). 

^As a matter of fact; Bieberbach’s Theorem, as formulated in [28], is a fundamental ingredient 
of the study in [17]. 
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Actually this structure theorem for the fundamental groups of compact Min- 
kowskian manifolds, was proved before the completeness Theorem, that is we only 
deal at this time with complete manifolds. 

In other words, the result says that M is a quotient //F, where / is a solv- 
able group endowed with a Lorentz left invariant metric which is complete and 
flat. There are many examples of such solvable Lie groups, see [43] for concrete 
constructions in the case of the 3-dimensional Heisenberg and SOL groups and 
[51] and [52] for a general study. 

4.1.2. Anti de Sitter manifolds. A compact anti de Sitter manifold must have 
odd dimension, since according to Gauss-Bonnet formula, for even-dimensional 
anti de Sitter manifolds, the Euler number equals the volume, up to a non- trivial 
multiplicative constant. But, any compact Lorentz manifold has a vanishing Euler 
number, since it possesses a direction field. 

Conversely, for any odd dimension, there are closed anti de Sitter manifolds. 
This was mentioned for the first time by R. Kulkarni [59]. They are just obtained 
by taking G = U{l,d) 0(2, 2d), in the introduction of the Bieberbach rigidity 
above. Indeed, one verifies that /7(l,d) acts isometrically on AdS 2 d-^i (this is the 
meaning of the inclusion 1/(1, d) C 0(2, 2d)) transitively and properly, the isotropy 
group being U{d). As said above, any co-compact lattice in 1/(1, d) gives rise to a 
compact anti de Sitter manifold of dimension 2d+ 1. To fix ideas, let us introduce 
as in [60] the next terminology: 

Definition 4.2. An anti de Sitter manifold of dimension 2d + 1 is called standard 
(resp. special standard) if up to conjugacy, its holonomy group F is contained in 
1/(1, d) (resp. 5/7(1, d);. 

The special anti de Sitter manifolds have the following Riemannian descrip- 
tion. Let be the hyperbolic complex space of (complex) dimension d. It is 
nothing but the homogeneous space = U{l,d)/S^ x U{d). Therefore, AdS 2 d+i is 
a circle fiber bundle over In fact, AdS 2 d+i is the circle bundle associated to 
the canonical line bundle (in the complex meaning) of 

4.1.3. Anti de Sitter, Dimension > 3. The results of [84] leads one to hope that a 
unique Bieberbach rigidity phenomenon holds, for compact anti de Sitter manifolds 
of dimension > 5. In other words, we dare ask: 

Conjecture 4.3. Up to finite coverings, every compact anti de Sitter manifold of 
dimension >b, is standard. 

4.1.4. Anti de Sitter, dimension = 3. For d = 1, the circle fibration AdSs — > 

is just the usual fibration over the hyperbolic plane of its unit tangent space. 
Also, (an index 2 quotient of) AdSs is identified to the group PSL{2,R) and 
0(2,2) is identified to PSL{2,R) x PSL{2,R). The action of this last group on 
X = PSL{2,R) (seen at the same time as a group and the anti de Sitter space) is 
given by {g,h).x = gxh~^ . 
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Up to switch of factors, a special standard quotient is such that 

r c P5L(2,M) X {!}, 
and special means that F C SL{2,R) x 

In their pioneering work, Kulkarni and Raymond [60] showed that any co- 
compact holonomy group F C PSL{2,R) x PSL{2,R), is (up to switch of factors) 
a graph: there is a closed hyperbolic surface S', and two homomorphisms Pl^Pr • 
7Ti(S) — > PSL(2,M), such that pL is fuchsian (discrete and injective), and such 
that F is the image of Pl x Pr- 

F = {(pl(7),Pk( 7) e PSL(2,M) x PSL(2,R)),7 G ^i(S)}. 

The non-standard case corresponds to the fact that the image of pn is not 
contained in a circle (in PSL(2, R)). The first examples were observed by Ghys and 
Goldman [47, 49], by just taking pR small enough. F. Salein showed in particular 
that pR can be ‘Very” big, that is to say not homotopic to the trivial representation, 
or equivalently, with non-vanishing Euler number. For instance, let / : S S' be 
a (non-trivial) ramified covering, where S' is another hyperbolic surface, which is 
holomorphic, when S is endowed with the structure given from pR. Let pR the 
homomorphism induced by /, and F determined by (pr,Pr). F. Salein [73] proved 
that F acts properly freely and co-compactly on AdSs. (Exercise: all these closed 
manifolds are complete and b-complete. For which holonomy F is the manifold 
boundedly complete?) 

4.2. Margulis spacetimes 

In the fiat case, according to Theorem 4.1, compact complete fiat manifolds have 
(virtually) solvable fundamental groups. The difficulty to find non-solvable proper 
actions on Min led J. Milnor to wonder: does the free group admit a proper action 
on Mins? In [66], when Milnor addressed this question, he suggested a way to 
produce an example. In [62], following this (partial) hint, Margulis answers affir- 
matively to the question. Since [62], proper quotients of Minkowski by free groups 
of isometries are called Margulis spacetimes. 

Afterwards, T. Drumm introduced the notion of crooked planes, giving a more 
intuitive geometric vision on these spacetimes ([36]), and extended considerably 
the list of Margulis ’s spacetimes by proving that every discrete free subgroup of 
SOo{l,2) is the linear part of the holonomy of a Margulis spacetime ([37]). 

In his work [62], G. Margulis associates to every hyperbolic element g of 
lsom{Mins) a real number a{g) ~ the so-called Margulis invariant - and proved 
that a discrete purely hyperbolic subgroup of lsom{Mins) can act properly on 
Minkowski space only if all the Margulis invariants have the same sign (see the 
good survey [1] giving in particular a lucid account of why this sign condition is 
necessary). On the other hand, it is not true that the positivity of all Margulis 
invariants ensure the properness of the action. The correct reverse statement was 
recently proved by Goldman, Labourie and Margulis in a forthcoming preprint 
“Proper affine actions and geodesic flows of hyperbolic surfaces” : once the linear 
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part F C 50o(l, 2) is fixed, we consider the geodesic flow on the surface F\1HI^, and 
denote by V{F) the space of all invariant probability measures for this geodesic 
flow. For any affine deformation p : F ^ lsom{M ins), and for any closed orbit 
c of the geodesic flow, define A{c) = a{p{g))/l{c) where g is the element of F 
corresponding to c, a{p{g)) is the Margulis invariant of p{g), and l{c) the period of 
c (the length of the corresponding closed geodesic). Closed orbits can be considered 
as particular elements of V{F) (a kind of Dirac measures), and the map A extends 
uniquely to a continuous map A : V{F) M. Then, the affine deformation p is 
proper (i.e., p{T) acts properly on Minks if and only if A{m) vanishes nowhere. 

Let us also mention [38] , and, more recently, [30] , where it is proven that Mar- 
gulis invariant characterize completely the free group of isometries in the purely 
hyperbolic case. The survey [32] covers the topics discussed in this section. 

In Section 5.6, we will add some comments on Margulis spacetimes. 

Remark 4.4. Fundamental domains for Lorentz groups in the anti de Sitter case, 
and in general, polyhedra in Lorentz manifolds, were recently investigated by for 
A. Pratoussevitch and J.M. Schlenker, respectively [71, 77]. 



5. Global hyperbolicity 

Let M be an (open) Lorentz manifold with a closed (compact without bound- 
ary) spacelike Cauchy hypersurface. By general theory [33], there is an abstract 
maximal globally hyperbolic (abbreviation MGH) extension M of M. 

Assume now that M has a (G, A)-structure, hence so does M (by analyticity ) . 
The question is how to describe this geometric structure of M (say by means of 
that of M)? 

The most natural case is that of 3-dimensional manifolds of constant cur- 
vature, since they are the only solutions of the vacuum Einstein equations (with 
cosmological constant) in dimension 2 -h 1. One may then ask the general question 
for all constant curvature manifolds of any dimension. 

The first work in this direction is [65] , even if the results there are not stated 
in the terminology presented here. This celebrated preprint completely solves the 
negative curvature case in dimension 2 -h 1 . 

K. Scannell, Mess student, solves the positive curvature case in any dimension 
in his thesis [75], where he established a natural 1 — 1 correspondence between 
n + 1-dimensional spatially closed MGH de- Sitter spacetimes with flat conformal 
Riemannian structures on closed n-manifolds. 

Remark 5.1. We have to pay attention to the meaning of ^^flat conformal Riemann- 
ian structure”. Here, we mean a (G, X) structure where X is the conformal sphere 
and G the Mobius group. This is a quite lazy convention that we maintain from 
[75]; it is maybe more usual to define flat conformal structures as the conformal 
classes of Riemannian metrics which can be written everywhere locally as scalar 
multiples of local flat Riemannian metrics. 
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According to Liouville^s Theorem, in dimension n > 3, these two notions 
coincide, but this is dramatically false in dimension 2. Nevertheless, their is a huge 
mathematical literature on Mohius structures on closed manifolds, particularly in 
the 2- dimensional case, which is fairly well understood. 

Finally, and maybe quite surprisingly, the flat case has been systematically 
studied only recently by one of the authors ([17]). However, some fundamental ob- 
servations appeared in [65] where the 2 -f 1-dimensional case is treated, and in [9] , 
the classiflcation is performed in any dimension, but in a particular case, assum- 
ing that the spacelike Cauchy hypersurface admits some Riemannian metric with 
negative constant curvature. We should also indicate [74], specifying the possible 
geometric character in the Thurston’s terminology of spacelike hypersurfaces of 
MGH flat 3 + 1-spacetimes. 

5.1. The Anti de Sitter case 

5.1.1. The 3-dimensional case. We present here briefly Mess results, and address 
some questions. We consider as in 4.1.4 the model PSL{2,M), endowed with the 
Lorentzian metric defined by its Killing form, and admitting as isometry group 
the product PS'L(2,R) x PSL{2,W) acting by left and right translations. 

Let S' be a closed surface, and F be its fundamental group. Denote by 
Teich{T) the Teichmuller space of S: we consider it as the space of discrete in- 
jective representations of F in PSL(2,R) with cocompact image, modulo inner 
automorphisms of PSL(2,1R). Any pair (pl.Pr) of elements of TeichfT) thus de- 
fines a representation p : T ^ Iso{AdSs), well defined up to conjugacy. The 
causality domain of p(F) in AdSs, as defined in Section 1.2, is a (convex) domain 
C{p). Actually, the action of p(F) on C{p) is proper, and the quotient manifold 
M(F) = p{T)\C{p) is MGH, admitting a Cauchy surface homeomorphic to S. 
Moreover, Mess proved that any spatially closed GH spacetime locally modelled 
on AdSs can be isometrically embedded in such a M(F), in particular, they are 
Kleinian. 

In a more precise way. Mess did not consider the case where 5' is a torus. But 
this case is quite simple: it is the Torus Universe as presented in [26]. In particu- 
lar, the left and right holonomy groups are necessarily contained in 1-parameter 
hyperbolic subgroups of PSL{2,R) (see [20]). 

Mess results involves actually many interesting geometric and physically rel- 
evant features as real trees, earthquakes, and so on, that we cannot pretend to 
develop here further. 

5.1.2. Higher dimensions. Many propositions in [65] still apply in higher dimen- 
sions: for example, MGH spacetimes with constant negative curvature are still 
Kleinian, and thus uniquely defined by their holonomy groups. However, the com- 
plete classification remains an open question. A natural way to define GH AdS 
spacetimes in dimension n + 1 is the following: let F be a cocompact lattice of 
*S'Oo(l,n), the identity component of 0(1, n). The quotient space S = T\M'^ is 
a closed hyperbolic manifold. Let po be the composition of the inclusion F C 
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50o(l,n) with the natural embedding SOo{l,n) C 50o(2,n). Since SOo{2,n) is 
the isometry group of AdS^ we can define the causality domain C(po)-, which ac- 
tually has a simple geometrical description. The quotients M{po) = po(T)\C{po) 
are then MGH spacetimes with Cauchy hypersurfaces homeomorphic to S. These 
spacetimes are static, meaning that they admit a timelike vector field with inte- 
grable orthogonal plane fields. 

This construction still applies for small deformations p : F ^ SOo{2,n) of 
po, providing nonstatic MGH spacetimes M{p). But some rigidity aspect appears 
here: it is not a really trivial task to exhibit such a deformation; the only known 
procedure is the deformation along codimension 1 geodesic hypersurfaces of S given 
in [55]. Anyway, these deformations exist, and a first question is the following: is 
the space of holonomy representations of spatially closed AdS spacetimes with 
Cauchy hypersurface homeomorphic to S, connected? 

There is another natural question: what are the possible topologies for closed 
Cauchy hypersurfaces of AdS GH spacetimes? Are they necessarily homeomorphic 
(up to finite coverings and products by fiat tori) to hyperbolic manifolds or to the 
product of two hyperbolic manifolds? 

5.2. The de Sitter case 

We now present Scannell’s work ([75]) relating spatially closed MGH n+ 1-space- 
times locally modelled on dS with Cauchy hypersurface S with flat conformal 
structures on S. Unfortunately, the description is quite delicate, since, in general, 
these spacetimes are not Kleinian. 

Actually, up to time reversing isometries, these spacetimes are all geodesically 
complete in the future (it is a nontrivial by-product of Scannell’s classification), 
so we will restrict to this case for our description. The fundamental group of S is 
still denoted T. 

5.2.1. A quick presentation of dS. We use the projective model of dS. More pre- 
cisely, it will be more convenient to lift the usual projective model in the sphere, 
the double covering of the projective space. Here, the projective model is the 
space of vectors (xq, a:i, . . . , x^+i) in Minkn +2 with positive norm contained in 
the sphere S of equation == 1. In order to distinguish this model from the 

usual definition of de Sitter space given in 3.2, we denote it by ds. The boundary 
of ds is Xq = xf + • • • -h this is the union of two n-dimensional subspheres 

dds^ (where xq > 0) and dds- (where xq < 0). Each dds± is also the boundary 
of a copy of the Klein model of the hyperbolic space. Geodesics are intersections 
of round circles in S with ds; a geodesic is spacelike if this circle avoids dds±, 
lightlike if it is tangent to dds±, and timelike if the circle intersects each dds± at 
exactly two points. 

The choice of a chronological orientation of ds is equivalent to the choice of 
one of the dds± - let say, dds± ~ as the ideal boundary in the future. Now, for any 
point X in ds, the timelike future-complete geodesic rays starting from x hit 9ds+ 
in a bounded region, which, when we identify 9ds+ with the conformal 
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sphere is an open n-ball B{x). Conversely, every round n-ball B is 

the “visible domain of infinity” B{x) of an unique element x oi ds. 

5.2.2. Scannell’s results. We first consider the Kleinian case: consider a Kleinian 
fiat conformal structure on 5, i.e., a simply connected domain D of ddsj^ 
and a representation p :T ^ Conf(5ds+) = SOo{l,n) with image preserving D, 
and acting freely and properly discontinuously on it, such that S is homeomorphic 
to the quotient space p{T)\D. Then, the points x of ds such that B{x) is included 
in D form an open domain (in ds) on which p(r) C SOo{l^n) acts freely and 
properly discontinuously. Therefore, the quotient space M{p) = p(T)\Q is well 
defined. Observe that it is obviously geodesically complete in the future. 

When D is the entire sphere we obtain by this construction (finite 

quotients of) the entire de Sitter space. When D is the complement of a single 
point xq of ddsj^^ we obtain the parabolic case: F is then necessarely abelian (up to 
finite index) and only contains parabolic elements of 500(1, n); the n-dimensional 
spheres in S tangent to dds^ at xq foliates ft and they induce on the quotient 
n-dimensional tori which are Cauchy hypersurfaces 

These two cases being from now excluded, the boundary dft in ds is a null- 
hypersurface. For any point x in fl, we can define its “maximal time of existence” 
r(x): this is the supremum of total proper times of timelike curves starting from dft 
and ending at x. Then, r is a p(F)-invariant O^-function. It induces on the quotient 
a ’’cosmological time” function whose levels sets are spacelike hypersurfaces which 
are Cauchy hypersurfaces, proving that M(F) is globally hyperbolic. 

In general, a conformal structure on S is given precisely by: 

- a local homeomorphism T> : S dds^^ 

- a morphism p :T SOo{l, n) such that ^( 7 ) oT> = T> o ^( 7 ). 

To such a data, associate the space A4 formed by closed subsets 5 of 5 on 
which T> restrict as a homeomorphism with image a closed round n-ball. Equip A4 
with its obvious topology: it is a n-manifold admitting a natural action of F which 
is properly discontinuous. Denote by M the quotient space. There is a natural map 
V : M. ds: define T>{B) as the unique point x in ds for which B{x) = T>{B). 
This map is a local homeomorphism, respecting the respective F-actions. It follows 
that T> is the developing map of a de Sitter structure on M. K. Scanned proved 
that the cosmological time function on M is well defined, admitting as level sets 
Cauchy hypersurfaces for M. Moreover, this construction provides all spatially 
closed MGH de Sitter spacetimes. 

To be complete, we must give a flavor of the non-Kleinian case, this particular 
flavor arising from the “pathologies” of flat conformal structures: restrict to n = 2 , 
and take as surface S the 2 - torus. The most obvious flat conformal structures on 
S are the conformal class of flat metrics on the torus: i.e., the quotient of C by 
lattices. But it is far from exhausting the entire list of flat conformal structures on 
the torus! Indeed, consider the torus as the quotient of C by a lattice A. Take as 
developing map the exponential exp : C ^ C*. The translations by elements of A 
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correspond to homotheties by elements of exp(A). This simple family of examples 
prove that: 

- the holonomy can be noninjective: it happens when A contains a integer 
multiple of 2 z7t, 

- the developing map can be non- injective, 

- two non-isometric MGH spacetimes can admit the same holonomy. 

Actually, “worse” situations arise: when the surface S has higher genus, any 
irreducible representation F S'L(2,C) is the holonomy of one (or maybe an 
infinite number of) flat conformal structure on 5 (see [45]). For example, the 
holonomy group can be dense on 5L(2,C). 

Remark 5.2. Anyway, we have to indicate here that we gave above the complete 
description of conformal (Mobius) structures on the 2-torus, i.e., of globally hy- 
perbolic dS 3 -spacetimes admitting a Cauchy surface homeomorphic to the 2-torus. 

5.2.3. The dual Riemannian version: hyperbolic ends. There is a dual Riemannian 
version, which in the 2-dimensional case is much more popular in the mathematical 
community, although a bit more delicate to define than the Lorentzian version: the 
theory of hyperbolic ends (see [80, 61]). 

First of all, we must state clearly that this construction does not apply in 
the particular case of finite quotients of d5-spacetimes: indeed, finite subgroups of 
50(1, n) never act freely on the hyperbolic space! 

Constructing directly from the conformal structure on 5 the hyperbolic struc- 
ture on 5 X M is a delicate task, but is easier when the Lorentzian version is avail- 
able: indeed, the construction of the hyperbolic end from the globally hyperbolic 
is essentially given by the (inverse of) process described at Section 3.2.1 above. 
More precisely: the d5-spacetime M associated to the given conformal structure 
is foliated by the level sets of the function r defined above. The tangent planes of 
these spacelike hypersurfaces form a field y i— > L{y) of spacelike hyperplanes on 
M . But the pairs {y, L) where y is an element of the spacelike hyperplane L of dS 
correspond bijectively and naturally with the pairs {x, H) where x is an element 
of IHI and H a totally geodesic hyperplane containing x\ take H as the geodesic 
hypersurface admitting dB{y) as boundary at infinity, and x the intersection 
point between H and the great circle in 5 orthogonal to L at ?/. This procedure 
composed with the field y L{y) produces then a F-equi variant map T> from the 
universal covering M to H. Moreover, Scannell proved that the level sets of r are 
strictly convex. In fine, this strict convexity property ensures that P is a local 
homeomorphism. It can thus be interpreted as the developing map of a hyperbolic 
structure on M: this is precisely the associated hyperbolic end Mhyp- 

The procedure described above actually defines for every strictly convex 
spacelike hypersurface E in M a map / from E into Mhyp, with image a strictly 
convex hypersurface. There is an inverse procedure defining from a strictly convex 
hypersurface in Mhyp a spacelike hypersurface in M. We will use this remark later; 
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we will actually need there the following fact: the eigenvalues of the second fun- 
damental form^ of /(S) at f{x) are the inverses of the eigenvalues of the second 
fundamental form of S at x. 

5.3. The flat case 

The most obvious examples of MGH flat manifolds are quotients of Mirin+i by 
abelian discrete groups of rank n of spacelike translations; we call these examples 
translation spacetimes. They admit as Cauchy hypersurfaces flat tori. 

The second natural family of examples are what we call Misner spacetimes. 
Let fi, V 2 be two lightlike vectors in Mmn-t-i, and denote by vf- their orthogo- 
nal. Let L be the 1-parameter group formed by pure (i.e., without elliptic part) 
loxodromic isometries (or “boosts”) preserving the directions Vi. 

Vectors v in Mirin+i for which the Minkowski scalar products {v \ Vi) are neg- 
ative form a domain which has two connected components one being geodesi- 
cally complete in the future and the other, in the past. These domains are “quarter 
of space” . Isometries of MiUn preserving form a group which is a compact ex- 
tension of the abelian group A of dimension n: elements of A are compositions 
of loxodromic elements in L with translations by vectors in PI This group 
A acts properly discontinuously on and the orbits of this action are prod- 
uct of hyperbolae with euclidean spaces: these orbits are spacelike hypersurfaces 
isometric to the euclidean space. 

For any lattice A of A, the quotient spaces A\17^ are globally hyperbolic 
spacetimes geodesically complete in the future or in the past, and the orbits of A 
project in these quotients as toroidal Cauchy hypersurfaces. 

The last family are the so-called standard spacetimes that G. Mess has already 
described in [65] : the simplest members of this family of examples are constructed 
from cocompact lattices of SOo{l,n). Let T be such a lattice. The set of timelike 
vectors of MiUn admits two connected components respectively geodesically 
complete in the future and in the past. The action of F on is free and properly 
discontinuous: we denote by M^(F) the quotient manifold. 

Every level set {Q = —t^} H is F-invariant; it induces in M^(F) a hyper- 
surface with induced metric of constant sectional curvature — Since {Q = — 1} 
is the usual represent ant of the hyperbolic space, the flat Lorentzian metric on 
M^(F) admits the warped product form —dt^ + ^^ 5 ^ 0 ? where qq is the hyperbolic 
metric on F\IHI^. We call these examples radiant standard spacetimes. Observe that 
M+(F) (resp. M“(F)) is geodesically complete in the future (resp. in the past), 
and that there is a time reversing isometry between them. 

New examples are obtained by adding translation parts (see [65] or [9]): any 
representation of a F in Isom (Mmn) admitting as linear part an embedding onto 
a cocompact lattice of SO{l,n) is the holonomy group of a flat spatially closed 
globally hyperbolic spacetime. Actually, there are two such globally hyperbolic 



2 Maybe physicists are more acquainted with the notion of shape operator: it has the same 
eigenvalues than the second fundamental form. 
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spacetimes, one being geodesically complete in the future, and the other, geodesi- 
cally complete in the past. Moreover, they are Kleinian, more precisely, they are 
quotients by the holonomy group of convex domains of Mirin- Of course, if M is a 
flat GH spacetime with Cauchy hypersurface S, and N a flat euclidean torus, then 
the product M x N, equipped with the product metric, is still a flat GH manifold, 
with Cauchy hypersurface S x N. 

In [17], we prove that any flat globally hyperbolic spacetime admitting a 
closed Cauchy hypersurface is finitely covered by a globally hyperbolic spacetime 
which can be isometrically embedded in a translation spacetime, in a Misner space- 
time or in a (twisted) product of a standard spacetime by an euclidean torus. 

A key point of this analysis, entering in the spirit of the present survey, is 
that standard spacetimes are precisely the quotients by the holonomy group of 
the causality domain defined in Section 1.2. In some way, we can say that the 
properness of the action is ensured by the causality restriction. This viewpoint is 
developed in [18]. 

Remark 5.3. Actually, motivated by some examples appearing in the literature, we 
do not reduce in [17] to the case where the Cauchy hypersurface are closed, but 
we also consider the case where the Cauchy hypersurfaces are complete for their 
induced metric. This case is considerably more difficult: for example, it is not 
clear that any subgroup of I som{M inn) admitting as linear part a Kleinian group, 
i.e., a discrete subgroup of SO{l,n), is the holonomy group of globally hyperbolic 
spacetime. We proved that this statement is true for convex cocompact Kleinian 
groups, i.e., geometrically finite (admitting a finite sided polyhedral fundamental 
domain) and containing only hyperbolic elements^ . This problem when the Kleinian 
group is geometrically finite is an open interesting question. 

5.4. Absolute time, CMC foliations 

Everybody knows that from the general relativity point of view, there is no natural 
global time function on spacetime. Globally hyperbolic spacetimes do have many 
time functions -, i.e., strictly increasing along timelike paths - but a priori, none 
of them has a preferred status. However, some of them have a special interest, at 
least from the mathematical point of view. We present here two of them. 

5.4.1. Cosmological time function. We have already mentioned previously this 
function when discussing de Sitter spacetimes. The cosmological time function 
is defined in any spacetime as follows: r{x) is the supremum of the proper times of 
future oriented timelike curves ending at x. In all examples of globally hyperbolic 
spacetimes discussed in this section, except for the cases of translation spacetimes, 
finite quotients of de Sitter spacetimes and parabolic de Sitter spacetimes, this 
function, if the chronological orientation of spacetime is well chosen, has only 
finite values and is C^. This function provides quick proofs for the global hyper- 
bolicity of these examples. Moreover, it is a “gauge- invariant” intrinsic feature of 
spacetime. On the other hand, it has a poor level of differentiability: even if in all 

^For n = 2, a Kleinian group is geometrically finite if and only if it is finitely generated. 
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circumstances considered here it is almost everywhere (for the Lebesgue mea- 
sure), in general, it is not everywhere - for example, in the case of standard 
spacetimes, it is only in the radiant case. 

Spacetimes with regular cosmological time function are defined and studied 
in [11]. We also mention [21], where the cosmological function of 2 -h 1-dimensional 
standard spacetimes is geometrically studied, discussing the link between these 
notions and measured foliations, real trees, etc. In particular, there is a remarkable 
discussion on the striking fact that standard spacetimes geometrically realize the 
well-known and extensively studied correspondence between measured geodesic 
laminations and measured foliations. There is also the description of an interesting 
(mainly suggested) gluing operation obtaining from two standard spacetimes a 
globally hyperbolic spacetime with constant curvature —1, and relying on the 
cosmological function. 

Let’s also mention the very up-to-date [22], where the geometrical notion of 
geodesic stratification is associated to fiat higher-dimensional standard spacetimes. 

5.4.2. CMC foliations. The constant mean curvature of a spacelike hypersurface 
at a point is the trace of the shape operator at this point. A CMC hypersurface 
is a spacelike hypersurface with constant mean curvature. It is well known that 
Einstein’s equations has a considerably most tractable form when considered in the 
neighborhood of a CMC hypersurface. Of course, this viewpoint is perfectly suited 
for the local study of Einstein equations, since local pieces of CMC hypersurfaces 
always exist; but the global existence of CMC hypersurfaces is a strong hypothesis. 
Let’s mention here the survey [72] presenting similar questions for nonvacuum 
Einstein equations under strong or weak conditions. 

We will call CMC foliation a foliation of spacetimes admitting as leaves CMC 
hypersurfaces. A function / is a CMC time function if: 

- it is a time function, i.e., is increasing along timelike curves oriented towards 

the future, 

- its value at a point x is the mean curvature of the level set f~^{f{x)). 

If we reverse the time orientation, we change the chronological orientations 
of timelike curves, but we also change the sign of shape operator: the CMC time 
function changes its sign, but is still a CMC time function. 

Actually, the maximum principle of CMC hypersurfaces implies the unique- 
ness of CMC time function on a given spacetime - but not its existence! More 
precisely, for right conventions of sign on the shape operator, if S' is a spacelike 
hypersurface contained in the future of another spacelike hypersurface S', then, 
at every common point of tangency, the mean curvature of S is greater than the 
mean curvature of S'. Therefore, in a spacetime admitting a CMC time function 
r, every closed CMC hypersurface is a fiber of r. Indeed, its constant mean cur- 
vature value has to be greater (respectively less) than the maximal (respectively 
minimal) value of r on itself. 

Thus, a CMC time function, when it exists, is an intrinsic feature of the 
spacetime. 
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In [9], L. Andersson proved that every flat standard spacetime admits a CMC 
time function. The proof follows from the observation, already pointed out in [65], 
that these standard spacetimes can always be considered as small deformations 
of radiant standard spacetimes. In the radiant case, the CMC time function is 
obvious - and coincide with the CT function - and the level sets of this radiant CT 
function persist in the deformations as spacelike with controlled mean curvature. 
This control on the curvature enables the successful use of barrier methods of [46] . 

We should mention that CMC time functions of future (resp. past) geodesi- 
cally complete standard spacetimes take value in ] — cxd,0[ (resp. ]0, +oo[)). 

Observe that according to [17], the same conclusion holds more generally for 
every flat MGH spacetime with closed Cauchy hypersurfaces, except for transla- 
tions spacetimes. 

The authors, jointly with F. Beguin, established the existence of CMC time 
functions for locally AdSs globally hyperbolic spacetimes with closed spacelike 
surfaces. ([19, 20]). The proof is similar in many points with the Andersson’s proof 
in the flat case. 

As a comment for the genus 1 case^ (the Torus Universe), we only mention 
that the proof is quite easy, the flbers of the CMC time function being the orbits 
of a 2-dimensional abelian Lie group. 

The proof for the higher genus case is based as in the flat case on the ex- 
hibition of barriers to which are applied Gerhard’s criteria [46]. But there is a 
fundamental difference: the AdSa-spacetimes admitting obvious CMC functions 
are the static ones, but it is not possible to consider general AdSa-spacetimes as 
small deformations of the static ones. The construction of barriers is thus under- 
taken with another method: basically, these barriers are constructed as smooth 
approximations of level sets of the CT function. More precisely, some level sets 
of the CT time function are strictly convex, other level sets are strictly concave; 
and in [20] we approximate these spacelike surfaces by smooth spacelike sur- 
faces which are still respectively (strictly) convex and concave. In particular, their 
constant mean curvature values are respectively negative and positive everywhere. 
According to [46], the existence of a maximal hypersurface -, i.e., with null mean 
curvature - follows. The proof is then achieved thanks to the main result of [12]: in 
dimension 2 + 1, the existence of a single CMC hypersurface ensures the existence 
of a CMC time function. This CMC time function in this context is a surjection 
onto M. 

The proof should presumably extend to higher dimensions, but it requires 
approximation of convex (or concave) hypersurfaces by smooth convex (concave) 
hypersurfaces - this is not so easy a task - and, more seriously, to supply an 
alternative to the use of [12] which has been established only in dimension 2 + 1. 
Anyway, this draft of proof would be successful only through a better knowledge 
of the topological type of GH Ad5-spacetimes. 



"^The genus 0 does not occur: the sphere cannot 



be a spacelike surface in a AdSs spacetime. 
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Finally, the existence of CMC time functions in globally hyperbolic space- 
times locally modelled on dS^ with closed surfaces has not been published or 
announced anywhere. Here we give a sketchy proof, using the dual theory of hy- 
perbolic ends. 

First of all, we must point out that de Sitter spacetime itself does not admit 
CMC time functions! Of course, it admits (many) CMC foliations, but the leaves 
of these foliations are totally geodesic, and thus, this CMC foliation violates the 
increasing hypothesis for CMC time functions. More generally, this observation 
applies for finite quotients of de Sitter space, i.e., the elliptic case. 

The same phenomena applies for the parabolic case: the n-dimensional 
spheres we mentioned earlier as Cauchy surfaces have all constant mean curvature 
—2, thus the argument above apply here also, proving that parabolic spacetimes 
do not admit CMC time functions. 

However: 

Theorem 5.4. Cauchy-closed MG H dS:^- spacetimes which are not elliptic or para- 
bolic all admit CMC time functions. 

Remark 5.5. In this context, the CMC time function takes value in ] — oo, — 2[ 
when the time orientation is selected so that the spacetime is future geodesically 
complete. 

Proof. Let S' be a Cauchy surface of the spacetime M under study. Since M is 
nonelliptic, S is not a sphere. Moreover, since M is not parabolic, and if S has 
genus 1, it follows from remark 5.2 that the image of the developing map of the fiat 
conformal structure is the complement of 2 points. These points are the extremities 
of a geodesic in that we will use later; let’s denote it by c. 

In [61], it is proved that, hyperbolic ends always admit a smooth foliation by 
closed surfaces with constant scalar curvature. More precisely, the constant scalar 
curvature values of leaves vary between 0 and 1, and the principal eigenvalues are 
negative (here, the reader must trust our unexpressed sign conventions). Actually, 
[61] only deals with the case where S has genus bigger than 2. In the case of the 
2-torus, the fibers of the distance function to the geodesic c defined above are the 
leaves of the required foliation. 

This foliation provides a dual foliation in M (cf. Section 5.2.3). Moreover, the 
leaves of this foliation have constant scalar curvature too! Last but not least, the 
scalar curvatures of the leaves increases in time between 1 and Too. If Lt denote 
the leaf of this foliation with constant scalar curvature t, at any point x of Lt,and 
the principal eigenvalues A and p are both negative, and satisfy of course A/x = t. 
Hence, once of them is less than — Vi, and the same is true for the mean curvature 
value A + /u. This is uniform on x: the mean curvature of Lt is everywhere less 
than — Vi. On the other hand, if Lf denote the image of Lt under the Gauss fiow 
which pushes every point during the proper time s along the normal of Lt, the 
principal eigenvalues of Lf converges uniformly to -1. Hence, for t > A, and for s 
sufficiently big the mean curvature of Lf is everywhere greater that the maximal 
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mean curvature value on L^. Therefore, Lt and Lf form a pair of barriers to which 
[46] can be applied: M contains a CMC hypersurface. We then conclude as in the 
AdSs case by application of [ 12 ]. □ 

Remark 5.6. In [10], answering a question in [21], L. Andersson proves that in 
standard spacetimes, the cosmological time functions and the CMC time functions 
have the same asymptotic properties. 

5.5. BTZ Black holes and wormholes 

BTZ black holes was defined in [15, 16]: these are 2 + 1-dimensional spacetimes 
locally modeled on AdS^ presenting common features with realistic Schwarzschid 
(for the non-rotating case) and Kerr black holes (for the rotating case). Loosely 
speaking, they admit a natural conformal boundary at infinity and there is an 
open domain - the “black hole” - of spacetime which cannot be “seen” from this 
conformal boundary. In other words, future oriented lightlike rays starting from 
the “black hole” domain are incomplete, whereas outside the “black hole” , there 
are complete lightlike rays reaching the conformal boundary. 

Our quick presentation is very poor, however, these geometric objects have 
been extensively studied from the beginning of the 90’s as toy models to which 
questions about the interaction of quantum phenomena and gravity can be tested. 
Let us mention [26] or [82] as cautions for the physical interest of these examples. 
And let’s mention as good texts presenting BTZ black holes: [7, 6 , 24, 8 ]. 

From (our) mathematical point of view, these black holes, and their multi- 
connected versions called “multiblack holes” and “wormholes” are the natural 
generalizations of globally hyperbolic geometric spacetimes. It has been understood 
from the beginning that all of them can be defined a the quotient by a discrete 
group r of isometries of a domain f^(r) of AdSs, the domains being defined in 
some way as the causality domain of the discrete group. Actually, there is some 
nontrivial result here: these domains of causality is not precisely C(F). Elements 
of r are exponentials of elements A ( 7 ) of the Lie algebra sl{2,R) x s/(2,E), and 
the domain ^{T) is defined as the open domain where all the right invariant vector 
fields defined by the A ( 7 ) are spacelike. As a matter of fact, the action of T is 
proper and causal. In the rotating cyclic case, C{T) ^ f7(T). But, as it is proved 
in [ 6 ] in a particular case, and that we will generalize in a forthcoming paper, the 
equality C{T) = f^(r) holds as soon as the group T is not virtually cyclic. 

Let us also mention that the so-called angular momenta of BTZ (multi) black 
holes (which is a physical notion) is the perfect analog in the AdS context of the 
Margulis invariant discussed in 4.2. It is an interesting challenge to evaluate how 
far this analogy can be continued. In particular, the validity of the results of [38, 30] 
in the BTZ context would be very interesting. 

5.6. Causal properties of Margulis spacetimes 

In his book, S. Carlip, refering to Margulis spacetimes, wrote: “The resulting ge- 
ometries are fairly bizarre. . . , and they could potentially serve as counterexamples 
for a number of plausible claims about (2 -f- 1 ) -dimensional gravity” ([26], p. 11 ). 
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Here, we mainly want to stress out that globally hyperbolic parts of Margulis 
spacetimes are fairly well identified: according to [17], any finitely generated purely 
hyperbolic subgroup F of lsom{Mins) is the holonomy group of two MGH space- 
times. More precisely, there are two (disjoint) F-invariant convex open domains 
in Min^ whose quotients are MGH spacetimes containing every globally 
hyperbolic spacetimes with holonomy group F. This is true in particular when F 
acts properly, i.e., when M = T\Min^ is a Margulis spacetime. In other words, 
M contains disjoint isometric copies of , and the complement of these two sub- 
domains is a region N where causality properties are dramatically violated. Let’s 
now state some properties of M: 

- for every timelike geodesic t ^ 7(0, there are two values t± such that for 

t < t- (resp. t > 7(0 is in U~ (resp. 

- every point in the interior of N belongs to a closed timelike curve (CTC), 
and CTC are all contained in A, 

~ dU^ are null-surfaces covered by future or past (depending on the sign ±) 
null geodesic rays, 

- M does not contained closed light like geodesics, 

- (Penrose boundary) M can be naturally “completed” by future and past 
conformal ideal boundaries , J~ , each of them being a finite number of 
annular components. 

Naively, one is tempted at first glance to consider as a black hole since, 
at least, it could be the feeling of observers inside U~\ they cannot observe any 
singularity, since their past cone is complete, enjoy the nice sensation to be part of 
a globally hyperbolic spacetime, but all of them are promised to a dramatic issue: 
the entrance in N . 

On the other hand, the convexity of C~ implies that the volume of the in- 
tersection between its boundary and spacelike planes of Min^ decreases when the 
plane is moved in the future: this is not compatible with the increasing entropy 
property of black holes. Anyway, this phenomena does not contradict Hawking’s 
Theorem, since for this theorem, the black hole is the region which cannot be 
observed from the future conformal boundary . Here, the conformal bound- 
ary of C~ is contained in J~ . Thus, to follow the classical treatment of black 
holes, we must be concerned with C^: then, the singularity region N is observed 
by everybody: this is a naked singularity, that all relativists reject as physically 
unrealistic. 



6. Isometric actions 

Now we investigate isometric actions on Lorentz manifolds. (To begin with, let us 
mention that, even if in setting problems the compactness of the Lorentz manifold 
is not needed, the whole results of the present section, except Paragraph 6.7, 
concern compact manifolds.) 
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Question 6.1. Let {M,g) be a Lorentz manifold, and G = Isom{M, g) its isometry 
group. When is the action of G on M essential ? 

Firstly, by “essential”, we mean that it is really a (pure) Lorentz isometry 
group, i.e., it cannot preserve a Riemannian metric on M? 

Here, one may ask, why in this notion, we are comparing Lorentz metrics 
with Riemannian ones, and not with any other structures. The point is that the 
comparison is from a dynamical point of view. A Riemannian metric is in a dynam- 
ical sense a structure of lower order: Riemannian isometries are equicontinuous, 
and therefore have no “chaotic” dynamics. In contrast (as it is well known, and 
we will recall below), Lorentz isometries can be, for instance of Anosov type (this 
is reminiscent to the revolutionary facts of special Relativity, asserting possibility 
of contraction of local time, and dilation of lengths). It is thus natural to call 
inessential a Lorentz metric having an isometry group which coincides with that 
of (an auxiliary) Riemannian metric. 

In fact, one can try to generalize a notion of “essentiality” to other geometric 
structures. This is not so easy to formulate, but the idea is to find a good notion of 
dynamical hierarchy between geometric structures, that is to decide how stronger 
is the dynamics (i.e., isometry group) generated by someone with respect to the 
other. As a paradigmatic example, a conformal pseudo- Riemannian structure is 
essential, when its conformal group does not preserve a pseudo- Riemannian metric 
(in the same conformal class) (see §7.) 

Now, it is known that preserving a Riemannian metric is equivalent to acting 
properly (all objects are smooth). Therefore, the question becomes 

When is the action of G on M non properl 

If furthermore the manifold is compact, then the G- action is proper iff G is 
compact, hence our question becomes: 

When is the isometry group of a compact Lorentz manifold non- compact? 



6.0.1. Sub-question: Lorentz homogeneous spaces. Here we specialize the question 
to the homogeneous case. Therefore, the question is to classify with the following 
(algebraic) conditions: 

- M — G/H (Ga Lie group, and H a closed subgroup of G). 

(To simplify. We suppose that G acts faithfully on M, i.e., we cannot simplify 
GjH to a smaller G' jH' ?) 

- The left G-action {{g,xH) e G x M ^ AT) preserves a Lorentz 

metric. 

- The isotropy group H is not compact (this means non-properness) . 

If M is compact, the last condition becomes: G is not compact. 
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6.0. 2. Super-question: stable properness. Let Diff^(M) be the group of diffeomor- 
phisms of class k of M. It acts on Lor^~^ {M) ^ the space of Lorentz metrics on 
M. Endow Lor^~^ {M) with the Banach or Frechet topology (Prechet for k — oo). 
For the sake of simplicity, we will not note /c, and assume that M is compact. 

- It is known that Diff(M) acts properly on Riem{M), the space of Riemannian 
metrics. In particular, the quotient Riem(M) j Dif f{M) is Hausdorff, it is the 
modular space of M. 

- Notice that, any function on Riem{M)l Dif f{M) is a Riemannian invariant: 
e.g., volume, diameter. . . 

Super-question 6.2. When is the Diff{M)-action on Lor{M) proper? 

For g G Lor{M), Stabilizer(^) = Isom(^). If the Diff(M)-action is proper 
then, V g e Lor{M), Isom(^) is compact, that is the super-question is stronger 
than the question! We quote from [35] that the difficulty in the global studying of 
Lorentz manifolds lies in the fact that Lor{M)/Diff{M) is not Hausdorff. 

6.0. 3. Some motivations. The question we are asking is reminiscent to the (former) 
Lichnerowitch conjecture, “Conformal groups of Riemannian manifolds” , solved by 
Ferrand and Obata [40, 70]. It starts by the observation that, although Conf(M, g), 
the conformal group of a compact Riemannian manifold (M,g), is not, a priori, 
compact, the only known examples for which the group is indeed non-compact are 
the Euclidean spheres. The result, which was actually proved, in its final form by 
J. Ferrand, confirms this fact: only the usual spheres have non-compact conformal 
group (among compact Riemannian manifolds). 

Ferrand-Obata Theorem and our present question are in fact particular cases 
of a rigidity phenomenon in geometric dynamics (see for instance [35]). 

Our sub-question concerns classification of a small class in the wide world of 
compact homogeneous spaces. The homogeneous Riemannian problem, is “trivial” : 
take M — GjH, where G is any compact Lie group and i/ is a closed subgroup 
of it. In contrast, we know very little information about general compact non- 
Riemannian homogeneous spaces. The interest of the Lorentz case (that is, our 
sub-question) is that it seems to be the easiest non- Riemannian homogeneous 
problem. 

The case where H is discrete is special. Indeed, in this case, G covers GjH, 
and one can pull back the G-invariant geometric structure on G itself. Therefore, 
the nature of this geometric structure can be seen on G, in fact at its Lie algebra 
level Q. 

Fact 6.3. The problem of closed homogeneous Lorentz manifolds with discrete 
isotropy is equivalent to find a co- compact lattice H in a Lie group G, and a 
Lorentz scalar product on Q preserved by the adjoint action of H . 
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Proof. Left translate on G the Lorentz scalar product on Q which is Ad{H)- 
invariant. The Lorentz metric on G is: G- left-invariant, and H -Tight invariant. 
Therefore, it passes to a G-invariant Lorentz metric on G/H. 

In particular, if Q admits a bi-invariant (i.e., Ad(G)- invariant) Lorentz scalar 
product, then any quotient G/H, where H is discrete is a homogeneous Lorentz 
manifold. □ 



6.1. Examples: Lie algebra with bi-invariant Lorentz metrics 

We will start here by giving examples of compact homogeneous Lorentz manifolds. 
Obviously, the only interesting non-trivial cases are when the isometry group is 
neither compact nor abelian. 

6.1.1. “Baby” example: PSL{2,R). The Killing form of PSL{2,R) is non-degen- 
erate (as the “simplest” semi-simple Lie group). Since the dimension is 3, the 

Killing form has a type h + or h. Anyway, up to a change of sign it 

is Lorentzian. It is bi- invariant as for any group. Therefore PSL{2,R) has a bi- 
invariant Lorentz metric, and any compact quotient M = PSL{2, M) /H where H is 
a co-compact lattice (a surface group) is a compact homogeneous Lorentz manifold. 
In fact, the isometry group of M is essentially (i.e., up to finite index) P5L(2,M). 
Actually, as already discussed 4.1.4, these examples are locally modelled on AdS^- 



6.2. Oscillator groups 

The oscillator groups (sometimes called warped Heisenberg groups as in [85]) is a 
family of “sympathetic groups” : they are solvable but look like SL{2, E) (we use the 
adjective “sympathetic” for these guys because we find they are so, and also this 
adjective is used in some literature to refer to groups which enjoy many properties 
of semi-simple Lie groups). They admit bi- invariant Lorentz metrics (which are of 
course different from the Killing form, which is degenerate for these groups). Also, 
they do have co-compact lattices (co-compact is superfiuous, since any lattice in a 
solvable Lie group is co-compact). Let us anticipate here and say that an oscillator 
group has essentially one lattice (all of them are commensurable). 

6.2.1. The simplest example. The semi-direct product G = 5^ k Heis. 

Recall the definition of Heis, the Heisenberg group of dimension 3: 

/I X 2\ 

Heis = {(o 1 y \ ,x,y, z e M}. 

VO 0 1/ 



Heis is characterized essentially, by the existence of a non-split exact se- 
quence: 1 R ^ Heis — > ^ 1. 

The circle acts automorphically on Heis, where the action is trivial on 
the center E, and it is by rotation on E^. 

The simplest oscillator group is the semi-direct product G = t< Heis. 

G can also be characterized as a non-trivial central extension of Ec, the group 
of Euclidean isometries of the plane: S^: 1 ^ E G Ec 1. 
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6.2.2. Generalization: ‘^canonical” oscillator groups. Recall the construction of 
Heisenberg algebras TiEd (dim = 2d-h 1). Consider M 0 C^, with basis Z, ei , . . . , 
The only non- vanishing brackets are: [ck^iek] = Z (here i = \/— 1). Equivalently, 
[A, F] = o;(A, F)Z, where uo is the symplectic form uj{X^Y) — (A, zF)o, where, 
(, )o is the Hermitian product. 

- Canonical oscillator algebras are obtained by adding an exterior element t, 
such that: [t,ek] = iek,[t,iek] = — and [t, Z] = 0. Denote by 'HEd 
resulting Lie algebra. 

- Define on it a scalar product (, ) as follows. Endow with its Hermitian 

structure (,)q. Decree: orthogonal to Span{t, Z}, (t,t) = (A, A) = 0 and 

(LA) = 1. 

- It turns out that (, ) is a Ad(7-^£^^)-invariant Lorentz scalar product. In other 
words, for every u in adu is antisymmetric with respect to (, ). (Exercise: 
why this does not work for the Heisenberg algebras themselves?) 

“ Consider G — the simply connected Lie group generated by 'HE]i. 

- is a semi-direct product of M by Hcd'. the action of M on the center is 
trivial, and its action on is via multiplication by exp is. 

“ This is in fact an action of . Consider then the semi-direct product G — 
Heh^ = ^ Hcd (here Z is simply the subgroup of integers of R) 

- Any lattice in the Heisenberg group Hcd is also a lattice in (since Hcd 

is co-compact in As example of lattice in Lfei, we have: 

1 X z\ 

0 1 y \ ,x,y,z eZ}. 

0 0 1/ 

6.2.3. General construction of oscillator groups. The most general oscillator 

groups are defined as above as semi-direct product M tx where R acts on 

via a homomorphism s exp(27rsA) G U{d) such that: exp(27rA) = 1, and A 
diagonalizable with eigenvalues say, Ai, . . . , G Z having the same sign. This last 
condition on signs guarantees that the obtained Lie algebra admits a bi-invariant 
Lorentz metric. The arithmetic (or say quantum) condition, A^ integers, implies 
that the R-action factors via an action of 5^. An oscillator group is any such semi- 
direct product G = ^ Hed> It enjoys the same property as that of canonical 

oscillator groups, i.e., when the matrix A is scalar. 

6.2.4. Further remarks. 

1. Remember that the Lorentz scalar product was defined, among other con- 
ditions, by the fact that (L t) = 0. In fact, one can take (t, t) = Constant 
^ 0, and multiply the other given products by any constant (^ 0), and gets 
another bi-invariant Lorentz metric. 

2. However, up to automorphism, there exists only one bi-invariant Lorentz 
metric on a oscillator algebra. In particular a metric is isometric to any 
multiple of itself. This follows from existence of homotheties. (This is true 
for R^ but not for P5'L(2,R).) 
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3. Oscillator groups are (locally) symmetric Lorentz spaces of non reductive 
type, that is they have non-reduct ive holonomy. This means they have a 
codimension 1 parallel foliation which has no supplementary parallel direction 
field. This foliation is nothing but determined by translates of the Heisenberg 
group (on the left or the right, it is the same thing since Heisenberg group is 
normal in the oscillator group). 

4. The Ricci curvature of an oscillator group equals its Killing form (up to 
constant). 

6.2.5. Historical comments. 

1. Actually, it is the He\, the 4-dimensional canonical oscillator example (the 
simplest example) which was named in the literature as the oscillator group 
[78], see justification below. It is also known as the diamond group in Repre- 
sentation Theory. 

2. The bi- invariant Lorentz metrics were known to Medina- Re voy, and “par- 
tially” to Zimmer [89] and Gromov [50]. 

This seems folkloric in relativistic literature: some gravitational plane waves 
spacetimes. . . 

Also, Witten and Nappi [69] used the oscillator group to built “a WZW model 
based on a non semi-simple group” . 

6.2.6. Justification of the name ‘‘oscillator”. The Lie algebra 7i£\ has the follow- 
ing representation in the algebra of operators of the Hilbert space E = L^(E): 

Z l,X q,Y — > p, t -f 

where the operators q and p are given by: 

q{f) = xf,f e L‘^{R),p(f) = 

(1 is the Identity (operator), q the position, p the momentum, and p^ + q^ the 
energy). 

To show that this gives a homomorphism, one verifies in particular: [g,p] = 1, 
which is the Heisenberg uncertainty principle. 

Finally, p^ + q^ is the energy of the harmonic oscillator, which explains the 
origin of the terminology, that is this representation gives a quantification of the 
harmonic oscillator. 

6.3. Other examples: discrete isometry groups, general constructions 

6.3.1. Discrete case. So far, our examples have the form M = G/H^ where G is 
a Lie group group, which is non-compact, and (implicitly) connected. However, 
it might happen that G is not the full isometry group of M. However, this fact 
causes no loss for us. The true difficulty, is when a homogeneous Lorentz space 
has the form G//7, where G is compact (and connected), so at first glance, M 
looks like inessential, but it might happen that Isom(M) is not compact. For 
instance, G could be the identity component of the isometry group, which has “a 
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discrete part” Isom(M)/G non-compact. Let’s give an example illustrating this 
phenomenon (which might be the general one?). 

On consider a lorentz scalar product g, and let 0{g) be its orthogonal 
group. The essential point is that we consider together with its lattice Z^. 
Hence, 0{g) is isomorphic to 0(1, n — 1), but in general, 0{g, Ij) = 0{g)nGL(n, Z) 
is not isomorphic to 0(1, n — 1; Z) = 0(1, n — 1) f1 GL{n, Z). 

Consider the flat torus {T^,g) = (W^,g)/Z^. Then, Isom (T^,g) = xi 
0{g,Z). Therefore, the identity component is compact, and the “discrete part” is 
0(^,Z). 

Let us consider the simplest example, apparently firstly observed by Avez: 
let A be a hyperbolic element of 5L(2, Z) hyperbolic, that is, with real eigenvalues 
of norm ^ 1, e.g.. 



Let be a diagonalisation basis for the dual of A: and are linear 

forms on R^ defined up to scalars. Finally, g = cuj^uj^ ^ where c is an arbitrary 
constant (^ 0). Then, A preserves g. In fact, up to a finite index, Isom(T^,^) = 
X Z (Z is generated by A). 

In dimension > 2, the discrete part 0{g^ Z) may be much bigger. Indeed, by a 
Harisch- Chandra Borel Theorem [23], if g is rational (that is up to a multiplicative 
constant, the coefficients of g in the canonical basis, are all rational), then 0{g^ Z) 
is a lattice in 0{g) (in particular 0{g^'L) is isomorphic to the fundamental group 
of a finite volume hyperbolic manifold, which can be compact). 

One remarks here that a non co-compact lattice in 0{g)^ or say 0(1, n — 1) 
since we are allowed to identify them at this stage, contains hyperbolic and para- 
bolic elements (in the sense of 0(1, n — 1)). We then see, from a dynamical point of 
view, that Lorentz isometries may have, Anosov (in dimension 2), partially hyper- 
bolic, and also horocycle-like behaviors. This contrasts with Riemannian isometries 
which are built up from “blocks” , on which dynamics is equivalent to a translation 
on a torus. 

6.3.2. Warped products. Let M be an essential Lorentz manifold. Observe that 
its (direct) product by a Riemannian manifold is also essential. If both are homo- 
geneous, then the same is true for the product. 

In fact, local products may also preserve essentiallity. To define them (in 
our Lorentz context), let M = TV be Lorentz and L be Riemannian. Consider 
M = N X L/r, where F is a subgroup of Isom{N) x Isom{L). Assume F is non 
split (or in other terms irreducible), that is, M is not a product. If the centralizer 
of r acts non- properly on TV x L, then M is essential. 

We recall now another way to preserve essentiallity, the warped product con- 
struction. Let (N,g) be Lorentz, and (L,h) Riemannian and w : L ^ a 
(warping) function. The warped product M = L the topological product 

L X N, endowed with the metric h® wg. 
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The crucial property for us here is that, if / : A' — > A^, is an isometry then, 
its trivial extension: / : (x, y) G L x A — > (x, /(?/)) G L x A, is an isometry of 
L Xuj N 

In particular, as above, in the class of essential Lorentz manifolds , one can 
perform warped products by (any) Riemannian manifolds. Similarly to local prod- 
ucts, one can define local warped products, which may preserve essentiallity. 

6.3.3. ‘‘Counter-examples”. Consider the “hyperbolic torus” T^, where A G 
S' 1/(2, Z) is hyperbolic (see §6.3.1). So, is the suspension of A seen as a diffeo- 
morphism (of Anosov type) of the 2-torus T^. As was said in §6.3.1, A preserves a 
Lorentz metric ^ on T^. Endow x M with the fiat product metric The 

mapping (j) : (x,^) {Ax,t -h 1) is isometric. Therefore, inherits a fiat Lorentz 
metric, with the suspension fiow acting isometrically. It is an Anosov fiow, and 
hence is in particular essential. Nevertheless, is not Lorentz homogeneous. 
Its isometry group is (up to a finite cover) generated by the suspension flow. On 
the other hand this is a sol-manifold: T| = 50L/Z Xy^ Z^. Summarizing, is 
an essential Lorentz manifold, topologically homogeneous (i.e., the isometry group 
admits a dense orbit), but not Lorentz homogeneous. 

This “contrasting” fact is also valid for 3-Nil manifolds, i.e., compact quo- 
tients of the (3-dimensional) Heisenberg group (these manifolds are however not 
essential, since their isometry group are cyclic). 

6.4. Classification of Killing algebras 

We have the following result which answers, at least at the Lie algebra level our 
question 6.1. It was proved independently in its final form in [3] and [85] (at the 
same month!). Partial steps were done in [50] and [89]. 

Before announcing it, recall that the Lie algebra of a group acting isomet- 
rically on a compact Riemannian manifold is a sum of an abelian Lie algebra 
with a semi-simple Lie algebra of compact type (i.e., the Lie algebra of a compact 
semi-simple Lie group). 

The result says that, in the Lorentz case, the new factor that might occur, is 
a subalgebra of 5, where S is the Lie algebra of 6'L(2,M) or an oscillator group. 

Theorem 6.4. Let G he a connected Lie group acting isometrically on a compact 
Lorentz manifold M. Then, up to compact objects, G is a subgroup o/P5L(2,IR) 
or of an oscillator group. 

More precisely, the Lie algebra Q is isomorphic to a direct algebra sum: 

ic + r’^ + s, 

where /C is the Lie algebra of a compact semi-simple Lie group, k > 0 is an integer 
and S is a subalgebra of: 

- sl{2,M). 

- an oscillator algebra. 

Furthermore, the group S associated to S acts on M locally freely, i.e., sta- 
bilizer in S are discrete 
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Corollary 6.5. The stabilizer of any point of M is “almost discrete” ; its connected 
component is compact. 

Remark 6.6. The Corollary is far from being a priori obvious. It is false for non- 
compact homogeneous spacetimes, and for general homogeneous pseudo- Rieman- 
nian manifolds, even compact. 

6.4.1. The full Killing algebra. We dealt above with a group acting on M, i.e., a 
subgroup of Isom(M). One may ask about the structure of the full Isom(M) itself. 
In other words, can any group as described above (at the Lie algebra level) be 
exactly the (full) isometry group of some compact Lorentz manifold? For example, 
can the 5-factor for the full Isom(M) be the affine group Aff(M), or in contrary, 
once Aff(R) acts isometrically, then does its action automatically extend (isomet- 
rically) to 5L(2,R) (always at a Lie algebra level)? The answer to this precise 
example is that extension indeed exists. In general, the answer was given in [86] 
and [4] independently (in the same season!) 

By the Killing algebra of M we mean the Lie algebra of Isom(M). 

Theorem 6.7. [86, 4] The Killing Lie algebra of a compact Lorentz manifold is 
isomorphic to a direct sum 

K + +S, 

where JC is the Lie algebra of a compact semi-simple Lie group, k >Q is an integer 
and S is trivial or isomorphic to: 

- a Heisenberg algebra, 

- an oscillator algebra, or 

- ^/(2,R). 

Conversely, any such algebra is isomorphic to the Lie algebra of the isometry 
group of some compact Lorentz manifold. 

6.5. Sub-question: Homogeneous case 

6.5.1. Algebraic classification. 

Theorem 6.8. [3, 4, 85, 86] Let M = G/H be a compact homogeneous Lorentz 
manifold. Then, up to compact objects: G is 51/(2, R) or an oscillator group. 

More precisely, there is a subgroup S C G, such that: 

- S is normal, and the Lie algebra of S is a factor in Q 

- S is CO- compact in G (i.e., G/S is compact) 

- S is isomorphic to PSLk{2,Mj) the k-folded cover o/P5L(2,R), or 

- S is an oscillator group 

- S acts on M locally freely, that is H is ‘‘almost discrete”, in the sense that 
its identity component is compact. 
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6.5.2. Geometric classification. 

Theorem 6.9. [85] Let M — G/H be a compact homogeneous Lorentz manifold. 
Then, up to compact objects, it is isometric to S/H, where H \s a co-compact 
lattice (in particular discrete) in S, where S is P5L(2,M) or an oscillator group. 

- Roughly, M is a ‘‘local product” modeled on S x L, where L is a homogeneous 
Riemannian manifold 

• The case S = PSLk{2,M) (due to Gromov [50]^; 

~ M = S X L/H: 

~ L is a compact homogeneous Riemannian manifold 

- There is ifg o, lattice in S, such that H is the graph of a homomorphism 
p : Hq — > Isom{L) 

- The centralizer of p{Ho) acts transitively on L. 

- The metric on S x L equals: c.Killing ^ r for some constant c, where r^ 
denotes the Riemannian metric of L. 

- Conversely, with these data, one constructs a compact homogeneous space- 
time. 

• In the case where S is an oscillator group, the geometric description is a little 
bit complicated: the (local) product structure can be somehow “twisted” (see [85]J. 

6.6. Super-question 

Remember that the super-question concerns the action of Diff(M) on Lor{M), the 
space of Lorentz metrics on M. Consider two converging sequences, gn and hn of 
Lorentz metrics (in the C^ topology). Suppose they are isometric, that is, there 
is a sequence of diffeomorphisms (j)n^ such that hn = {4>n)*gn- Properness, means 
that, after passing to a subsequence, the sequence (j)n must converge (the limit will 
be an isometry between the two limit metrics). 

6.6.1. Main ingredient: actions of discrete groups. So far, only actions of con- 
nected Lie groups were considered. However, as was seen in the case of flat tori 

6.3.1, the essentiality may come from the discrete part. It seems that the only works 
which deal with Lorentz isometries, without, a priori, connectedness hypothesis, 
are firstly that of D’Ambra [34] (where actually connectedness is proved at an in- 
termediate step) , and [87, 88] , which investigate dynamics of Lorentz isometries in 
a systematic way. In fact, also sequences of isometries were considered there (seen 
as generalized dynamical systems). It was also observed that the approach can be 
adapted to sequences of isometries between two different Lorentz metrics, or even 
sequences of Lorentz metrics, which is exactly the situation you meet, as above, 
when dealing with properness. The philosophy of this work is to see how such 
sequences of isometries degenerate. One consider their graphs in M x M, which 
are totally geodesic (and isotropic) for the product metric. The limits are geodesic 
laminations in a suitable space. It turns out however, that, by projecting on M, 
one gets a codimension one foliation, with geodesic and lightlike leaves (the metric 
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on them is degenerate). At least in dimension 3, one knows many obstructions to 
the existence of such foliations. As a corollary, we get: 

Theorem 6.10. [88] For M the “^-sphere, the Diff(M)- action on Lor(M) is proper. 

6.6.2. Case of compact surfaces. P. Mounoud pushed forward the analogy between 
the case of isometries of a fixed metric, and that between sequences of metrics (as 
in the definition of properness) . He applied this for Lorentz compact surfaces which 
must be (topologically) a Klein Bottle or a torus. New ideas are needed here since 
lightlike (in fact isotropic) foliations always exist. He firstly proved: 

Theorem 6.11. [68] For M = Klein bottle, the Diff(M)-action on Lor{M) is proper. 

Let M be now a 2-torus, and T the space of flat Lorentz metrics on it. Any 
such a metric is linear on the universal cover (up to a diffeomorphism) . One 
observed that the Diffo(M)-action on F is proper, where Diffo(M) is the group of 
diffeomorphisms isotopic to the identity. The quotient is the Lorentz Teichmiiller 
space of the 2-torus. It is identified to the de Sitter space: 

rf52 = 5L(2,M)/{(^^J 

The action of Diff(M) on F/ Dif fo{M) is identified to the action of SL{2, Z) 

0 \ 

on dS 2 - This action is dual to the action of { ( ^ j ,t eR} (the geodesic flow) 

on the unit tangent bundle SL{2, R)/SL{2, Z) of the modular surface M^/SL{2, Z). 
Therefore the Diff(M)-action on F is in particular ergodic. 

The main result of [68] is that in contrast: 

Theorem 6.12. The Diff{M)-action on Lor{M) —F (the space of non- flat metrics) 
is proper. 

Therefore, the Diff(M) dynamics on Lor{M) is fuchsian-like: strong (er- 
godic. . . ) on its “limit set ” F, and proper on its “discontinuity domain” 
Lor{M) - F. 

Among other beautiful ideas, the proof uses an amazing lemma, which states 
that, if a Lorentz metric on the torus has its curvature constant along one isotropic 
foliation, then this metric is flat. 

6.7. Non-compact manifolds 

We consider here our question (or its variants, sub, or super) in the case of non- 
compact Lorentz manifolds. Despite its natural both mathematical and physical 
interest (only non-compact spacetimes are realistic in physics), the question here 
is far from being elucidated, and sufficiently investigated. Maybe, the reason is 
that no prompt answer seems to be available. 

From a relativistic point of view, one observes that only few classical exact 
solutions have essential isometry groups. One may dare ask: 




432 



T. Barbot and A. Zeghib 



Question 6.13. (for relativists) Classify physical solution (i.e., an exact solution, a 
spacetime with a natural energy-momentum tensor, a spacetime satisfying suitable 
causality conditions) having an essential isometry group. 

As example, spaces of constant curvature, dSn, Minn and AdSn have essen- 
tial groups. They are homogeneous, with non-compact isotropy. 

As celebrated exact solutions, pp-waves have essential isometry groups. Our 
question above asks for a rigidity of essential “physical” spacetimes, that is they 
must belong to a (small) list to be founded and enumerated. 

Prom a purely mathematical point of view, it seems that Nadine Kowalsky 
was the first to consider this problem, in her thesis (supervised by Zimmer). As 
the general question looks too waste to be systematically investigated, she made 
an algebraic hypothesis on the acting group. It was with a little bit variation of 
this same hypothesis that other authors contribute. So, N. Kowalsky asked, and 
solved the following: 

Question 6.14. When a simple Lie group acts isometrically non-properly on a 
Lorentz manifold? 

Observe that the de Sitter and de Sitter spaces, are examples of such spaces. 
Their isometry groups are 0(1, n) and 0(2, n) (they are simple except for 0(2, 2)). 

The answer of Kowalsky is that these are the only examples, at an algebraic level. 

Theorem 6.15. [57] If a simple Lie group acts isometrically non-properly on a 
Lorentz manifold, then it is isomorphic to 0(1, n) or 0(2, n) (for some n). 

This was the principal result of [57], and was also announced in [58], together 
with another announcements of results. Unfortunately, Kowalsky died prematurely, 
before publishing half of the announced results. One of the announced results is 
on a geometric description of the Lorentz manifolds as in the theorem above. Here 
again dS, and AdS appear (essentially) as unique examples. 

Theorem 6.16. If a simple Lie group G acts isometrically non-properly on a Lorentz 
manifold M , then M is a warped product of dSn or AdSn with some Riemannian 
metric (here we must assume G not locally isomorphic to 5L(2,R) in order to 
avoid consideration of local warped products. . .). 

D. Witte [81] proved this result, assuming Theorem 6.15 and that the ac- 
tion is transitive. Let us observe that, even with these assumptions, the result is 
by no means obvious! In [13], the authors introduce a new geometric approach 
allowing a unified proof of both the previous two theorems. They also consider 
some generalizations. Let us notice here that S. Adams was the first and principal 
“investigator” on Kowalsky’s heritage. In particular, he relaxed in many ways the 
algebraic condition (simplicity) on the Lie group (the conclusions are different). 
He also yields another proof of Theorem 6.15 (see for instance [2]). Notice however 
that all approaches, except in [13], are deeply algebraic. 
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6.8. Idea of proof of Theorem 6.4 

Consider the bilinear form on the Lie algebra Q\ 

[ {X{x),Y{x))^dx 

JM 

where A, Y are Killing fields and (, ) is the Lorentz metric. 

6.8.1. Steps. 

1) K is di bi- invariant quadratic form on Q. This is a general fact: an action of 
Q means, a homomorphism (of Lie brackets) X G Q X E Vector- fields on 
M. 

So, to y G 0, is associated: 

- (f)^ 8i one-parameter subgroup of G, and 

- (/> a one parameter group of diffeomorphisms on M. 

Naturally: 

= Ad{<i>^)X 

It then follows, if G preserves a volume dx and a g-covariant tensor T, then, 
the formula: 

K^{Xi,...,Xq)= [ T(x;{x),...,X^ix))dx 

JM 

determines a hi-invariant g^-tensor on Q. 

2) However, k, might be trivial! For instance, if G = SO{n)^n > 2, let T be any 
left invariant quadratic form (degenerate or not, positive or not. . . ). Then 
necessarily, hX is a multiple of the Killing form, by simplicity. In particular, 
it may happen that — 0 for T Lorentz. 

3) The point is thus to show that, in our situation, n is sufficiently non- trivial. . . . 
A major step in the proof will be to show that n satisfies a condition (*), which 
roughly speaking means that n is between being a Lorentz and a Euclidean 
scalar product! 

4) Theorems 6.4 follows from an “Algebraic Lemma” classifying” those Lie alge- 
bras admitting Ad-invariant scalar product satisfying (*). This classification 
is similar (but of higher-order difficulty) to the lemma saying that a Lie al- 
gebra with an Ad- invariant positive scalar product is a sum of an abelian 
algebra and compact one. 

6.8.2. Condition (*). Behind the condition (*) is the following: 

Lemma 6.17. (Fundamental non- degeneracy Fact) Let M be a compact Lorentz 
manifold, (j)^ C Isom{M) a one parameter group with infinitesimal generator (a 
Killing field) X . Suppose (ff is non- precompact (i.e., non-equicontinuous, or equiv- 
alently the closure of {(ff ,t G R} in Isom{M) is not compact). Then, X is every- 
where non-timelike: {X{x),X{x)) > 0, Vx. 

Corollary 6.18. (Condition (*)): Let V a linear subspace of Q containing a dense 
set of non-precompact Killing fields. Then, n\V > 0, and dim Ker{K,\V) < 1. 
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6.8.3. Proof of Lemma 6.17. The proof of the Fundamental non-degeneracy Fact 
is based on two uniformity facts: 

Fact 6.19. Let C Isom{M) be a one parameter group of isometries. If for 

some ti oo, {0^'} is precompact (i.e., equicontinuous) , then {cff} is precompact. 

Sketch. Let L = {</>*} C Isom(M). Then, L is an abelian Lie group, and hence it 
is a cylinder x (where is a torus) . 

But, L has a dense one parameter group ({^^} itself), i.e., a dense geodesic 
(when L is seen as a flat Euclidean cylinder). It then follows that L = T^, or 
L = M. Now, if there 3 {0^'} equicontinuous, then L ^ R, and hence L = T^, i.e., 
is equicontinuous. □ 

Fact 6.20. If for some Xi G M^ti oo, is equicontinuous (i.e., || Dxi(jf |1 

and II {Dxi(f>^)~^ ll hounded), then is equicontinuous (and therefore by the 

fact above {(p^} is equicontinuous) 

Sketch. By deflnition of its Lie group structure, Isom(M) acts properly (and freely) 
on the frame bundle P{M). □ 

These two facts are true in affine dynamics, i.e., for {<p^} preserving any linear 
connection. 

We need a third fact special to the Lorentz case: 

Fact 6.21. If a Killing field X is somewhere timelike (i.e., (A(xo), A(xq)) < 0), 
then it generates an equicontinuous flow {0^}. 

Sketch. Let 1/ be a neighborhood of xo where X is timelike. By Poincare recurrence 
Lemma, there exist xi near xq, U oo, such that (p^^Xi is near xq. 

Now, near xq, Dx^p^^ behave as Riemannian isometries, and are then equicon- 
tinuous. Apply the second fact, and then the first one to deduce that {(p^} is 
equicontinuous. □ 

7. Conformal actions 

We will be very succinct at this §. We essentially take the opportunity to men- 
tion recent works on the domain, and quote references for detailed and complete 
exposition. 

As for Riemannian geometry, one deflnes, conformal Lorentz manifolds, con- 
formal actions, conformally flat structures The conformal group is essential 

when it cannot be reduced to the isometry group of some Lorentz metric in the 
conformal class. The “vague” conjecture is that it is possible, and anyway inter- 
esting, to classify essential conformal Lorentz manifolds. To be precise one may 
ask a kind of Lorentz conformal Lichnerowicz conjecture (see [35]). Recall for this 
that the universal substratum of conformal Lorentz geometry, is the (static) Ein- 
stein cosmos Eiun. Its conformal structure is obtained (up to a 2 folded cover) 
as follows. Consider on a quadratic form of type h, . . . T, and let 




Group Actions on Lorentz Spaces 



435 



be its isotropic cone. Then, Eirin is the projectivization of endowed with its 
natural conformal Lorentz structure. Its conformal group is 0(2, n), which acts 
essentially. 

C. Frances [41] exhibited a huge class of conformally flat manifolds, which 
are essential. As amazing fact, the Einstein cosmos itself as a topological mani- 
fold, which is X has a big Teichmiiller space of conformally flat (Lorentz) 
structures, some of which are essential. 

Unrelated to essentiallity, C. Prances [42] also studied closed conformally flat 
Lorentz manifolds, for themselves. Their holonomy groups are in some sense the 
Lorentz parallel of Kleinian groups, i.e., discrete groups of the Mobius group. As 
the usual (Riemannian) sphere is the boundary at inflnity of the hyperbolic space, 
the Einstein cosmos is the conformal boundary. Therefore, we And ourselves here 
in the heart of an “equivariant” AdSjCFT correspondence. 

Coming back to essentiallity, the geometrical ingredient of the Lorentzian 
Lichnerowicz’s conjecture, still stands up. That is, it seems that a compact essen- 
tial Lorentz manifold is conformally flat. The non-compact case is false (see for 
instance [5]). This contrasts with the Riemannian non-compact case, since (even 
if Lichnerowicz did not dare to ask it) the Euclidean space is the unique essential 
Riemannian manifold. 
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Gauge, DifFeomorphisms, Initial- Value 
Formulation, Etc. 

Robert Geroch 



Abstract. We introduce a large class of systems of partial differential equa- 
tions on a base manifold M, a class that, arguably, includes most systems of 
physical interest. We then give general definitions - applicable to any system 
of equations in this class - of “having the diffeomorphisms on M as a gauge 
group”, and, for such a system, of “having an initial- value formulation, up to 
this gauge” . These definitions, being algebraic in the coefficients of the partial 
differential equations, are relatively easy to check in practice. The Einstein 
system, of course, satisfies our definitions. 



1. Introduction 

Two features of Einstein’s equation play a fundamental role in the structure of the 
general theory of relativity. 

The first of these is that Einstein’s equation manifests a certain gauge free- 
dom, the corresponding gauge transformations being associated with diffeomor- 
phisms on the underlying space- time manifold. This freedom is perhaps the strik- 
ing feature of the relativity theory. It impacts the way we understand and address 
a variety of topics within the theory, e.g., gravitational energy [17] [2] [8], and 
gravitational radiation [13] [6]. Indeed, a substantial shift in attitude toward this 
diffeomorphism freedom has taken place over the years. This gauge freedom was, 
at the beginning, regarded as a curious and novel feature of the theory. But it is 
more common now to argue [12] that diffeomorphism gauge is a necessary feature 
of any viable physical theory based on partial differential equations on a manifold. 

The second feature of Einstein’s equation is that it manifests, up to this 
gauge freedom, a well-posed initial- value formulation [3] [5]. Having an initial- 
value formulation is by now so much a part of our thinking that it is difficult to 
imagine doing physics without it. For example, one might be interested in whether 
a physical system is stable in time, or whether it can send signals super luminally. 
But both of these notions depend directly on having a description of the system 
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that involves an initial- value formulation. Stability in time, for example, deals with 
the evolution of small perturbations of the system, while inherent in “evolution” 
is an initial- value formulation. 

These two features are, clearly, intertwined. For example, Einstein’s equation 
as it stands does not admit an initial- value formulation in the traditional sense, 
precisely because the gauge freedom prohibits it. Given the central role these two 
features play in the structure of the theory, then, it would be of some interest to 
understand better how they operate and how they interact. What is the mecha- 
nism by which general relativity manifests these features? For example, it is not 
obvious, merely by examining the Einstein system of partial differential equations, 
that it has an initial-value formulation up to diffeomorphism gauge. One route 
to understanding these issues would be to formulate a general characterization 
of “having gauge freedom associated with diffeomorphisms” , and “having, up to 
that freedom, a well-posed initial- value formulation”. That is, one would like to 
formulate precise definitions of these notions, definitions that are applicable, say, 
to virtually any system of partial differential equations on a manifold. We here 
propose such definitions. 

Given such definitions, we may ask what other systems of partial differential 
equations satisfy them; and whether any of those systems are likely to underlie 
viable physical theories. We have been able to find just a few other classes systems 
of partial differential equations on a manifold having diffeomorphism gauge free- 
dom combined with an initial- value formulation. One is that for special relativity - 
regarding the Minkowski metric as dynamic. The other is a certain class of systems 
involving a preferred vector field. None of the latter seem likely to underlie interest- 
ing physical theories. What other systems of partial differential equations are there 
that manifest an initial-value formulation up to diffeomorphism freedom? Can all 
such systems be “found” ? Do any appear to represent viable physical theories? 

In Section 2, we review briefly systems of partial differential equations, and 
the conditions under which such a system admits an initial- value formulation. The 
key idea is to generate a universal framework, into which the partial differential 
equations describing physical systems fit. In Section 3, we introduce the notion 
of gauge for a system of partial differential equations; and, in particular, that of 
diffeomorphism gauge freedom. It turns out that “gauge” can be defined using 
only the partial differential equation itself, and not any physical interpretation 
of that equation. In Section 4, we introduce our definition of a system’s having 
an initial- value formulation up to diffeomorphism gauge. This definition has the 
important feature that it is essentially algebraic, i.e., to decide whether a given 
partial differential equation satisfies it involves, essentially, algebraic manipulations 
with the coefficients in that equation. Examples and a few other issues are discussed 
briefly in the Conclusion, Section 5. Appendix A is a plea for settlement of an 
important open question involving the existence of an initial- value formulation for 
general hyperbolic systems with constraints. 
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2. Partial differential equations 

It might seem at first thought that the task of this section - to set up a universal 
framework for the physically interesting partial differential equations ~ is nearly 
an impossible one. There is clearly an enormous variety of possible systems of 
partial differential equations in this World: How, given this apparent diversity, 
will we ever get sufficient control over these equations to be able to analyze the 
character of the the “general” one? It turns out, however, that this problem is more 
apparent than real. There exists a general formulation of the subject of partial 
differential equations - a formulation that, on the one hand, is systematic, and, on 
the other, is sufficiently broad to include virtually all equations of physical interest. 
The key idea of this formulation is to restrict consideration to a certain class of 
systems of partial differential equations - namely to systems that are first order 
(i.e., involve only first derivatives of the fields) and qua^ilinear (i.e., are linear in 
those first derivatives). This class is much broader than it might appear at first. For 
example, higher-order systems are cast into this form by introducing new fields 
to represent the lower derivatives. This class, it turns out, admits a systematic 
treatment, and at the same time appears to be adequate for the description of 
physical phenomena^. This general formulation of partial differential equations 
for physics (which is discussed in more detail, with many examples, in [7]) is 
summarized below. 

Let there be given a fibre bundle, consisting of some base manifold M, some 
bundle manifold B, and some smooth projection mapping B ^ M. Typically, 
M will be the 4-dimensional manifold of space- time events (but it could be any 
smooth manifold). By the fibre over a point x of M, we mean the set of all points 
h oi B such that 7 t( 6 ) = x. Think of the fibre over x G M as “the set of possible 
field- values at x” . Then B is interpreted as the set of “all possible choices of field- 
values at all points of M” , and tt as the mapping that assigns, to each such choice, 
the underlying point of M. Thus, point h oi B could be written as 6 = (x,0), 
with X G M and </> in the fibre over x. The action of the projection mapping 
would then be given by 7t(x, (/>) = x. Typically, the fibre over a point x G M 
will be some collection of tensors or other geometrical objects (such as derivative 
operators, spinors, etc.) at x, possibly subject to various symmetries or other 
algebraic conditions; whence B will be the manifold of all such collections of objects 
at all points of M. A tangent vector at a point of B is said to be vertical if it is 
tangent to the fibre at that point (or, what is the same thing, if its image under the 
projection tt vanishes). Thus, a vertical vector represents an “infinitesimal change 
in the field- values” at a fixed point of M. We shall adopt the convention that all 
“algebraic constraints” on our fields have been incorporated already at the level 
of the construction of the bundle manifold B, and thus that no such constraints 



^The present class is, essentially, what is called the symmetric hyperbolic systems of partial 
differential equations. There exists at least one other, still larger, class, the strongly hyperbolic 
systems [15]. Apparently, neither the status of the initial- value formulation in this larger class, 
nor the role of this class in physics, has been settled decisively. 
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are to be imposed as additional conditions on B. While we shall think of 6 as 
representing “field values” , it can in general be any smooth manifold, subject only 
to the local- product condition in the definition of a fibre bundle^. 

For Maxwell theory, for example, 

i) M is the four-dimensional space-time manifold; 

ii) B is the ten-manifold consisting of pairs (x. Fab), where x e M and Fab is a 
skew tensor at x; 

iii) the projection tt sends (x, Fab) to x; 

iv) the fibre over x G M is the six-manifold of skew Fab at x; and 

v) a vertical vector at point (x, Fab) of B may be represented by a skew tensor^ 
SFab at X. 

For general relativity, M is again the four-manifold of space-time events, while the 
fibre over x G M consists of pairs {gab, Va), where gab is a Lorentz-signature metric 
and Va a derivative operator^, at x. Thus, the dimension of the fibres in this case 
is 50 (= 10 + 40); while the dimension of the manifold B is 54. A vertical vector 
at point (x, gab, Va) of B may be represented by pair of tensors, {Sgab, s'^ab), with 
^gab (representing the ^ab“Component of the vector) and s^ab (representing the 
Va-component of the vector^) each symmetric the indices “a” and “6”. 

Returning to the general case, by a cross-section of such a bundle we mean 

a smooth mapping M B such that tt o 0 is the identity map on M. In other 
words, a cross-section (j) assigns, to each point x of M, some point, 0(x), of the 
fibre over x. Think of a given cross-section as representing a particular choice of a 
“field” (of the type represented by the bundle) over M. Thus, for Maxwell theory, a 
cross-section of the bundle is represented by a smooth skew tensor field Fab on the 
space-time manifold M; for general relativity, by smooth fields gab and Va on M. 

Our partial differential equation will be an equation on such a cross-section 
map (j), linear in its first derivative. In order to write out this equation, we must 

^Recall that this condition requires, essentially, that, locally in M, B can be written as a product, 
M X F, oi M with some other fixed manifold F, in such a way that the projection mapping tt 
becomes the projection to the M-factor in this product. This condition guarantees, e.g., that, 
locally, all the fibres of the bundle are diffeomorphic with this fixed manifold F, and so with 
each other. We shall take the term “fibre bundle” , to mean such a smooth mapping of manifolds, 
B ^ M , subject only to this local-product condition. That is, we shall not require (as is sometimes 
done [14]) that there also be given a group action on the bundle manifold. 

^This SFab, which we may think of as a “small change in is, more precisely, the tangent 

vector, at to some curve in the manifold of skew tensors at x. 

derivative operator at a point a: of M could be defined, for example, as a map from smooth 
covector fields on M to second-rank covariant tensors at x, subject to additivity, the Leibnitz 
rule, and consistency with the exterior derivative. We shall take all derivative operators to be 
torsion-free. 

^Recall that the difference of two derivative operators, Va and Va on a manifold is represented 
by a tensor C^ab = (^^b), which is defined by the property that, for any smooth covector field 

ka, a^b — ^akb = —C^abkm^ Thus, a tangent vector in the space of derivative operators at a 
point gives rise naturally, i.e., without any “reference” derivative operator Va, to such a tensor 
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introduce two new smooth fields, and on B. Being fields on B, these 

depend of course on the point b = {x^cf)) of B, i.e., they depend on a choice of 
“point X of the base manifold, as well as field- value 0 at that point”. The index 
“o” on is a tensor index in B at the point, 6 G B, at which this field is 

evaluated; the index “a” is a tensor index in M at the corresponding point, 7t(6), 
of the base manifold. The index “A” , of both and lies in some new vector 
space (which will turn out to be the vector space of equations). Finally, our partial 
differential equation, on a cross-section (/>, is 

( 1 ) 

This equation is to be imposed at each point x G M, with the fields k and j eval- 
uated at </)(x) G B, i.e., on the cross-section. Here, (V(/))a^ denotes the derivative 
of the map (f) (i.e., a map from tangent vectors in M at x to tangent vectors in 
B at 0(x)). The index “A” in Eqn. ( 1 ) is free, i.e., Eqn. ( 1 ) can be reduced, by 
taking components, to a number of scalar equations equal to the dimension of the 
vector space in which lies. We demand that i^Ak^^ct — 0 only when = 0, 
i.e., that every the equation of the system ( 1 ) really be “differential”. 

For Maxwell theory, Eqn. (1) is Maxwell’s equations, 

^[aFbc]=0, ( 2 ) 

= 0. (3) 

The index “A” in this case stands for three antisymmetric M- tensor indices, to- 
gether with a single M-tensor index (this being the index-structure of Eqns. (2)- 
(3)). Thus, “^” in this example lies in a vector space of dimension 8 (=^ 4 + 4). 
For general relativity (say, with vanishing sources), Eqn. (1) is 

^ a9bc = O 5 (4) 

Fab{c 9d)m (^) 

Ramb^ = 0 , ( 6 ) 

where we have defined the Riemann tensor Rabc^ (the “derivative of the derivative 
operator”) by the requirement that ^^[a'^bjkc = ^1‘^Rabc'^kd for every covector field 
kd on M. Note that these are indeed first-order, quasilinear equations in the fields 
Qab and Va- Note also that we include in this system all first-order equations, i.e., 
we include (5), even though it is the curl of (4). The equation- index “^4” in this 
example lies in a vector space of dimension 110 (= 40 + 60 -h 10, where these 
three terms correspond, respectively, to the three equations (4)-(6)). 

Returning to the general case, we are concerned with the issue of when the 
system (1) has an initial- value formulation. To this end, we consider a submanifold, 
T, of M of codimension one, together with a cross-section (^> 0 , of B over T®. Think 
of the cross section 0o as the “initial data” at the “time” represented by T. When 



®That is, 00 is a smooth map from T to B such that tt o 0 q is the identity on T. 
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do these data give rise to (i.e., are the restrictions to T of) some solution, (/>, of (1), 
and when is that solution unique? In order to answer these questions, we require 
two further notions. 

Fix a bundle, B M, and a system (1) of partial differential equations on 
that bundle. By a constraint of this system, at a point of B, we mean a tensor 
c^A at that point satisfying = 0 there. Here, and hereafter, a prime 

on a Greek subscript means “applied only to vertical vectors” . [These primes will 
appear frequently, for it is usually only the “vertical parts” of things that are of 
interest.] Note that the constraints at each point of B form a vector space. Each 
constraint, it turns out, has two distinct facets. It is one of the nice features of this 
subject that these two, apparently quite dissimilar, facets coalesce into the simple, 
geometrical, definition above. 

As to the first facet: Each constraint gives rise to an integrability condition. 
Fix any constraint field, and any cross-section, (j). Contract both sides of Eqn. 
( 1 ) with and apply to both sides of the result some derivative operator, V 5 , 
on M. Then, by the defining equation for a constraint, terms involving second 
derivatives of (j) disappear, leaving an algebraic equation (indeed, a polynomial of 
degree at most two) in the first derivative, (V</))a‘^, of (p. The given constraint field 
is said to be integrahle if this equation is an algebraic consequence of Eqn. (1), i.e., 
if the difference of its two sides can be written as the product of two factors: one 
some expression (at most linear in field-derivatives), and the other the difference of 
the two sides of ( 1 ). Note that integrability of a fixed constraint field is independent 
of the choice, above, of the derivative operator V, for a change in this choice is 
compensated for by a change in the first factor in the product above. Note also that 
any linear combination, with coefficients functions on S, of integrable constraint 
fields is again an integrable constraint field. We say that the constraints of the 
system are integrahle if every such constraint field is. Failure of integrability of the 
constraints may be interpreted as meaning that “not all of the partial differential 
equations appropriate to the given system have been included in ( 1 )”^. 

As to the second facet, each constraint gives rise to a consistency condition 
on initial data. Fix a constraint field, c^Aj and a solution 4> c>f Eqn. (1); as well as 
some submanifold T of M of codimension one. Then, at each point of T, we have 

= rimC^Aj^, (7) 

where Um is the normal to T at that point. But, by virtue of the definition of a 
constraint, the index “a” in the expression rimC^Ak^^ct is tangent to T (for the 



^On discovering that integrability fails for some given system of partial differential equations, 
one might contemplate constructing a new system, all of whose constraints are integrable, in the 
following manner. First augment the given system, in some manner, by additional quasilinear 
equations so chosen that they cause the original integrability conditions to be satisfied. This new 
system, so constructed, may now give rise to new constraints, and so to additional integrability 
conditions. If so, repeat the first step above, adding as necessary still more quasilinear equations; 
and continue in this way. In many cases, such a procedure terminates in an integrable system. 
However, there is, as far as I am aware, there is no simple criterion for when this will happen. 
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contraction of this expression with the normal, vanishes). So, Eqn. (7) takes 
the derivative of (f) only in directions tangent to T, and so it refers only to the 
value of (f) on T, i.e., only to the initial data induced on T from <f). In short, Eqn. 
(7) represents a consistency condition on initial data. If any consistency condition 
obtained in this way were not satisfied, for given initial data on T, then we would 
have have no hope of finding, for those data, a corresponding solution of Eqn. 

(1) . Integrability of the constraints guarantees, in essence, that these consistency 

conditions “evolve in time”. We say that the constraints of the system (1) are 
complete if, in a certain sense, every consistency condition on initial data on T 
arises in the manner of Eqn. (7). The definition^, in more detail, is the following. 
We demand that, for every point b of B, there is an open set of covectors Ua at 
the corresponding base point, 7 t ( 6 ), such that the following holds: Given any ria 
lying in that open set, and any such that a' = 0, then there exists a 

constraint c^a of the system such that ua = c^A^m- Here, the ria represents a 
normal to a candidate initial surface (and the open set a restriction on the allowed 
surface- normals), while the i^a represents the selection, from (1), of a particular 
consistency condition. The definition then requires that every such consistency 
condition arise, via (7), from some constraint c^a- 

Integrability and completeness, as defined above, hold, as far as I am aware, 
for every system of partial differential equations of physical interest. 

Consider, for example, the Maxwell system, with field Fab, and equations 

(2) -(3). Then initial data consist of the specification of a skew field Fab over the 

3-submanifold T of space-time, where, of course, these tensor indices lie within 
the full 4-dimensional space-time M. A constraint, c'^a, is represented by a pair 
of tensors, where is totally antisymmetric, and c is a number. 

Here, the equation-index “A” is represented by an antisymmetric triple of indices, 
“a6c”, together with a single index, “a”. The vector space of constraints at each 
point, then, is 2-dimensional. The corresponding integrability conditions, obtained 
by taking the curl of (2) and the divergence of (3) are of course identities. So, the 
constraints are integrable. The corresponding consistency conditions (7) become, 
in this example, the familiar conditions V • 5 = 0 and V • E* == 0 on the induced 
initial data on a space-like T. This system, we claim, is complete. Indeed, let the 
open set of Ua be that consisting of the timelike covectors. Completeness then 
becomes the following assertion: Let, for fixed timelike ria for fixed ria in the 
open set), and (i.e., ua) be such that 

u^^^riaSFbc + ly^n^SFab = 0 ( 8 ) 

for every SFab = SF^ab] (i-^*? such that nai'Ak^'^a = 0). Then, for some — 

c^abcd] some number c, (i.e., for some a) we have = riaC^^^^ and = 

®This definition replaces a more awkward one, involving dimensions of various vector spaces, that 
was given earlier [7] . While the two definitions are equivalent in the presence of a hyperbolization 
(defined below), the present condition is, in the general case, much more convenient than the 
earlier one. For example, the Einstein system satisfies the present definition of completeness, but 
not the earlier one. 
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cg^^ria (i-e., we have i^a = ^aC^A)- But, as is easily checked, this assertion is true. 
Note that the open set of Ua in this example depends only on the base point, and 
not the point of the fibre. 

Consider, as a second example, the Einstein system, with fields {gab, Va), and 
equations (4)-(6). The initial data in this case consist of the specification of fields 
gab and Va on a 3-manifold T. 

Note that our initial data for the Einstein system consist of the entire, four- 
dimensional, spacetime metric gab as well as the entire derivative operator Va, at 
points of T. These choices stand in contrast to those for the usual initial- value 
formulation, in which the data consist of only part of gab (namely, the induced 
metric qab on T) and only part of Va (namely, the extrinsic curvature Pab of 
T). This is not a difference of substance: (^a6, Va) determine {Qab, Pab) uniquely, 
while {qab, Pab) determine {pab,'^ a) uniquely up to diffeomorphisms in M leaving 
T pointwise invariant. Choosing for the initial data {qab,Pab) is more convenient 
when one wishes to consider an initial-data set as an entity in its own right; while 
choosing {pab,^a) allows the Einstein system to fit into the general framework 
for the initial-value formulation of systems of partial differential equations on a 
manifold. 

For the Einstein system, the general constraint, c^a, at a point is repre- 
sented by three tensors, ^ ^[mab]{cd) ^ ^mab ^ gm{a^b) ^ 

Here, the equation-index “A” is represented by the three index-combinations “a6c” , 
‘‘‘‘abccT ’’ , and “a6” , with appropriate symmetries, corresponding to the three equa- 
tions, (4)-(6), of the Einstein system. The dimension of the vector space of con- 
straints at a point is 104 (= 60+40+4). The corresponding integrability conditions 
correspond to taking a curl of Eqn. (4) and to applying the Bianchi identities to 
Eqns. (5)-(6). These constraints are integrable (the integrability condition for (4) 
being (5), and those for (5)-(6) being “identities”). Furthermore, we claim, this 
system is complete. Indeed, let the open set of Ua consist of the timelike covec- 
tors. [Note that this set, in contrast to the Maxwell case, depends on fibre-point.] 
Completeness then becomes the following assertion: Let, for fixed timelike na, 

l^abc _ ^a(bc) ^ ^abcd _ ^[ab]{cd) ^ab _ ^(afe) be SUCh that 

U°-^''na5gbc + l'°''""^naSPbc9dp + = 0 (9) 

for every 5gbc = Sg^bc) and s'^ab = s^(ab) (i-e-, such that UaVAk'^^a = 0). Then, 
for some = ^[ma](6c)^ ^mabcd _ ^m[ab]{cd) ^mab _ gm(a^b) for SOme 

c“a) we have and (i*e., we have 

^A = naC^A)- This assertion, again, is true. 

The consistency conditions, (7), for the constraint tensors 
and z= gm{a^b) become, when expressed in terms of the usual initial data, 

{Pab,Pab), the usual [12] Einstein constraint equations: 1Z — PabP^^ + {p^m)^, 
Da{p^^ — P^mQ^^) = 0. It is, of course, of interest to ask how many and of what 
character are the solutions of these constraint equations. But these questions are 




Gauge, DifFeomorphisms, Initial- Value Formulation, Etc. 



449 



not germane to the issues with which we are dealing here, namely, how to charac- 
terize in a general way the presence of diffeomorphism gauge and the existence of 
an initial- value formulation up to that gauge. 

We return now to the general case. The key to achieving an initial- value 
formulation for the system (1) is an object called a hyperholization , a field hf^A 
on the bundle manifold B having the properties described below. Fix any point, 
(x,(/)), of and consider, for any covector rim at x G M and any two vertical 
vectors, 5(j)^ ,5' (j)^ , at G B, the expression 

Tlmh0Ak^”^aS(l>'^S'<t>^. (10) 

This expression is a bilinear form in Sc/)^ and S'(/)^. We demand, in order that this 
be a hyperholization, that this expression be symmetric under interchange of 
for every and positive-definite (i.e., positive whenever S'cj)^ = 5(j)^ ^ 
0) for every rim lying in some open set. Generally speaking, the most direct way to 
specify a hyperholization for a system of partial differential equations is simply to 
give this bilinear expression. Such an expression indeed defines a hyperholization 
provided it is symmetric and positive-definite, as described above; and furthermore, 
that it is of the form (10), i.e., that it is some multiple of the result of replacing, in 
the left side of Eqn. (1), “(V0)a^” by For example, the Maxwell system 

possess a hyperholization. Fix any timelike vector and consider the quadratic 
form given by 

UaUbiSF^'^S'F^m - ( 11 ) 

This quadratic form is indeed symmetric under interchange of 6 Fab and S' Fab, and 
that it is indeed positive-definite, for ria timelike with u^ria > 0. Furthermore, this 
quadratic form does indeed arise as a linear combination of and riaSF^^ 

(this fact being, e.g., the essence of the proof that conservation of the standard 
electromagnetic stress-energy follows from Maxwell’s equations). Note that each 
choice of timelike Ua gives rise to some particular hyperholization, i.e., that there 
are many hyperbolizations in this Maxwell example. More generally, consider any 
system of equations on fields, for which there is a symmetric stress-energy tensor 
that i) is a quadratic algebraic function of all the fields; ii) is, by virtue of the 
field equations, conserved; and ii) satisfies a suitable energy condition. Then that 
system of equations admits a hyperholization via this stress-energy, just as for 
the Maxwell case. The Einstein system admits no hyperholization, a feature that, 
as we shall see later, is closely related to the invariance of this system under 
diffeomorphisms . 

A key assertion of this subject is to the effect that a system of partial differ- 
ential equations, provided it satisfies certain conditions, must have an initial- value 
formulation. Consider the system (1), and let us suppose that 

i) the constraints of this system are integrable and complete, 

ii) this system admits some hyperholization field, hoc a, on B, and 

hi) the open sets of covectors ria for completeness and for the hyperholization 
have, at each point of B, nonempty intersection. 
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Next, let there be given initial data, i.e., a cross section </>o over some submanifold 
T of M of codimension one. Let this initial-data set, (T, 0o), 

i) satisfy the consistency conditions, (7), and 

ii) be such that, at each point of T, the normal, n^, to T at that point lies within 
the two open sets above. 

Note that the second supposition, which is essentially the requirement that the 
data set (T, </>o) be “non-characteristic”, in general involves both T and the data 
(j)o thereon. Now consider, under the suppositions above, the following assertion: 
There exists one and only one solution of the partial differential equation, (1), 
defined in a neighborhood of T, that manifests the given initial data. This assertion 
is discussed in more detail in Appendix A. It is, unfortunately, not a theorem, 
because there is a gap in the proof. Closing this gap (possibly with the introduction 
of some benign further hypotheses) is, in my opinion, an important open question 
in the subject of partial differential equations. 

It is not hard to see intuitively that the assertion above is reasonable. Let 
the system (1) satisfy the three conditions above, and fix na, lying in the two open 
sets above. Now consider regarded as a linear mapping from the vector 

space of equations to the vector space of covectors in field-space. The domain of 
this mapping is the vector space of equations; the kernel of this mapping is (by 
completeness) the vector space of consistency conditions (7); and the range of this 
mapping is (by existence of a hyperbolization) the vector space of vertical vec- 
tors. We now have, using an elementary fact about linear mappings, the following 
relation: (dimension of space of equations) - (dimension of space of consistency 
conditions) = (dimension of space of fields). But this relation asserts that the 
number of equations in (1) involving “time-derivatives” (the left side) is equal to 
the number of field-components. In other words, this relation guarantees that Eqn. 
(1) can be solved for the “time-derivatives” of all fields, in terms of the values and 
space-derivatives of those fields. Integr ability guarantees, by a similar argument, 
that the time-derivatives of the consistency expressions can be expressed as a lin- 
ear combination of the values and space-derivatives of those expressions. In short, 
completeness, integrability and the existence of a hyperbolization, taken together, 
guarantee that the system (1) has a “naive” initial- value formulation. 



3. Gauge 

A key concept is the notion of a gauge transformation. We begin with the “infini- 
tesimal” ones. 

Fix a first-order, quasilinear system of partial differential equations, (1). By 
a gauge vector field for this system, we mean a smooth vector field, on the 
bundle manifold B that 

i) preserves the fibres, i.e., has the property that, for any two points 6,6' 
of the bundle manifold lying in the same fibre, we have (V7 t)c“(C*^)|6 = 
(V7t)c,''(^"')| 6'; and 
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ii) preserves the system (1), i.e., satisfies the equations 

+ 7“^m(V7T)„™, (12) 

Cd^ = S^Bj^ (13) 

for some fields and on B. 

The first condition, preservation of the fibres, is precisely the requirement that 
there exist some vector field in the base manifold (the drop of having as its 
lift. So, for example, every vertical vector field on B is fibre-preserving (for it is a 
lift of the zero vector field on the base manifold). In the second condition, the Lie 
derivative operator, is defined as follows: Consider the one-parameter family 
of diffeomorphisms on the bundle manifold generated by Take the image of 
the field or under that family of diffeomorphisms (noting that this is 

well defined, in the case of by condition i)). Finally, take the parameter- 

derivative of this family at parameter- value zero. The arbitrary fields and 

7®^rn in Eqns. (12)-(13) reflect a certain freedom in how our basic differential 
equation (1) is represented in terms of (k,j). Indeed, replacement of 
by Bk^^a^W"^ bJ^), for W^b an arbitrary invertible tensor field, results in 
an identical system of equations. This is the origin of the b in (12)-(13). Fur- 
thermore, adding to k^^ct and the fields 7"^^m(V7r)a^ and respectively, 

where 7“^m is an arbitrary field on B^ also results in an identical system of equa- 
tions^. This is the origin of the in (12)-(13). 

These gauge vector fields represent, of course, “infinitesimal gauge transfor- 
mations”. We may also define, similarly, a (full) gauge transformation as a dif- 
feomorphism, on B that sends fibres to fibres, and the fields to an 

equivalent pair. It is immediate that, for ^ a gauge transformation, there exists a 
unique diffeomorphism, (the drop of ^) on M such that tt o ^ = qp o tt. These 
two versions of gauge are indeed related as we would expect: A vector field on B 
generates (locally) gauge transformations if and only if it is a gauge vector field. 
The gauge vector fields are generally simpler to work with computationally, while 
the full gauge transformations are easier to think about. 

Every gauge transformation sends every solution cross-section of (1) to an- 
other solution cross-section (clearly, since a diffeomorphism on B, in order to be a 
gauge transformation, must preserve everything involved in (1))^^. The Lie bracket 
of two gauge vector fields is, of course, a gauge vector field, and so the gauge vec- 
tor fields form a Lie algebra. Furthermore, the drop of the bracket is the bracket 
of the drops. That is, “drop” is a homomorphism from the Lie algebra of gauge 
vector fields to the Lie algebra of smooth vector fields on M. Similarly, the gauge 

^To see this, use the relation (V</>)a^(V7r)ct^ = which is precisely the derivative of the 

equation iz o (j) — (identity on M). 

^^The converse of this assertion - that a fibre- preserving diffeomorphism on B that sends solution 
cross-sections to solution cross-sections must be a gauge transformation - also holds, under the 
additional condition that there are “sufficiently many” solutions of (1). What is required, in more 
detail, is that, given any tensor at any point of B such that at that point, 

then there exists some solution cross-section through that point, with (V0)a^ = there. 
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transformations form, under composition, a group; and “drop” is a homomorphism 
from this group to the group of diffeomorphisms on the manifold M. 

The traditional picture of a gauge transformation is of a change in the math- 
ematical objects used to describe a physical system, which, however, reflects no 
change in the physical system itself. According to this picture, then, the notion 
of a gauge transformation is intimately connected with the physical interpretation 
that is attached to the mathematical objects. This picture stands in sharp contrast 
to the present formulation: Our definition of “gauge transformation” refers only 
to mathematical objects - specifically, only to the partial differential equation (1) 
- making no direct reference to any physical interpretation of the field (j) or of the 
equation itself. How is it that this information - about what constitutes a gauge 
transformation - gets transferred from the physics to the mathematics? The idea is 
that the “physical interpretation” is already inherent, in some sense, in the partial 
differential equation itself. This interpretation, after all, is merely a compilation 
of the various physical effects that the fields produce; and these effects, in turn, 
are described entirely by the equations those fields satisfy (possibly augmented by 
additional fields that describe the various measuring instruments). This remark 
will be illustrated in the examples below. 

In the Maxwell case, with zero sources in flat space- time, the gauge transfor- 
mations consist precisely of duality rotations and scaling transformations on the 
Maxwell field (replacement Fab by any linear combination, with constant coeffi- 
cients, of itself and its dual), together with the replacement of Fab by the result 
of applying to that field any Poincare transformation. That is, the gauge group 
is a Lie group, of dimension twelve. The corresponding gauge vector fields are 
vertical for the duality rotations and scaling, but not for the Poincare transforma- 
tions. If we replace this system by one in a curved background space-time (say, 
having no symmetries), then the Poincare group of gauge transformations disap- 
pears. If we further replace this Maxwell system by one with a fixed charge-current 
source, then we no longer have duality or scaling as gauge transformations. Quite 
generally, gauge transformations lose their character when there is turned on an 
interaction that breaks the corresponding gauge-symmetry. Suppose next that the 
charge-current source was not fixed, but instead was expressed in terms of addi- 
tional fields, where these were included within the system, (1), of partial differential 
equations. In this case, we would expect that the scalings would reappear as gauge 
transformations. Note that in order to recover the “standard” gauge transforma- 
tions in the Maxwell case, it is necessary to introduce an additional field, Aa, (thus 
enlarging H to a fourteen-manifold), and an additional equation, 

^[a^b]=Fab- ( 14 ) 

For this enlarged system, the gauge transformations include adding to Aa the 
gradient of any smooth scalar field on M. The corresponding gauge vector fields 
are all vertical. Note that it not possible, within the present framework, to admit 
only the field Aa , and not Fab , for we are demanding right from the beginning that 
our system be first order. 
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For the Einstein system with zero sources, the gauge transformations consist 
[1] of scaling transformations (multiplication of Qah by a constant factor, keeping 
Va fixed), and the diffeomorphisms on M (which we shall consider in more detail 
shortly). If sources are included in Einstein’s equation - and if those sources are 
represented by fields, which are included within the bundle manifold B and on 
which suitable equations are imposed - then these gauge transformations above 
will generally remain such. Suppose that we wished to restrict consideration to a 
particular class of solutions of Einstein’s equation - say, those having a Killing field. 
What are the gauge transformations in this case? We are not permitted simply 
to impose “having a Killing field” on top of Eqns. (4)-(6), for the general rule is 
that all information is to be encoded, once and for all, into the single system, (1), 
of partial differential equations. So, we might proceed as follows. First, introduce 
a new bundle, with fibre over x e M consisting of quadruples, 
with Qab Lorentz-signature and the combination QmaCb^ symmetric. [Thus, the 
fibres in this case have dimension 64 (= 10 + 40 -f- 4 + 10).] Let the equations 
on these fields consist of all those already given for the Einstein system, (4)-(6), 
together with two new equations: VaC^ = Ca^ and V aCb'^ + Rsab^^C = 0- Thus, 
the new field represents the Killing field, and its derivative (the latter being 
necessary to retain the first-order character). Note that this new system has, for 
its gauge transformations, not only the ^-scalings and diffeomorphisms above, but 
also C-scalings. An alternative treatment of the Einstein system with Killing field 
is the following. Fix, once and for all, a (say, nowhere vanishing) vector field X 
M. Let the bundle B consist of all {gab, Va), with gab Lorentz signature, such that 
gm{aX^ b)C^ = 0- Note that the latter is an algebraic condition on the fields. The 
fibres in this case have dimension forty. Let the equations be the usual ones for 
the Einstein system, (4)-(6). For this system, the gauge transformations include, 
not all M-diffeomorphisms, but rather only those that are C^-preserving. 

The examples above - of various Maxwell and Einstein systems - are suffi- 
ciently familiar that it was possible to determine their gauge transformations by 
inspection. But what about more complicated systems? Is there some simple, gen- 
eral procedure that, applied to any system, (1), of partial differential equations, 
will yield the complete class of gauge vector fields for that system? None, appar- 
ently, is known; but here is a possible line that might yield such a procedure. Fix 
the system, (1). First, find all fields and b such that the equation 

(15) 

holds. Eqn. (15) is precisely Eqn. (12), restricted to vertical vectors. But this 
equation has the great advantage over (12) that it acts within each fibre separately: 
It is virtually “algebraic”. Next, compute the (which, by (15), must exist; 

and which must be unique) such that Eqn. (12) holds. And then, finally, demand 
(as a condition on the original choices of and S'^b) that this 7 "^^ also satisfy 
Eqn. (13). It might be of interest to see if there could be generated, along this line, 
some simple procedure for finding the gauge vector fields. 
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Up to this point, we have been dealing with “gauge” in a very general con- 
text. We now wish to consider a special case of particular interest: The gauge of 
diffeomorphisms. The system (1) of partial differential equations will be said to 
admit diffeomorphism gauge if every smooth vector field on M admits a lifting 
to some gauge vector field, on B. In terms of the full gauge transformations, the 
condition is that every diffeomorphism on M lifts to a gauge transformation on B. 
In the presence of diffeomorphism gauge, every gauge vector field can be written as 
the sum of one of the above and a vertical gauge vector field. It is apparently not 
known whether, for a system with diffeomorphism gauge, one can always assign, 
to each vector field on on M, a specific lift such that the resulting gauge vector 
fields themselves form a Lie algebra. Note that, in the presence of diffeomorphism 
gauge, the Lie algebra of gauge vector fields is always infinite-dimensional. 

The Einstein system, of course, admits diffeomorphism gauge. The Maxwell 
system in Minkowski space-time does not. However, if we modify the latter by in- 
cluding the metric and derivative operator among the fields, and including Eqn. (4) 
and the vanishing of the Riemann tensor (i.e., the “equations of special relativity”) 
among the equations, then we again recover a system having diffeomorphism gauge. 

Diffeomorphism gauge is particularly tractable in the case in which the gauge 
vector field on B arises from the vector field on M by means of a differential 
operator. Fix any derivative operator Va on M, and consider the equation 

+ - . (16) 

Here, the right side represents a general linear combination of derivatives of up 
to the nth (with n > 1). We have written out only the highest-order term, with the 
remaining terms (with orders n — 1 down to zero) indicated by dots. The coefficient, 
^oca -Cm^ of this highest-order term is a natural tensor, independent of the choice 
of derivative operator Va used on the right in (16). By contrast, the coefficients 
of the lower-order terms do depend on this choice. In (16), the coefficients depend 
on point of the bundle manifold (and so in particular is a field on B). The 

right side of Eqn. (16) is thus a function on H, where, for b e B, the expressions 
Va • • • Vc^^ are to be evaluated at 7t(6) G M. Thus, this right side indeed defines 
a vector field, on B. We next demand that, for every smooth field on M, 
the field on B given by (16) be a lift of This implies that the index “a” of 

^aa - Cm jg vertical. [To see this, apply to both sides of Eqn. (16), using 

n > 1 and noting that the left side then involves no derivatives of Finally, we 
impose on the of (16) the condition that it be a gauge vector field. We claim: If, 
for every smooth field on M, the field on B given by (16) is a gauge vector 
field, then the coefficient 6^^ '^rn in (16) must satisfy the following two conditions: 

i) For every tensor field La- -c^ on M, the vertical vector field given by = 

satisfies 

- [k^^a'Le^] - (17) 

for some s', and 

ii) = 0. (18) 
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In condition i), the term in square brackets in (17) is to be included only for the 
case n= 1. [In fact, this term only makes sense for n= 1] Condition i) follows from 
Eqn. (15), retaining in that equation only the part of highest order (namely, n) in 
^"^-derivatives. Since the vertical part is being taken in (15), i.e., since the index 
a is primed there, only the vertical derivative of is taken in that equation, 
and so no further derivatives of are introduced there. The square- bracketed 
term appears in (17) because the Lie derivative on the left in (15) involves a term 
which must be retained when and only when n = 1. Note that the left 
side of (17) is effectively the Lie derivative within the fibre, since is vertical. 
For condition ii), first take that part of Eqn. (12) of highest order (namely, (n-hl)) 
in ^"^-derivatives. There results 7"^^m = a * * • Vc^^. [The highest- 

order term on the left of (12) is that arising from Now substitute 

this into Eqn. (13), and again take the part highest-order (namely, (n + i)) 

in ^"^-derivatives. [Neither the left side of (13), nor the first term on the right, 
contribute at all, for they both involve terms of order at most n. Thus, it is only 
the 7 ""^rn-term that contributes at this order.] 

I do not believe that there are any further simple conditions on that 

follow from the demand that be a gauge vector field^^. On the other hand, it 
appears that any sort of converse of the above (i.e., any result to the effect that 
every satisfying the two conditions above, together, possibly, with some 

further conditions, leads, via (16) to a gauge vector field) is likely to be extremely 
complicated. The problem, of course, is that the demand that the given by (16) 
be a gauge vector field imposes conditions on all the lower-order terms on the right. 
These terms will already be awkward (since they will be derivative-operator depen- 
dent), and the conditions that must be imposed on them will surely be complicated. 

I am not aware of any example of a system, (1), of first order, quasilinear 
partial differential equations, having diffeomorphism gauge freedom, for which the 
corresponding gauge vector fields, cannot be expressed as the result of applying 
a suitable differential operator to in the manner of (16). 

Let us now return to the example of general relativity. Recall that the fields 
in this case consist of a Lorentz-signature metric, Qab, together with a derivative 
operator, Va; and that the equations are (4) (6). Fix a smooth vector field, on 
M. Then the corresponding gauge vector field is given by 

r = (25m(6v,)r , V(aVfc)r) + ■ • ■ . (i9) 

The two components of the first term on the right reflect the behavior of the space- 
time metric and of the derivative operator, respectively, under diffeomorphisms. 
This term is vertical (as, as we have seen, it must be). The remaining terms on 



further condition we might reasonably impose (but won’t, because it is not needed for what 
follows) is that the differential operator in (16) commute with taking the Lie bracket, i.e., that 

Note that the drop of this equation is automatic. In the case 
n > 1, this equation implies: For any two tensor fields, La- -c^ and on M, the vertical 

vector fields that result from contracting these with S^^"'^rn commute. 
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the right are lower order^^ in derivatives of and are not all vertical. Thus, the 
order of the differential operator relating and in (16), is, in this example, 
n = 2; and the tensor in (16) is given by 

= ( 20 ) 

The two expressions on the right in this equation correspond, respectively, to the 
^-component and the V-component inherent in the index ”a” . One can check (with 
a little algebra) that this does indeed satisfy Eqn. (18). 

It appears to be difficult to find a tractable criterion that decides, given a 
general system (1) of partial differential equations, whether or not that system 
has diffeomorphism gauge freedom. For common examples (such as Einstein sys- 
tem, above), all the fields are “geometrical objects”, i.e., are fields on which the 
action of diffeomorphisms has been pre-specified. In this case, there is a simple 
intuitive criterion: Diffeomorphisms act as gauge when and only when all fields 
are “dynamical”, i.e., all are included within the fibres of the bundle B. But in a 
general case - with the bundle B and the system (1) specified in some less concrete 
way - the situation may not be so clear. In this connection, it would be useful, 
at least as a first step, to be able to find, given the general system (1), those 
tensors 6^^ '^rn satisfying the two conditions given above. From simple examples, 
these conditions appear to be rather stringent, i.e., there doesn’t appear to be 
an excessive number of solutions. Eqn. (18) is purely algebraic, and so it may be 
possible to “solve” it. Note that every solution, of Eqn. (18) gives rise 

to a whole class of solutions namely, those given by 

where X^ '^^rn = but is otherwise arbitrary. In this way, one can easily 

raise (or, at minimum, keep the same) the order of d. It is typically the lowest- 
order solutions of Eqn. (18) that are of interest. With respect to condition i), fix 
any point of the base manifold M; and restrict to order n > 1. Then the vertical 
vector fields on the fibre over this point, satisfying = S^Bk^^a' for 

some form a vector space. [Essentially, this equation asserts that the Lie 

derivative, by of each of a certain collection of covector fields in the fibre, 
yields again a certain linear combination of those covectors.] This vector space 
is “usually” finite-dimensional. It is possible that finite-dimensionality follows al- 
ready from the conditions of the following section. In any case, fixing now a point 
of M, in the fibre over this point can now be regarded as a linear map 

from the vector space of tensors Sa---c^ in M at this point to the vector space such 
vector fields on the fibre. It would be of interest to determine whether these 
remarks actually lead to some effective procedure for finding, given the system (1) 
of partial differential equations, the for that system. 

There is, unfortunately, a confusing technical issue regarding (19). The term given explicitly 
on the right is not a vector field on B, for it involves not only a point, (x, gab, Va), of B, but also 
the “derivative of Va” there. For this term to make sense requires, if you like, a cross-section. 
However, this dependence on the derivative of Va is lower order in , and is compensated for 
by the remaining terms in (19) (which are not vector fields either). The final result is, indeed, a 
vector field on B. 
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As an example of the usefulness of the differential operator, (16), we now use 
it to prove the following: Given any system (1) of equations that admits diffeomor- 
phism gauge freedom via (16), then that system cannot have a hyperbolization. 
Intuitively, we might have expected such a result, for the diffeomorphism gauge 
freedom could be invoked to change any given solution in a region away from some 
initial surface T while leaving that solution unchanged on T itself. This possibility 
would seem to be inconsistent with the presence of an initial-value formulation. 

The proof of this result is quite simple. Let, 7^ 0 yield the diffeo- 

morphism gauge freedom, via (16); and suppose, for contradiction, that there also 
exists a hyperbolization, hAot- Let, at a point, ria be such that the quadratic form 
(10) is positive-definite. Consider the expression 

nr--- ns5°‘'''''‘rJjlahAak^°' n- ( 21 ) 

On the one hand, this expression must vanish, by (18), since the n’s enforce sym- 
metrization over the contravariant indices a,p, • ■ - g. But, on the other hand, the 
tensor in square brackets is positive-definite. We conclude that rip - • • = 

0. But this must hold for every ria in an open set, and so we have that = 0, 

a contradiction. 

So, diffeomorphism gauge freedom indeed precludes an initial-value formu- 
lation. But other types of gauge freedom need not. For example, the system of 
Maxwell’s equations with zero sources, (2)-(3), admits gauge transformations as- 
sociated with duality and scaling, and yet this system has an initial- value formu- 
lation. 



4. Initial- value formulation for systems with gauge 

Consider a first-order, quasilinear system, (1), of partial differential equations. 
Let the constraints of this system be integrable and complete. Suppose further 
that this system manifests some nonzero group of gauge transformations. Then 
this system as it stands may have no initial-value formulation, for, while we have 
required integr ability and completeness, we have not required the existence of a 
hyperbolization. Indeed, as we have just seen, a large degree of gauge freedom (such 
as that for diffeomorphism gauge) is typically incompatible with a hyperbolization. 
Nevertheless, it may be possible, for certain such systems, to recover an “effective” 
initial-value formulation. Consider initial data for such a system, consisting of a 
submanifold T of M of codimension one and a cross-section, of the bundle 
over T, subject to the consistency conditions, (7), on those data that flow from 
the constraints. Roughly speaking, this system has an initial- value formulation “up 
to gauge” provided the following holds: Given such initial data, subject to some 
further inequality to the effect that (T, </>o) is “non-characteristic”, then there 
exists a solution of the system (1) manifesting that initial data, and that solution 
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is unique up to gauge transformations^^. Clearly, this is the closest one could 
reasonably expect to an initial- value formulation, in the presence of gauge freedom. 

Gauge conditions 

There is a standard technique for demonstrating that certain classes of systems of 
partial differential equations have an initial- value formulation up to gauge, in the 
sense described above. This technique involves introducing what are called “gauge 
conditions” - certain additional equations imposed on the fields of the system. 
These additional equations may be purely algebraic (i.e., requiring passage to a 
subbundle of the original bundle B)^ purely differential (i.e., requiring a simple 
enlargement of the system (1)) or some combination of the two. The idea is to 
choose these equations such that, at least locally, they have the following two 
properties: 

i) Given any solution of the original system, (1), these additional equations can 
always be achieved by some suitable gauge transformation; and 

ii) the system that results from combining the original system, (1), with these 
additional equations does have an initial- value formulation in the traditional 
sense, i.e., that described in Section 2. 

Note that these additional equations cannot themselves be gauge-invariant: In- 
deed, if they were, then neither of the two conditions above could hold. The gauge 
transformation whose existence is demanded by property i) need not be unique. 
The initial- value formulation demanded by property ii) can be achieved in a vari- 
ety of ways. For example, the additional equations can, among other things, create 
or destroy constraints, turn some of the original differential equations in (1) into 
identities, or cause the appearance of a hyperbolization when there was none be- 
fore. Clearly, if we can manage to find gauge conditions having the two properties 
above, then our system does have, in the sense described above, an initial- value for- 
mulation up to gauge. We should emphasize, however, that such gauge conditions 
are by no means necessary. There could well be a system of partial differential 
equations that has an initial- value formulation up to gauge, and yet for which 
there exist no suitable gauge conditions whatever. Here are two examples of gauge 
conditions. 

Consider the Maxwell system, with fields Fah^ and equations (2), (3), and 
(14). The gauge transformations of interest here are given by addition to Aa of the 
gradient of a smooth scalar field on M. Consider now the gauge condition given by 

= 0 . ( 22 ) 

This equation satisfies the two properties given above. Indeed, given any solution 
of (2), (3), and (14), the gauge condition (22) can always by achieved by some 

more detail, we require, for existence, that there exist a solution in some neighborhood of T. 
For uniqueness, we require that, given two such solutions in neighborhoods, there exists a gauge 
transformation that leaves the initial data (T, (f>o) invariant (and so, in particular, that leaves 
the submanifold T pointwise invariant), and that sends the first solution to one that coincides, 
in some neighborhood of T, with the second. 
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transformation. [The gauge scalar field must be chosen to satisfy the wave equation 
with a suitable source.] Furthermore, the system that results from combining Eqns. 
(2), (3), and (14) with (22) does indeed have an initial- value formulation. [The 
vector potential, Aa, now satisfies the wave equation.] So, Eqn. (22) is a suitable 
gauge condition: It yields, for this Maxwell system, an initial- value formulation 
up to gauge. This gauge condition is purely differential. The gauge transformation 
to achieve (22) is never unique. Inclusion of Eqn. (22) with Eqns. (2), (3), and 
(14) neither creates nor destroys constraints; nor does it render any of the original 
equations identities. However, (22) does give rise to a hyperbolization where there 
was none before. Eqn. (22) is, of course, the familiar Lorentz gauge condition in 
Maxwell theory. 

As a second example, consider the Einstein system, given by (4)-(6). The 
gauge transformations of interest here are the M-diffeomorphisms. Fix any totally 
symmetric tensor field on M such that at each point of M there 

exists a covector ria (and, hence, an open set of ria) such that the combination 
is positive- definite. Now consider the following set of gauge conditions: 

= 0, (23) 

= 0. (24) 

Note that these equations are purely algebraic in the fields: Eqn. (23) is algebraic 
in the metric Qah alone; while (24) is algebraic in {gab, Va). Eqn. (24) is, of course, 
merely the result of combining Eqns. (23) and (4). To understand what Eqn (23) 
means, consider a particular choice of given by where 

is any nowhere-vanishing vector field, and any positive-definite metric. This 
choice indeed satisfies the positive-definiteness condition above, e.g., for ria = 
u^hab, where hab denotes the inverse of For this particular Eqn. (23) 

requires that gabU^ be a certain multiple of the fixed vector u^hab- Think of 
as a ‘‘time-direction”. Then Eqn. (23) fixes the “time-time” and “time-space” 
components of the metric Thus, in this special case, the gauge condition (23) 
is a version of the familiar lapse-shift gauge in the traditional treatment [12], [5] 
of the initial- value formulation for general relativity. 

There are many other possible choices for the above. Another, for in- 
stance, is where is Lorentz-signature and is h-timelike. But 

note that we cannot choose = g ^^ , for we did not permit IF“^^ to depend on the 
space-time metric. In fact, what follows is actually true for a class of gauge con- 
ditions more general than that given above. This class is described as follows. Fix 
any vector- valued function, which depends, at each point of M, algebraically 
on the value there of the space-time metric gab and of some additional tensor fields. 
Let this function be such that d(v^)/d{gbc) = is totally symmetric, and sat- 

isfies the positive-definiteness condition above. The new gauge conditions are now 
those that result from replacing Eqn. (23) by the equation = 0, and retaining 
Eqn. (24) as given. This is indeed a generalization, for the original formulation 
(23)-(24), arises as the special case = W^^^gbc- 
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We turn now to the issue of whether, for the Einstein system, Eqns. (23)-(24) 
qualify as a set of gauge conditions, in the sense above. 

Can Eqns. (23)-(24) be achieved, at least locally, via a gauge transformation? 
Fix a solution, {gab, Va), of the Einstein system. Then, by virtue of Eqn. (4) of that 
system, it suffices to achieve only (23), for Eqn. (24) then follows. The statement 
that a diffeomorphism, on M achieve (23) is 

=0, (25) 

where primed indices refer to the image point, x' = 'ip(x), and Qd'e' denotes the 
metric evaluated at this point. We may understand this equation in the following 
manner. Consider the fibre bundle over M whose fibre, over each point x G M, is 
a copy of M itself. Then the diffeomorphism can be regarded as a cross-section 
of this bundle; whence (25) becomes a first-order equation on this cross-section. 
But this equation is not even quasilinear! Consider, however, its linearized version. 
In this version, the diffeomorphism ip is replaced by its generator, vector field 
on M; and Eqn. (25) is replaced by an equation on this with principal part 
W^^^\/b{gcd^^)‘ But this linearized equation does admit an initial-value formu- 
lation: Its only constraint is zero, and it admits a hyperbolization, by virtue of 
precisely the conditions imposed above on Thus, while we cannot guarantee 

solutions of the full system (25), we can guarantee solutions of its linearized ver- 
sion. This behavior - a first-order system of partial differential equations that is 
not even quasilinear, whose corresponding linearized system is not only quasilin- 
ear but actually has an initial- value formulation - seems surprising. It seems likely 
that, at least in the present case, the initial- value formulation for the linearized 
system will imply appropriate solutions also of Eqn. (25). It would be of interest 
to try to prove this - either for the present case, or more generally. A possible 
method might be first to choose a diffeomorphism ip that makes the right side of 
Eqn. (25) “small” , and then perform a sequence of corrections via generators 
of infinitesimal diffeomorphisms. 

Note that for the Einstein system, in contrast to the Maxwell example above, 
we only expect to be able to satisfy the gauge conditions via a gauge transformation 
when the original cross-section (p satisfies the field equations, (4)-(6). 

Does the system whose fields consist of (gab^'^a) subject to the algebraic 
conditions (23)-(24), and whose equations consist of (4)-(6), have an initial- value 
formulation? The constraints of this system, as is not hard to check, are integrable 
and complete. But does this system admit a hyperbolization? 

In order to answer this question, let us return briefly to the original Einstein 
system, i.e., that without (23)-(24). For this system, the dimension of the space 
of equations (4)-(6) is 110 {— 40 + 60 H- 10), while the dimension of the space 
of consistency conditions (7) is 64 (= 30 -}- 30 + 4). This leaves 46 (= 110 — 64) 
dynamical equations. But the space of independent variables has dimension 50 
{= 104-40). This excess - four more independent variables than equations - reflects 
the diffeomorphism gauge freedom inherent in the Einstein system. Let us now see 
how this arithmetic is affected by the imposition of the gauge equations (23)-(24). 
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The dimension of the space of equations is reduced, by the gauge equations, by 40 
(= 16 (contraction of (4) with -h24 (contraction of (5) with The 

dimension of the space of consistency conditions is reduced by 24 (= 12 (from (4)) 
Tl2 (from (5))). Hence the dynamical equations are reduced in dimension by 16 
(= 40 — 24). But the independent variables are reduced in dimension by 20 (= 4 
(from (23)) -f 16 (from (24))). Thus, imposition of the gauge equations (23)-(24) 
reduces dimension of the dependent variables by four more than it reduces that 
of the dynamical equations. In other words, in the Einstein system, supplemented 
with the algebraic equations (23)-(24), the number of dependent variables precisely 
matches the number of dynamical equations. What this means is that, for this 
system, there are equations that give the “time-derivatives” of all the fields, in 
terms of their values and space-derivatives. Naively, then, one would expect an 
initial-value formulation for this system. 

But is there really such a formulation, i.e., does there actually exist a hy- 
perbolization for this system? This is, apparently, an open question. But it seems 
extremely likely that there exists none. Here is a possible line for a proof. Suppose 
for a moment that we replace Eqns. (5)-(6) by the single equation Rahc^ = 0 That 
is, we replace the Einstein system by that of “special relativity” . This replacement 
merely adds to the Einstein system some additional constraints, from which it 
follows that every hyperbolization (if any) of the Einstein system must also be a 
hyperbolization of this new system. In this new system, the constraints continue 
to be integrable and complete, and, just as above, there is a matching between 
dimensions of the space of dynamical equations and dependent variables. However, 
in this case, there is a hyperbolization. The corresponding quadratic form is 

na[W^'^^gbm9cnS^rsS'^pci + (26) 

where is any tensor positive-definite in its two symmetric index- 

pairs and is any timelike vector. It now suffices to prove two assertions: 

i) that the expression (26) represents the only hyperbolization for this new 
system, and 

ii) that the expression (26) is not a hyperbolization of the constrained Einstein 
system. 

Both of these assertions seem plausible. It would be of interest to prove, by this 
method or otherwise, that this constrained Einstein system, (4)-(6), (23)-(24), 
has no initial- value formulation. 

These two examples illustrate the point that imposing gauge conditions on 
systems of partial differential equations with gauge freedom is potentially a com- 
plicated business. The basic problem is that there is so much variety: The gauge 
conditions themselves can be algebraic or differential; these conditions can be 
achieved by a gauge transformation in a variety of ways; and these conditions can 
restore to the system an initial- value formulation through a variety of mechanisms. 
It appears to be necessary to deal with systems of equations on a case by case basis. 
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We shall now introduce an alternative method for determining that a given 
system of first-order, quasilinear partial differential equations has an initial- value 
formulation up to gauge. Our method is systematic, relatively simple and mani- 
festly gauge- invariant. 

Fix a first-order, quasilinear system, (1) of partial differential equations, and 
let this system have some gauge group. The idea is to introduce certain additional 
geometrical structure on the bundle manifold B, this structure consisting, at each 
point of B, of a vertical flat cr, i.e., of a subspace of the vector space of vertical 
vectors at that point of B. We demand that this field of flats be smooth in its 
dependence on point of B. We further demand that this field be integrable, so the 
integral surfaces of a give a foliation of each fibre by submanifolds; and each of 
these submanifolds has, for its tangent space at each of its points, precisely the 
flat a at that point. In all the examples of which I am aware, these flats are also 
invariant under the action of gauge transformations on the system (1), although 
this invariance is not actually needed in what follows. 

Think of the flat ^r, at a fixed point of jK, as representing ‘‘physical directions” 
in field-space. Then the vertical vectors not lying in this flat are to be thought of 
as having “unphysical” (i.e., gauge) components. A crucial point here is that we 
do not attempt to single out any particular complementary subspace, i.e., any 
space of specifically “unphysical directions” . In the case in which the gauge group 
consists only of the identity (as well as in certain other cases with small gauge 
group), the flat cr, at each point of B, will consist of all vertical vectors at that 
point, whence the integral surfaces of the flats will be precisely the fibres of the 
fibre bundle B. 

Existence 

Recall that a first-order, quasilinear system of partial differential equations has 
(subject to some resolution of the gap discussed in Appendix A) an initial-value 
formulation provided the following four conditions are satisfied: 

i) its constraints are integrable, 

ii) its constraints are complete, 

iii) it admits a hyperbolization, and 

iv) there exists some nonempty open set of covectors ria that suffices for both 

completeness and the hyperbolization. 

The idea is to demonstrate existence of an initial- value formulation up to gauge 
(subject to the same gap) by suitably modifying, taking into account the flats cr, 
these four conditions. 

The first condition, integrability of the constraints, remains unchanged. For 
the second condition, recall, from Section 2, that completeness means that, for 
every ria in some open set of covectors, whenever i'a is such that an- 

nihilates all vertical vectors, then va = CA^ria for some constraint ca^- We now 
replace this second condition with what we call a -completeness: For every such ria, 
whenever annihilates all vectors in the flat cr, then ua = CA^Ua for some 
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constraint ca^ - Note that cr-complete implies complete; and, furthermore, that a- 
completeness follows from completeness, together with the property: If 
annihilates all vectors in a, then it annihilates all vertical vectors. The condition 
of cr-completeness means physically that none of the equations of the system serve 
to restrict the “time-derivatives” only of unphysical degrees of freedom. The third 
condition is modified to the following. We demand that there exist, at each point 
of the bundle manifold a a-hyperbolization, i.e., a tensor Ha^ at that point 
such that the combination riahApk^^ai applied only to vectors in cr, is symmetric, 
and, for all Ua lying in some open set, is positive-definite. This is precisely the 
same as the original definition of a hyper bolizat ion, except that now the quadratic 
form is restricted to cr, i.e., to “physical degrees of freedom”. In particular, ev- 
ery hyperbolization is a cr-hyperbolization. Finally, the fourth condition remains 
unchanged. 

To summarize, what we have done here is expand the notion of completeness, 
and contract that of a hyperbolization, to take account of the fiats a. 

We shall show shortly that, under these four conditions, as broadened in the 
paragraph above, existence holds for the system (1) of partial differential equations. 
But first, we give two examples. 

Consider first the Maxwell system with vector potential - the system with 
equations (2), (3), and (14) and gauge the addition to Aa of the gradient of a 
scalar field - in a general curved spacetime. Now fix any smooth, nowhere vanishing 
timelike vector field on the manifold M. Let, at each point of B, the fiat a at that 
point consist of all vertical tangent vectors, (SFab.SAa), at that point satisfying 
u^SAa = 0. Thus, the fiats in this case are nine-dimensional (in ten-dimensional 
fibres). These flats are smooth and integrable, the integral surfaces being those 
of constant u^Aa- Furthermore, these flats are gauge- invariant, for the action of 
a gauge transformation, within a fixed fibre, is to send the point {Fah, Aa) to the 
point {FabjAa F Wa), where Wa is some fixed vector (which, however, is different 
for different gauge transformations). But clearly these leave the integral surfaces 
surfaces above, and so the flats a, invariant. 

We now claim that this Maxwell system, with these flats cr, satisfies the 
four conditions given above. Indeed, the first condition, integrability, was already 
shown in Section 2; as was completeness of the system (2)-(3). Hence, the second 
condition, (j-completeness, (with the open set of covectors Ua consisting of the 
timelike ones) becomes: Given any tensor and any timelike na, such 

that u^^UaSAb = 0 for all SAb satisfying u^SAb — 0, then we have = 0. But 

this assertion is true, for the vanishing of u^^UaSAb for all 6Ab with u^6Ab = 0 
implies that is a multiple of whence, contracting with Ub and using 

the timelike character, that = 0. For the third condition, existence of a a- 

hyperbolization, consider the quadratic form given by the usual Maxwell one, (11), 
on the Maxwell field, plus the additional term n[a^Ab]U^g^^5' Ac This expression 
i) arises from (14) (for it is the contraction of n^aS^b] with something); and, with 
5Ab and 5' Ac restricted by u^6Ab — u^S'Ac = 0, is ii) symmetric; and iii) positive- 
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definite, whenever u^ria > 0. The fourth condition is immediate (the appropriate 
open set of Ua consisting of the timelike ones with u^ria > 0). 

Consider, as a second example, the Einstein system, (4)-(6) with diffeomor- 
phism gauge. Recall that, at a general point, (^a6,Va), of the fibre over base 
point X G M, vertical tangent vectors are represented by {Sgab.s^ ah)^ where 
s'^ah = {ah) represents the “change in the derivative operator”. Let the flat 
a at that point consist of those vertical vectors satisfying g^^s^ab = 0- Thus, the 
flats in this case are forty-six-dimensional (in fifty-dimensional fibres). These flats 
are smooth and integrable. To see what the integral surfaces are, fix any derivative 
operator, Va, at x, and represent Va there by the tensor, C^ab^ expressing the 
difference between Va and V)a- The integral surfaces of the flats a within this 
fibre are now given by the surfaces of constant g^^C^ab- [Note that these surfaces 
are independent of the choice of the auxiliary operator Va- However, which con- 
stant vector represents which surface will, of course, depend on this choice.] That 
these flats are gauge-invariant follows from the fact that they are defined without 
reference to any “external objects” . 

We now claim that this Einstein system, with these flats cr, satisfies the four 
conditions given above. The first condition, integrability, was already shown in 
Section 2; as was completeness of the system (4)-(6). Hence, the second condition, 
cr-completeness, requires (with the open set of covectors ria consisting of the time- 
like ones): Given any tensors = i/W^](cd) ^ab _ ^(a6) timelike Ua 

such that 

iy''^'''^naS^bc9md + l/2u^^{rimS'^ah ~ rib am) = 0 (27) 

for all s'^ah — s'^{ah) with g^^s'^ab = 0, then Eqn. (27) holds for all s'^ab — 
^^{ah)' [Here, the left side of Eqn. (27) is the equation that results from replacing 
the derivative of V by UaS^cd in Eqns. (5) and (6), contracting with and 

respectively, and adding.] To see that this assertion is true, note that the 
hypothesis implies that is a multiple of 

g^^. Contracting with UaTib and using the timelike character, we conclude that 
that multiple is zero. But this is precisely the statement that Eqn. (27) holds for 
all s^ab = s'^(ab)- For the third condition, the existence of a a-hyperbolization, 
we proceed as follows. Let s^ab = s'^{ab) ^nd s'^ab = s'^{ab)^ be any two tensors, 
and Ua and any two vectors. We then have the following identity, whose proof 
is straightforward but a little tedious: 

+ 4n[,s’"b](„g(p)„(/P«] - (28) 

= S(ab)ms[cd)n[-i'^^np)g'^”' + (29) 

where we have freely raised and lowered indices with the metric gab, and where the 
symbol “E(a6)” is the instruction to symmetrize over the indices a and b. Now, the 
expressions in square brackets on the left involve only the combinations that result 
from the equations, (5)-(6), of the Einstein system by replacing the derivative of V 
by riaS^cd- The last term on the right vanishes for s'^ab lying in the flat a, for this 
implies Sbm^ = 0. Now fix timelike u", and let ria also be timelike, with u^ria > 0. 
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Then the right side, contracted with j {vr^Um)){g^'^-\-2u^u^ / {u^Um)), is 

the required quadratic form for the cr-hyperbolization. Finally, the fourth condition 
is again immediate, with, again, the open set of ria consisting of the timelike ones 
with u^ria > 0. Thus, we have verified that these fiats a for the Einstein system 
satisfy our four conditions above. It is perhaps a reasonable conjecture that these 
fiats are the unique ones for the Einstein system satisfying our conditions. It would 
be interesting to prove this. 

We now return to the general case. Why do we not not further require that 
the hyperbolization hAa of the third condition also be invariant under gauge trans- 
formations? We would if we could, but, unfortunately, such invariance cannot be 
achieved in examples (e.g., the Einstein system). Note that the conditions above 
refer only to the flats cr, and not at all to gauge transformations. The gauge trans- 
formations enter at this stage only indirectly, through our inability to find a hyper- 
bolization that is symmetric when applied to all vertical vectors. Note, incidentally, 
cr-completeness favors larger flats <j, while existence of a a- hyperbolization favors 
smaller. The final flats represent a compromise between these competing demands. 

The condition of <j-completeness has several immediate, and very useful, con- 
sequences. Let us adopt the convention, for purposes of this paragraph that a 
(7, appended to any covariant Greek index, means “applied only to vectors in 
the flat cr”. Then cr-completeness implies in particular: = 0 implies 

= 0- [Recall that a prime on a covariant Greek index means “applied 
only to vertical vectors”.] The first consequence is this: Whenever = 0, 

then I'A = 0. [To see this, note that the hypothesis implies = 0 for 

every tIq; and so, by cr-completeness, that cx' = 0 for every Ua in some 

open set; and so, that = 0; which in turn implies i^a = 0-] What this 

means is that no equation of the system has the property that, when restricted to 
physical degrees of freedom, it becomes purely algebraic. We turn next to the con- 
straints. First, note that, quite generally, every constraint of the system (1), i.e., 
every c^a satisfying a' = 0, is also automatically a a -constraint, i.e., also 

satisfies — 0- But cr-completeness implies the reverse, i.e., that every 

cr-constraint arises in this manner from some constraint of the original system. 
[Indeed, let = 0. Contract with UaUt, to obtain {riaC^ A)'^bk^^ = 0. 

Choosing Ua to lie in the open set, this condition now implies, by ^-completeness, 
that {naC^ A)'nbk"^^ a' = 0; which, since this now holds for all Ua in an open set, 
implies = 0-] In addition, again from cr-completeness, no nonzero 

constraint gives rise to the zero cr-constraint. To summarize, cr-completeness im- 
plies that the equations of the original system (1), as well as its constraints, go 
over, essentially unchanged in number and character, when restricted to the phys- 
ical degrees of freedom. 

Fix a first-order, quasilinear system of partial differential equations, together 
with a smooth, integrable field of flats cr, satisfying the four conditions (integra- 
bility, cr-completeness and existence of a cr- hyperbolization, for a common open 
set of Ua) above. There is a key result to the effect that this system must, for 
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suitable initial data, manifest existence of solutions. This result, in more detail, is 
the following. Let (T, </>o) be initial data for this system, so T is a submanifold of 
the base manifold M of codimension one, and (j)o is a cross-section of the bundle 
B over T. Let these data satisfy all the consistency conditions (7) arising from the 
constraints of the system. Let, furthermore, these data be non-characteristic, in 
the sense that the normal ria to T at each point lies within the open set specified 
in the fourth condition. Then there exists a solution 0 of the system (1), defined 
in a neighborhood of T, that reduces to the given data, on T. The proof of 
this result will emerge from the discussion that follows. 

Consider, in this system, a submanifold, B, of B having the following two 
properties: 

i) B meets each fibre of B in a single integral surface of cr, and 

ii) the projection mapping S ^ M is a surjection onto M, i.e., every tangent 
vector at every point of M is the image, under the derivative of this map, of 
some tangent vector at some point of B. 

We remark that there are many such submanifolds. Indeed, fixing any cross-section, 
0, of B, the union of all the cr-integral surfaces that meet (p[M] is such a subman- 
ifold (and, in fact, the unique one containing the image of this cross-section). 
Furthermore, every such submanifold B arises in this way. Next, note that every 
such submanifold B is itself also a bundle over the same base manifold M. In this 
bundle, the fibre over x G M is the corresponding integral surface of cr in the 
fibre over x. Note further that every cross-section of B is automatically also a 
cross-section of B; and that every cross-section of i? - provided it lies within the 
submanifold B ~ is also a cross-section of the bundle B. 

We now introduce a certain partial differential equation based on this sub- 
bundle B M, namely, that which results from simply restricting our original 
equation, (1), to B. That is, we regard a cross-section 0, of as a cross-section also 
of the original bundle B, and, as such, impose on it Eqn. (1). The result is a first- 
order, quasilinear system of partial differential equations, based on the bundle B. 
The “/c” for this new system is simply the restriction of the original to cr, and 
the “j” the original where both of these are now evaluated on B (since that is 
where the cross-section 4> lives). We note that, by the discussion of cr-completeness 
above, none of the partial differential equations, (1), of the original system are 
’’lost” (i.e., become algebraic equations) on restriction to B. Hence, every solution 
of the restricted equation, in H, is also, when regarded as a cross-section in B, a 
solution of (1). We now claim that this new system of partial differential equations 
satisfies the conditions of Section 2 for having an initial- value formulation. Indeed, 
this is immediate. Integrability passes from the original system, (1), to the new 
one because the two systems have the same constraints; cr-completeness and the 
cr-hyperbolization yield completeness and a hyperbolization for the new system. 

Now consider our given initial data (T, </>o), satisfying the consistency con- 
ditions (7), and such that the normal, ria, to T, at each of its points, lies in the 
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open set of covectors given above. Extend this cross-section <f>o over T to any cross- 
section over the entire base manifold M; and then expand this cross-section to a 
submanifold B of B, in the manner described above. There results a subbundle, 
B ^ M,oi our original bundle, B ^ M, and, as we have seen above, this subbun- 
dle inherits, from (1), its own first-order, quasilinear partial differential equation. 
Now, the original initial data, {T,4>o), for (1) is (since 4>o[T] C B, by construction) 
also initial data for this new system. Furthermore, these initial data on B also 
satisfy the consistency conditions there (since the original initial data satisfied the 
consistency conditions for (1), and since the two systems have precisely the same 
constraints). Hence, since the equation in B has an initial- value formulation, there 
exists a unique solution, of the H-equation manifesting these initial data. But, 
as we remarked above, this ^ is also a solution of the original system, (1), in B. In 
short, the original initial data, (T, <^o)> B admit a solution of (1). 

This completes the proof of existence of solutions for systems of partial dif- 
ferential equations satisfying the four conditions above. Note that we do not m 
general have uniqueness, because we had the freedom, in the argument above, in 
the choice of the subbundle B. Note also that the treatment above nowhere made 
any mention of gauge transformations or gauge conditions. 

Uniqueness 

Under certain further conditions, the solution obtained above will be unique, up to 
gauge. To make things more explicit, let us restrict consideration, for the moment, 
to the case in which the gauge is that of diffeomorphisms. What follows can be 
generalized to other gauge groups. In any case, we have, under this assumption, 
the tensor (with n indices a - • - c) of Eqn. (16), which describes the lifting 

of any smooth vector field on M to a gauge vector field on B. 

The idea is to consider two extensions of the given cross-section 4>o over T 
to subbundles B of B. We must show that there exists a gauge transformation 
sends one such subbundle to the other. In more detail, we shall rewrite “sends 
one such subbundle to the other” as a system of partial differential equations on 
the gauge transformation itself. This system will turn out to be order, with 
principal part We will then demand that this system have an initial- value 

formulation. This system, when rendered first-order, will automatically have its 
constraints integrable (as systems usually do!). But we shall have to impose on 
it (as appropriate conditions on m) completeness and existence of a hyper- 

bolization. These conditions, in more detail, are the following. 

First, we shall demand that, for every covector Ua in our open set, we have: 
Given any Ua that annihilates all vectors in a and satisfies m^a ' ' ' 0? 

then annihilates all vertical vectors. This is a kind of completeness, but now 
referring to the action of the gauge group^^. It not only has a form similar to 
^--completeness, but also has similar consequences. The following, for example, are 

fact, it appears that, in practice, this condition may provide the simplest route to “finding”, 
appropriate flats a, given only some partial differential equation (1), and the action on the bundle 
B of the diffeomorphisms. 
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direct consequences of this condition (with proofs completely analogous to those 
for ^-completeness) : 

i) For any i^a that annihilates all vectors in a and satisfies = 0, we 

have that this annihilates all vertical vectors; 

ii) For annihilating all vectors in cr, and satisfying = 0, then 

c"a annihilates all vertical vectors. 

Second, we shall demand that there exist a tensor a, vanishing 

when contracted with any E cr, and a tensor 

5 d-- eab - c C (d---e)a{b---c) 

n m — m? 

with symmetry 

Q d---e(ab---c) ^ 

such that the combination 

TT d---e ^aab--c , q d- ■ -eab- ■ -c 
-CZn m i *^n m 

is symmetric under interchange of the index-pairs d - • • e” and “m 6 • • • c” , and, 
contracted with any covector ria lying in our open set, is positive-definite in these 
index-pairs. This H will turn out to be an effective hyperbolization for our system 
of equations on the gauge transformation. 

As we shall see shortly, these two conditions taken together guarantee, in an 
appropriate sense, uniqueness of solutions up to gauge. 

Let us return to the example of the Einstein system. Recall that the tensor 
^oca -bm in this case has rank two, and is given by Eqn. (20). The flats are given 
by tangent vectors, {^Qab^ ab)^ satisfying g^^s'^ab = 0; and the open set of Ua 
is that consisting of the timelike covectors. This system, we claim, satisfies the 
two conditions above. The first asserts, in this example, the following. For every 
timelike ria, if tensor (ke., i^a) is such that is a multiple of (i.e., 

i^c^cT = 0) and ly^^m'^a'^b = 0 (i.e., rn'ria'^b = 0), then = 0. But this 

assertion, clearly, is true. For the second condition, consider the choices 

= -{9mn + UmUn/ , (31) 

= {9mn + UmUnI Ua))u^°‘ 9 '"^’^ y (32) 

where the index combination in Hn^^^rn stands for ”a”. These two clearly 

satisfy the symmetries given above. Furthermore, the quadratic form given by (30) 
becomes — which has the requisite symmetry 

and positive-definite properties. Thus, the Einstein system, (4)-(6), satisfies our 
two conditions. 

The key result is that the two conditions above imply uniqueness, up to gauge, 
of our solution of (1) with the given initial data (T, 0o). The method, as discussed 
earlier, is to show that given any two extensions of the given cross-section, (/>o, over 
T to a subbundles, B and B', of B, then these two subbundles are gauge-related. 

It is convenient to begin with the “infinitesimal argument”, which is some- 
what easier conceptually. Fix any cross-section, (/>, of the original bundle B, and 
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any vertical field, /i^, defined at points of (f)[M]. Consider now the following partial 
differential equation 

Va • • • VeC + ••*]- ~ e a (33) 

The term in square brackets on the left in Eqn. (33) is precisely the expression, 
(16) for the gauge vector field defined by [Here, Va denote some arbitrary, fixed 
derivative operator on the manifold M.] The second term on the left in (33), which 
is just the lift of to the cross-section, serves to make the sum of the first two 
terms vertical. That is, Eqn. (33) is the assertion that the difference between the 
vertical vector given by the first two terms on the left and the given vertical vector 
lies in the flat cr. This is a first-order, quasilinear system of partial differential 
equations on the vector field on M (as is seen, e.g., by contracting (33) with 
covectors in the fibre orthogonal to a). The geometrical meaning of this equation 
is the following. Think of the given cross-section, (j), as defining some subbundle, 
S, of the original bundle B. Think of the vertical vector as representing the 
vertical “connecting vector” from B to some nearby subbundle S'. Then this 
is meaningful only up to addition of vertical vectors tangent to B' ^ i.e., only up 
to vectors lying in the flat cr. [In other words, if we change /i^ by addition to it 
of a vector in a, then this new connects to the same nearby subbundle & .] 
Eqn. (33), then, is the assertion that the vertical part of the gauge vector field 
generated by the vector field on M send B to B'. 

Eqn. (33) is a system of nth order, quasilinear partial differential equation. 
[The “vector space of equations” is the quotient space of the vector space of vertical 
vectors by the vector subspace a.] We now claim: By virtue of the two conditions 
above, this system has an initial- value formulation. The first step is to convert (33) 
to a first-order system. To this end, we introduce, in addition to the original vector 
field tensor fields • * ‘Ca- each totally symmetric in its covariant 

indices, and having covariant indices ranging in number from from one to (n — 1). 
On these fields, we now impose the following three sets of equations: 

Var = Ca™, . . . , V(aCi...c)’" = (34) 

= •••, V(a?6]...c = • • • , (35) 

+ •••]- (V<A)a“^“ - /x“ G a. (36) 

Eqn. (34) consists of (n — 1) equations, which allow us to “interpret” each of 

• • • 5 ^a - c^ as the symmetrized derivative of its predecessor, and so, ultimately, 
as a symmetrized derivative of Eqn. (35), consists of the (n — 1) equations 
resulting from taking the curl of each equation in (34). Thus, Eqns. (35) are the 
integrability conditions for Eqns. (34). Finally, Eqn. (36) is precisely Eqn. (33), 
rewritten in first-order form. 

Note that (34)-(36) is indeed a first-order, quasilinear system of partial dif- 
ferential equations, on the n tensor fields - In the case of Eqn. 

(36), the equation lies in the vector space given by the quotient of the space of 

vertical vectors by the subspace consisting of those vectors lying in flat a. This 
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system, we now claim, satisfies the conditions, of Section 2, for having an initial- 
value formulation. To see this, consider first the equations consisting of all (n — 1) 
in (34) and all but the last in (35). These (2n — 3) equations express the deriva- 
tives of each of the the first (n — 1) of our fields (i.e., all but the last one, the 
appearing in (36)) algebraically in terms of these fields. This system has an 
obvious initial- value formulation. [The constraints correspond to taking the curls 
of (34) and of (35), the corresponding integrability conditions being (35) and iden- 
tities, respectively. A hyperbolization is immediate.] The critical field is the final 
one, - and the equations on it are the last equation in (35), and Eqn. (36). 
The first of these equations has a constraint corresponding to taking its curl. The 
corresponding integrability condition is an identity (by the choice of right-hand 
side of the last equation in (35)). A constraint for (36) is represented by a tensor 
such that — 0, and such that m = 0. But our first condition 

above, completeness, implies that the only such is zero. Thus, the equations on 
Ca- are integrable and complete. But these equations also have a hyperboliza- 
tion, namely the H of (30), for our second condition is precisely the statement 
that this H has the requisite properties. Thus, we have shown that the system 
(34)-(36) satisfies the conditions of Section 2 for an initial- value formulation. 

Next, let there be given initial data, (T, (/>o), satisfying the consistency con- 
ditions (7) and with the normal ria to T lying, at each of its points, in our open 
set. Let the given vertical field /i^ be chosen to vanish on (T, 0o). Now choose, on 
T, initial data for the system (34)-(36) with all the fields - vanish- 

ing there. These data clearly satisfy all the consistency conditions for the system 
(34)-(36). So, there exists a solution of this system. That is, there exists a vector 
field on M whose corresponding gauge vector field, coincides with the given 
vertical on the subbundle B, and leaves invariant the given initial data, (T, 0o)- 
We have shown, then, uniqueness of solutions up to “infinitesimal” gauge. 

There follows similarly a corresponding result for the full gauge group. Con- 
sider the fibre bundle over M, whose fibre, over each point x of M, is a copy of M 
itself. Then a cross-section of this bundle is precisely a smooth map xp from M to 
M. Now demand that the gauge transformation B ^ B arising from this -0 send 
the submanifold B to B'. This is an nth order, quasilinear differential equation on 
the cross-section 0, an equation having precisely the principal part of Eqn. (33). 
Just as with (33), we convert this to a first-order partial differential equation (so 
the fields will now be “point of M”, together with certain tensors that can be 
interpreted as the first (n — 1) derivatives of the smooth map 0). These equa- 
tions will have precisely the character of the system (34)-(36), and for the same 
reason will have an initial- value formulation. We conclude that there exists an M- 
diffeomorphism whose corresponding gauge transformation sends the submanifold 
B to B' - and, therefore, a diffeomorphism that sends the one solution 0 of (1) to 
the other solution 0'. 

This completes the demonstration of uniqueness of solutions of (1) up to 
diffeomorphism gauge, under the two conditions listed above. In particular solu- 
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tions of the Einstein system are unique up to the diffeomorphism gauge. Note that 
even though the diffeomorphism gauge group is infinite-dimensional, all manifolds 
in the present treatment are finite-dimensional. We also remark that the gauge 
transformation generated by the argument above is unique. 

Finally, we note that similar considerations apply to certain other gauge 
groups. The crucial property we needed, above, is that the gauge transformations 
be represented by cross-sections of a suitable bundle, and that the requirement 
that a gauge transformation send one submanifold B to another be a system of 
quasilinear partial differential equations on cross-sections of that bundle. An ex- 
ample is the Maxwell system considered earlier, with fiats a given by u^SAa = 0. 
In this case, the corresponding bundle has fibre, over each point x of M, consisting 
of the reals (the possible values of the gauge-potential). The conditions analogous 
to those above again hold; and again we conclude uniqueness of solutions, up to 
gauge transformations. 



5. Conclusion 

Fix any first-order, quasilinear system, (1), of partial differential equations, and 
let there act on that system some group of gauge transformations. We have shown 
that, under certain conditions, this system manifests an initial- value formulation 
up to gauge, i.e., that, given suitable initial data, there exist solutions of the 
system manifesting those initial data, and those solutions are unique, up to gauge 
transformations. These “certain conditions” are relatively simple: They may be 
checked by carrying out algebraic manipulations involving the coefficients of the 
differential equation. The key idea is to introduce a certain field, (j, of fiats within 
the bundle manifold, where these fiats represent “physical directions” in field space. 
To prove existence, we effectively restrict the original equation, (1), to the “physical 
degrees of freedom”. Then the conditions in this case require that the equation, 
so restricted, manifest completeness of its constraints, and a hyperbolization. To 
prove uniqueness, we consider two solutions of the system, and write out the 
partial differential on a gauge transformation that guarantees that that gauge 
transformation send one of those solutions to the other. The conditions in this case 
are those that guarantee that this partial differential equation have an initial- value 
formulation. In particular, the Einstein system satisfies the “certain conditions” 
above, and so we conclude as a special case what is well known [5], [3]: The Einstein 
system manifests an initial-value formulation up to gauge. 

In the example of the Einstein system, the appropriate fiats a carry informa- 
tion similar to that used in the standard harmonic gauge condition in relativity. 
However, we use these fiats in quite a different way. We do not directly impose 
any gauge conditions on the fields, and, in particular, we impose on initial data no 
further constraints, other than those that follow from the original Einstein system 
(4)-(6). In the Maxwell case, on the other hand, the fiats carry information simi- 
lar to that of the Coulomb gauge. It is curious that these two gauge conditions - 
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harmonic for general relativity and Coulomb for Maxwell - are here placed on a 
similar footing. 

Are there, besides the Einstein system, other examples of systems of partial 
differential equations that have an initial- value formulation up to the gauge free- 
dom of diffeomorphisms, in the sense of Section 4? I am aware of, essentially, just 
two. 

One such system, it turns out, is that of special relativity. The fields are 
the same as those for the Einstein system: a Lorentz-signature metric gab and a 
derivative operator Va- However, the equations for this system consist of (4) to- 
gether with Rabc^ = 0 (the latter replacing (5)-(6) for the Einstein system). That 
is, this system is merely the Einstein system, augmented with some additional 
constraint equations. Note that here the Minkowski metric is taken to be “dynam- 
ical” , resulting in a system subject to the gauge freedom of diffeomorphisms. The 
M-diffeomorphisms act on Va) in the same manner as in the Einstein system, 
and so in particular we have the same tensor of Eqn. (20). For the flats cr, 

choose precisely the same ones as for the Einstein system. We now claim that this 
system - special relativity - satisfies all the conditions given in Section 4. For the 
cr-hyperbolization and the choose precisely the same objects as for 

the Einstein system. The demonstrations that the various conditions of Section 
4 are satisfied is virtually identical to the corresponding demonstrations for the 
Einstein system. 

Here is a second example. Let the fields, on the base manifold M, consist of a 
nowhere vanishing vector field together with a tensor field a^cd- Let the equation 
be Cuoficd — 0, i.e., the requirement that the Lie derivative of a^cd by vanish. 
This system has an action of M-diffeomorphisms as gauge: These diffeomorphisms 
act on (y^cd) in the usual way, and this action clearly preserves the equation of 
the system. Note that the order of this action (i.e., the number of ^-derivatives that 
appear in (16)) is one, in contrast to the order, two, for the Einstein system. We 
now claim that this system satisfies all the conditions of Section 4. First note that 
the only constraint of this system is zero. Let, at each point of the bundle manifold 
H, the fiat a consist of those vertical tangent vectors, {Su°',Sa^cd), with Su^ = 0. 
This field of flats is clearly smooth and integrable. Let the open set of covectors ria, 
at each point of B consist of those with riaU^ > 0. Then cr-completeness becomes: 
Let Ha satisfy > 0, and let Ub^^ be any tensor such that the expression 

Ub'"'^[u'^nmSa^cd + a'^cdSu^rim - a^mdSu'^ric - a^cm^u'^rid] (37) 

vanishes for all {6u^,6a^cd) with Su^ = 0. Then this expression vanishes for all 
{Su^,da^cd)‘ But this assertion is true (as follows immediately from the fact that 
the hypothesis implies, using u^rim > 0, that Ub^^ = 0). For the cr-hyperbolization, 
fix any positive-definite metric Pab^ with inverse and let hAa be represented by 
the tensor = PmbP^^P^^- The completeness condition for the gauge trans- 
formation reads: If (be., Ua) is such that Ub^^ = 0 (i.e., = 0) and 

such that {nsU^)iym = 0 (i.e., = 0), then = 0- This is imme- 

diate. Finally, for the hyperbolization for the gauge transformation, choose Hna 
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such that HnaSc/)^ = ^ and S'n^m = 0. Then the corresponding quadratic 

form, (30), is given by u^pnm'i a^nd this form indeed has the required symmetry 
and positive-definiteness. 

Thus, this system - with fields and a^cd and equation Cuoficd = 0 - has an 
initial- value formulation, up to the gauge freedom of diffeomorphisms. Of course, 
this conclusion was already clear geometrically: Use the diffeomorphisms to “fix” 
the field whence the equation, CuOc^cd = 0, serves to fix the field a^cd along the 
ii-trajectories. There are similar, more general, examples in which the field 
is replaced by a tensor field with general index structure, or, even more generally, 
by any finite collection of tensor fields, each with some index structure. Then the 
single equation CuO^ cd = 0 must be replaced by the equations that specify that 
each of these fields has vanishing Lie-derivative by . Still more generally, there 
could be imposed various algebraic or differential equations (such as, e.g., the 
vanishing of a contraction, or of the exterior derivative of a form) on the fields; 
and the equations could demand that the u-Lie derivative of each field, be, not 
zero, but rather some some expression algebraic in the fields. 

Further examples can be obtained from these by combining systems. Thus, 
for example, the Einstein-perfect fiuid system^^, as well as the special- relativity- 
Maxwell system, also represent systems having an initial- value formulation up to 
diffeomorphism gauge. Still more examples could, presumably, be constructed by 
taking the derivative system [9] of these examples. 

The examples described above are the only ones of which I am aware that 
have an initial value formulation up to the gauge freedom of diffeomorphisms. Is 
there any hope of finding all first-order, quasilinear systems of partial differential 
equations having this property? While such a clcissification of systems of partial 
differential equations is certainly an ambitious program, it does not appear to be an 
impossible one, for the various conditions (Section 4) that must be imposed seem 
tractable. It would be particular interesting to determine if there are examples 
having diffeomorphism order (the number of ^-derivatives in Eqn. (16)) exceeding 
two. Such a classification - particularly if it is found that there exist relatively few 
systems with an initial- value formulation up to diffeomorphism gauge - might be 
of physical interest. After all, one could argue that the system of partial differential 
equations appropriate for any viable physical theory on a manifold should manifest 
an initial- value formulation and diffeomorphism gauge. Thus, such a classification 
would represent the beginnings of a classification of allowed physical theories - at 
least, of physical theories described by partial differential equations on a manifold. 



order that the perfect-fluid system have an initial- value formulation, we must avoid “fluid 
boundaries” . This is accomplished by imposing a suitable restriction on the fibres of the bundle 
B: We demand that the velocity field be unit timelike, and that the mass density be strictly 
positive. This restriction may be both unnecessary and unphysical. 
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Appendix A - Initial- value formulation 

Fix a of first-order, quasilinear system, (1), of partial differential equations. Let 
this system have constraints that are integrable and complete; and let it also admit 
a hyperbolization, hAa- Let T be a submanifold of M of codimension one, and 0o 
a cross-section over T, such that 

i) this {T,(f)o) satisfies all the consistency conditions, (7), arising from (1), and 

ii) the normal Ua of T at each of its points lies in the open sets of covectors asso- 
ciated with completeness and with the hyperbolization. [That is, let (T, (f)^) 
be “non-characteristic” .] 

We sketch a partial proof of the following assertion: Under these conditions, there 
exists, in some neighborhood of T, one and only one smooth solution (j) of the 
system, (1), satisfying <^|t = 0o- What follows is only a “partial proof’ because, 
as we shall see, it contains a gap. This appendix is an open invitation to fill that 
gap. 

As we shall remark later, various specific systems of physical interest (Max- 
well; Einstein, suitably formulated; etc) do have an initial-value formulation. We 
are here asking, more generally, whether this behavior, known already for these 
specific examples, holds for certain general systems of partial differential equations. 
Consider first the system of equations given by 

hA0k^^Ay<t>)a^ = (38) 

i.e., the subsystem of (1) that results from contracting it with This system 
also has a hyperbolization (and, indeed, it is already in “symmetric- hyperbolic 
form”), and its only constraint is zero. There is a standard theorem [4], [11], [10], 
[16], [7], whose proof uses an energy argument, to the effect that this system, by 
virtue of its having a hyperbolization and zero constraints, admits one and only 
one smooth solution, (/>, in some neighborhood of T, manifesting the given initial 
data (T, </>o). Thus (since every solution of (1) is certainly a solution of (38)), we 
have shown uniqueness of solutions of (1). There remains only existence, and the 
plan for this is to show that the solution (/>, just obtained, of the subsystem (38) 
in fact satisfies the full system, (1) of partial differential equations. To this end, 
consider the field , defined in a neighborhood of T by 

= -j^, (39) 

where, on the right, we have substituted our solution (j) of (38). What we must 
show, to prove existence, is 7^ = 0. To this end, we note that this field has the 
following three properties. First, this satisfies the algebraic (linear) system 

hAcl"^ = 0 (40) 

everywhere in our neighborhood of T. This is exactly (38). Second, this van- 
ishes on the submanifold T itself. To see this, first note that, by the consistency 
conditions (7), we have that riaC^Al^ = 0 on T, for every constraint c^a of our 
system. But, by completeness, the Haq sind riaC ^ a (as a runs through the con- 
straints) together span the equation covector space. The result now follows from 
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(40). The third property is that this satisfies a linear system of partial differ- 
ential equations of the form 

= W^bI^. (41) 

Here, a denotes any constraint of the original system, (1), and there is one equa- 
tion in (41) for each such constraint. Indeed, fixing the constraint c^a, that this 
equation hold, for some field on M, follows immediately from integrability 

of that constraint. 

Now consider the following first-order, quasilinear (in fact, linear) system of 
partial differential equations: The field is subject to (40), and the system of 
equations is (41). One solution of this system is the given by (39), and this 
particular solution has = 0 on T. So, in order to prove that the of (39) 
vanishes in a neighborhood of T, we need only show uniqueness for this system, 
(40)-(41), with given initial values on T. 

We first remark that, by completeness of (1), the system above takes “evolu- 
tion form” , i.e., it expresses the derivative, off T, of every component of in terms 
of the value of on T and its derivative there within T. But this property alone is 
not, apparently, sufficient to establish uniqueness. Uniqueness would follow, from 
the standard theorems of existence and uniqueness discussed earlier, if we could 
find a hyperbolization for the system (40)-(41) (for this system has only the zero 
constraint). In fact, for every physical example of which I am aware, this system 
does admit a hyperbolization. Thus, for all these physical examples, the system 
(1) does indeed manifest existence and uniqueness. But, unfortunately, there has 
not been given, as far as I am aware, any general proof of the existence of a hyper- 
bolization for (40)-(41). Such a proof could, of course, make use of the assumed 
integrability and completeness of the constraints, as well as the existence of a hy- 
perbolization, for (1). It would also be acceptable to impose, on the original system 
(1), suitable additional, mild hypotheses. Of course, it would also suffice to prove 
uniqueness of the system (40)-(41) by some other means, i.e., by some method that 
does not invoke the standard theorems of existence and uniqueness. This, then, is 
the gap we mentioned earlier. It would, I believe, be of some interest to fill it. 

Consider, as an example, the Maxwell system, (2)-(3). A hyperbolization 
for this system is, as we have seen, determined by a timelike vector field on 
space-time. Eqn. (38) reads in this case 

= 0, = 0. (42) 

The of (39) is given by 

labc = '^[aFbc]^ h = VFah- (43) 

The algebraic conditions, (40), on the become 

^ labc 9 ? '^[a^b] — 9 * (^^) 

Finally, the equations, (41) on the become 

'^[d^abc] = 9 , = 0 . 



(45) 




476 



R. Geroch 



So, our question becomes in this case: Does uniqueness hold for the system (45) of 
partial differential equations, on fields consisting of {lahc^ h) subject to (44)? The 
answer to this question is yes. Consider, e.g., the field 1^. Then the first equation 
in (44) is precisely the statement that = 'yu^ for some function 7 , whence 
(45) becomes But, clearly, this partial differential equation on 

function 7 on M satisfies uniqueness. [In fact, it not only does this system have a 
hyperbolization, and so an initial-value formulation; but it is actually an ordinary 
differential equation.] Dually for labc- 

So, by the argument above, the Maxwell system admits an initial- value for- 
mulation. This same method - checking directly and explicitly that the system 
(40), (41) satisfies uniqueness - works for other systems (1) of partial differen- 
tial equations of physical interest. In particular, such an argument works for the 
Einstein system, reduced, as in Section 4, to a hyperbolic system. What is now 
needed, is to replace this piecemeal approach by a general theorem. 
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